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PREFACE 

TO THE FIFTH EDITION. 

In December, 1913, when the preparations for a new edition 
became necessary, I conferred with Professor Minchin, and, 
on behalf of the other Delegates of the Press, suggested 
(]) that certain portions should be omitted (in the hope that 
they might form the bagis of a separate work) ; (2) that some 
account of his recent rJJiarches in Spherical Harmonics should 
be given ; (3) that a Substantial number of examples should 
be added. The author determined what Chapters and Articles 
should be left out, Aid readily agreed to the other proposals. 
Unfortunately the estate of his health prevented him from 
even beginning the task of revision, and after his lamented 
death in March, 1914, it fell to other hands to attempt that 
which he would have performed with his recognized ability. 

I have appended a large number of examples, the large 
majority of which have been set in Oxford Examinations. 
Some, with the permission of the Controller of His Majesty’s 
Stationery Oflice, have been taken from Civil Service 
Examination Papers, and a few are based on original 
memoirs. No attempt has been made to secure uniformity 
of notation in these exercises, but hints for the solution of 
some have been supplied. 

For convenience of reference the old numbering of the 
Articles has been retained. 

I wish that more ample leisure had enabled me to render 
this edition a more worthy return for numerous kindnesses. 


H. T. G. 



PREFACE 

TO THE SECOND VOLUME. 

The subject-matter of this second volume differing very 
greatly from that of the first, a few words with regard to the 
manner in which I have treated it seem to be necessary. 

The reader will observe that in the Chapter dealing with 
Virtual Work, I have ventured to reject the term ‘ Generalized 
Component of Force,’ and to replace it by the term ‘Work 
Coefficient/ the former term being, to my mind, open to the 
objection of conveying an erroneous idea with regard to the 
nature of the thing defined. 

In the Chapter on Attractions the great object which I 
have constantly kept in view lias been the fixing of a definite- 
ness of idea in the mind of the student with regard to 
the various physical magnitudes which are represented by 
symbols in our equations. To this end, I have explicitly 
adopted the C. G. S. system, and I have introduced a suffi- 
cient number of numerical illustrations in which Forces and 
Potentials are definitely presented as so many Dynes and 
so many Ergs per gramme. The C. G. S. system stands 
pre-eminent for its extreme simplicity; and when once the 
student of Mathematical Physics learns how to make a real 
working use of its units — to recognize, without mental effort 
and as a mere matter of course, that his symbol, p, for 
volume-density always means so many grammes per cubic 
centimetre ; that his symbol, X, for force-intensity means so 
many dynes per gramme; and so on — he will never 
experience any difficulty in altering the values of funda- 
mental numerical constants to suit the units of mass, time, 
and length which are adopted in any other system. In the 
calculation of Attractions — and especially in the domains 
of Electricity and Magnetism — the ever present notion of 
a concrete reality corresponding to every algebraic symbol 
is of immense importance. Indeed, without this definiteness 
of idea, no knowledge of the slightest value can exist. 
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CHAPTER, XIII. 

NON-COPLANAR FORCES. 

Article 198.] Resultant of any Number of Forces 
applied to a Material Particle. Let a force P, represented, 
in magnitude and direction by 00' (Fig. 228 ), act on a particle 
at 0 ; let Ox, Oy, and Oz be any three 
rectangular axes drawn through 0 ; and 
let the angles, O'Ox, O'Oy, and 0' Oz, 
which the direction of P makes with 
the axes of reference be denoted by oc, ft, 
and y, respectively. From O' let fall 
perpendiculars, 0'F } O' 11 , O'J), on the 
planes yz, zx, and xy, respectively, and 
let the parallelepiped be completed as in 
the figure. Then the force 00' may 
be replaced by the forces 01) and 00 , by the parallelogram of 
forces ; and 01) can again be replaced by OA and OB. Hence 
the force 1 } is equivalent to the three forces 

P cos oi along Ox, 

P cos ft „ Oy , 
and P cos y „ Oz. 

The converse proposition is also evidently true — namely, that 
any three forces, OA , OB, OC , along Ox , Oy, Oz (whether these 
are mutually rectangular directions or not), give a resultant 
represented in magnitude and direction by the diagonal, 00' , of 
the parallelepiped determined by the forces. 

If several forces, P 15 P 2 , ...P w , act at 0 and make angles 
(« 1 > Pi > n)» ( a 2 > P*> y*)> ••• («n> Pn, y n ) with the axes, let each 
of them be replaced by its three components along Ox } Oy, 0z\ 

B 


z 
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and if 22, 2 7, 2 Z denote the sums of the components along 
the axes, we shall have 


SX = P x cos oc x + P 2 cos a 2 + ... + P n coso( n , ' 
227= P 1 cos y 8 1 + P 2 cos/^ 2 + ... + P w cos/3 w , • 
2Z = PjCOsy^PgCOSya-f ... + P n cosy w , . 


( 1 ) 


and the whole system of forces will be replaced by the three 
forces, 2X, 27, and 2# along the axes of x, y , and z. But 
the resultant of three forces in these directions is the diagonal 

a 

of the parallelepiped determined by them. Hence, It being the 
magnitude of this resultant, 


^(2X) 2 +(2 7)* + (2#) a , (2) 

and if 0 , </>, \//, are the direction-angles of B, 



199.] Graphic Representations of the Resultant. Since 
the resultant of any two forces, OA and OB , acting at 0 is 
obtained by drawing from A a line, Ab, parallel and equal to 
OB, and joining 0 to J, it follows that if a particle is acted on 
by n forces, OA x , OA 2 > OA ^ ... OA n , the resultant is obtained in 
magnitude and direction by drawing A x parallel and equal to 
0/l 2 , parallel and equal to OA 3 , ... a n _ x parallel and equal 
to 0A n , and joining 0 to a n ; or, in other words, the side Oa n 
which closes the polygon 0A X a tl a 3 ... a n represents the resultant 
in magnitude and direction. When the sides of the polygon 
are not all coplanar, the figure is called a gauche polygon . Thus 
the second graphic representation of the resultant of a system of 
coplanar forces, which has been given in p. 23, vol. i, is equally 
applicable to non-coplanar forces. Hence, of course, it follows 
that a particle acted on by any set of forces which are parallel 
and proportional to the sides of a gauche polygon taken in order 
is at rest. 

Again, since by the parallelogram of forces the resultant of 
OA x and OA 2 is 2 . 0^, /where g x is the middle point of A x A 2 ; 
and since the resultant of 2 0g x and OA z is 3 0y 2 , where g % is 
determined exactly as in Art. 23, it follows that Leibnitz's graphic 
representation of the resultant is applicable to non-coplanar forces. 

This result follows also analytically; for if (x X9 g x > z x ), 
0 ^ 2 ’ y%y - 2)5 ••• 1 ) are the co-ordinates of the extremities 
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200.] TBANSI'OBMATION OP -COUPLES. 

//,, A 2 , ... A n of the forces acting on the particle, it is clear that 
S X = aq + # 2 +...+#„ = 2 ® = n.x, 

= = M .y, 

2^f = z 1 + z 2 + ••• +<’» = 2z = ». I; 

where ir, y, 5 are the co-ordinates of G, the centre of mass of 
equal masses placed at the extremities of the forces. Hence by 
equations (1) of Art. 198, 

It = n . OG, 

and cos 0=^ 5 COS (f, = -^L, C os^ = -^-, 

which show that the resultant is represented in magnitude and 
direction by n. OG. 

200.] Transformation of Couples. To what has been given 
in Chapter V on the transformation of couples it is necessary 
to add a few propositions relating to couples in different planes. 

(a) A couple acting on a rigid body may be transferred to any 
plane parallel to its own. 

Let AB (Fig. 229 ) be the arm of a couple (P, P) and let A! 7/ 
be any line parallel and equal to AB. At A' introduce two equal 
and opposite forces, P and P', 
parallel to A P, and at B introduce 
the same forces. The introduction 
of these forces will not disturb the 
state of the body. Draw AB / 
and A'B , which will bisect each 
other at 0. Then the force P 
at A and the force P' at B' will 
give a resultant ’ equal to 2P at 0; and P at B and l y at A ' 
will give a resultant equal and opposite to this at the same point. 
Hence there remain the forces B at A ' and P at B f ; that is, the 
couple (P, P) with arm AB has been moved to any plane parallel 
to its own. 

From Chapter V it is now clear that the only essential 
properties of a couple are ( 1 ) the constancy of its moment and 
( 2 ) the direction of its plane ; or, in other words, the constancy 
of the magnitude and direction of its axis \ the actual position of 
the axis in space is of no consequence, but only its direction ; two 
couples whose axes are of equal length and in the same direction 
are absolutely identical. 


P 
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Hence the axis of a couple is what is called a vector , or directod 
line of constant magnitude — but not localized — and we shall 
always, as in the representation of forces, suppose the axis to be 
marked by an arrow-head. 

(/3) Convention with regard to the sense of the axis of a couple. 
The following convention for representing the magnitude and 
sense of the moment of a couple by means of an axis is adopted 
by common consent for the purpose of enabling us to compound 
and resolve couples in any planes : — Hold a watch with its 
plane parallel to the plane of the couple. Then, according 
as the motion of the hands is contrary to, or along with, the 
sense in which the couple tends to produce rotation, draw the 
axis of the couple through the face or through the back of 
the watch. 

(y) Two couples result in a single couple whose axis is found 
from the axes of the component couples by the parallelogram 
law. 

Let the planes of the couples intersect in the line AB (Mg. 230) 
and the arm of each be made AB } by moving each couple in its 

own plane, and then suitably 
altering the forces of each 
couple (Art. 79, Chap. Y). 
Let P, P be the forces of one 
couple, and Q, Q those of the 
other. At B draw * Bp per- 
pendicular to the plane PABP 
and proportional to the mo- 
ment of the couple (P, P). We 
may evidently take Bp = P , 
since the couples have a common arm. Draw Bq perpendicular 
to the plane QA.BQ and equal to Q. 

Now evidently the forces P and Q at B compound a resultant, 
By equal and parallel to the resultant of P and Q at /i. Hence 
the two couples compound a single couple. 

Again, draw Br perpendicular to the plane BABB and equal 
to B. Bpy Bq, and Br are then 'the axes of the couples (P, P), 
(Q> Q), and (B, B). But it is manifest that the figure Bprq is 



♦ According to the convention (/3) the couples in this figure are both negative, 
and the axes Bp and Bq should be drawn downwards. This inaccuracy in the 
figure was detected too late for correction. 



200.] TRANSFORMATION OF COUPLES. 5 

merely the figure BPRQ turned round in its own plane through 
a right angle. Hence Br is the diagonal of the parallelogram 
determined by the axes of the component couples. 

Conversely, any couple may be resolved into two couples whose 
axes are determined from the axis of the given couple by the 
parallelogram law ; and, as in the case of forces acting at a 
point, any couple may be resolved into three couples whose axes 
are determined from the axis of the given couple by the parallele- 
piped law. All this follows as in Art. 198. 

It is well to remark that the axis of a couple represents the 
moment of the forces of the couple round any line in space parallel 
to the axis. 

(6) To find the resultant of any number of couples acting in 
any planes on a rigid body. 

Let the axes of the couples be all drawn, each in its proper 

sense according to the rule (/3), at the same point, 0 (Fig. 228), 

and let each axis be resolved into three components along 
rectangular axes Ox, Oy , Oz , drawn through 0. Let L = the 
sum of the axes in the direction Ox ; then L is the axis of the 
component of the resultant couple in the plane yz. Let M and 
N be the sums of the axes in the directions Oy and Oz , re- 
spectively. Then, if G is the resultant axis, 

G = VlF+M 2 +N 2 , (1) 

and if A, p , v are the direction angles of G , 

v J5 M N io\ 

COS A = 77 5 cos/x = _, COS V = -- , (2) 

Or (or tr 

equations which are exactly analogous to (2) and (3) of Art. 198. 

The axes of couples are , therefore , compounded and resolved in 
the same manner as forces . There is this difference between 
forces and couples, that, while any number of couples in any 
planes whatever always result in a single couple, any number of 
forces cannot, in general, be replaced by a single force, and this 
difference results from the vectorial nature of the axis of a 
couple. 

(e) A force and a couple acting on a rigid body cannot 
produce equilibrium. 

For, let the couple be so transferred that one of its forces, P, 
acts at a point on the line of action of the force P. Then R 
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and P at this point compound a single force which, in general, 
does not intersect the other force of the couple. Therefore, &c. 

A force and a couple acting in the same plane are, of course, 
equivalent to a single force. 

201. ] Virtual Work of a Couple. Let a couple act on a 
rigid body which receives, or is imagined to receive, any small 
displacement whatever. It is required to find the work done 
by the couple in the displacement. 

It will be shown subsequently that any displacement of the 
body may be produced by a motion of translation which is 
the same for all its points, accompanied by a motion of rotation 
round an axis through an angle which is the same for all its 
points. 

Now since the forces of the couple are equal and in opposite 
senses, it is obvious that the sum of their works in any motion 
of translation is zero. 

Again, resolve the motion of rotation into one round an axis 
perpendicular to the plane of the given couple, and one round 
an axis in the plane of the couple. It is obvious that the latter 
displacement will not be productive of work done by the couple, 
since the forces constituting it may be supposed to act at the 
points in which they intersect the axis of this component 
rotation. 

There remains only the rotation round an axis perpendicular 
to the plane of the couple. Suppose 0 (Fig. 88, Art. 79) to 
be the point in which this axis intersects the plane of the 
couple, and let b0 be the angular rotation round the axis, 
measured in the sense of l he rotation of the couple . Then the 
displacements of m and n are OmxbO and On xbO , respectively, 
so that the work done by the forces is P ( Otn . b 6 + On . bO), i.e. 

PJi.bO, or G . bO, 

where G (= P . //) = the moment of the couple. 

202. ] Theorem. A force acting on a rigid body in a given right 
line can always he replaced by an equal force acting at any chosen 
point together with a couple . 

Let a force P (Fig. 231) act at a point A , and let 0 be the 
chosen point. At 0 introduce two forces, P and P\ opposite 
to each other and each equal and parallel to P. Then P at 
A and P' at 0 may be taken to constitute a couple whose 
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moment is Pp, p being* the perpendicular from 0 on the line 
of action of P at A. There remains, then, the force P at 0 ; 
and this force together with the couple 
may replace P at A. 

Let the axis of this couple be drawn 
at 0\ let x , y, z be the co-ordinates of 
A with respect to a rectangular system 
of axes drawn through 0 ; and let a, ft, y 
be the angles which the direction of P 
makes with the axes of x,y 9 r, respectively. 2 3 I * 

The direction-cosines of OA are -> - > where OA = r y and 

r r r 

it is easy to prove that the direction-cosines of the axis of the 
couple (which is at once at right angles to OA and to P) are 

y cos y — z cos /3 z cos a — $cosy a? cos ft — ycosoc 
• , , : . 

P P P 

Hence, the axis of the couple being equal to Pj ?, the projections 
of the axis on the axes of x , y y and z are 
P (y cos y — z cos [A ) , P (z cos a — x cos y), P (x cos /3 —y cos a) ; 
but it is clear from (y), Art. 200, that these are the axes of the 
component couples in the planes y : , zx , and xy, into which the 
couple Pp can be resolved. Putting P cos oc = X 9 P cos ft = 1\ 
P cos y = Z, we sec that the three couples are 

Zy-Yz, Xz — Zjo, Yx-Xy. (l) 

The force P at 0 may also be replaced by its three components, 

z, r, z. ( 2 ) 

There is another way in which the 
reduction is sometimes effected. 

Let Pat A he resolved into its three 
components, X, Y } Z y let the line of 
Z meet the plane (xy) in X, and let 
Z at A be transferred to N . Let fall 
Nn perpendicular to Ox ; at n introduce 
two opposite forces Z n and Z nt , each 
equal and parallel to Z\ and at 0 in- 
troduce two opposite forces, Z and Z ', 
each equal and parallel to Z. Now the 2 3 2 - 

senses of positive rotation in the planes 

MJ, yz> zx being those indicated by the arrows, the forces Z at N 
and Z ,n at n form a couple whose moment is 

Zy parallel to the plane yz ; 
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and the forces Z ' at 0 and Z" at n form a couple whose moment is 
— Zx parallel to the plane zx; 

and in addition to these there is the force Z at 0 . 

Similarly, the force X at A can he replaced by X at 0 together with 
two couples, Xz and — Xy t parallel to the planes zx and xy, respec- 
tively ; and the force Y at A can be replaced by Y at 0 together 
with the couples Yx and — Yz parallel to the planes xy and yz . 

Hence P at A is replaced by the forces X , Y, Z at 0 and the 
couples Zy— Yz, Xz—Zx, and Yx—Xy, parallel to the planes yz, 
zx , and xy } respectively. 

203. ] Parallel Forces. Suppose a rigid body to be acted on 
by any number of parallel forces applied at given points in the 
body. Take any origin, 0, of co-ordinates, and through it draw 
three rectangular axes, that of z being parallel to the common 
direction of the forces. Then the force P 19 acting at (x 1 ,y 1 , z { ) 
may be replaced, as in last Art., by 

P Y at 0 along Oz , 

and the couples P\Yi — 

parallel to the planes yz and zx. 

Replace each force in this manner : then the whole system will 
be equivalent to a force 

Pi 4* P % ”b • • • 4* P n j or S P at 0, 
together with the couple 

•?! ^1 + ?*!/* + • • • + P» Un > or 2 Py, 

parallel to the plane yz, and the couple 

-P 1 x l -PzX 2 -...-P n x n9 or -2 Pd?, 
parallel to the plane zx. 

These two couples compound a single 
couple whose axis is found by drawing 
OL = on any scale, and OM (in 
the negative sense of the axis ot 
y) = 2P#, on the same scale, and 
completing the parallelogram OLGM 
(Fig. 233). If OG , the diagonal, is 
denoted by G y 

G = V(2Px)* + (2Pyf 
and R = 2P, 

R being the resultant force. 

204, ] Centre of Parallel Forces. Since the resultant of two 
parallel forces, P 1 and P 2 , acting at the points A x and A 2 divides 
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the line A X A 2 in a point g such that . - = ^ 2 , and since, by 
* A<^g P\ 

elementary geometry (see Art. 84), the distance of g from any 
P x 4- P x 

plane = — T y-~ > where x x and x 2 are the distances of A x 

P\ d" 7 2 

and A 2 from this plane, it follows, by repeating this construction, 
that the distances, x, y, z f of the centre of parallel forces from the 
planes yz, zx, and xy are given by the equations 

^ 2Px - 2Z> -2Pz 

a 2P ’ y ~2P ’ vp * 


205.] Conditions of Equilibrium of a System of Parallel 
Forces. A system of parallel forces has been reduced (Art. 203) 
to a single force, 72, and a single couple, G. Now since these 
cannot in combination produce equilibrium (e, Art. 200), we must 
have P = 0, and G = 0, separately. 

Since G cannot bo = 0 unless 2Px = 0 and IZPy = 0, the con- 
ditions of equilibrium are 

72 = 0 , ( 1 ) 

2Pa?= 0, 2Py= 0. (2) 

Def. The moment of a force with respect to a plane to 
which it is parallel is the product of the force and its perpen- 
dicular distance from the plane. 

Hence for the equilibrium of parallel forces — The sum of the 
forces must vanish, and the sum of their moments with respect to 
every plane parallel to (hem must also vanish. 


Examples. 

1. A heavy triangular table, ABC, is supported horizontally on 
three vertical props at the vertices ; prove that the pressures on the 
props are equal. 

Let P, Q , R be the pressures at A , B, and let a vertical plane 
through A and the centre of gravity of the table cut the side BC in a , 
its middle jDoint. For equilibrium the sum of the moments of the 
forces P , Q, R, and W (the weight of the table) with respect to this 
plane must — 0. But the moments of P and W are each = 0, since 
these forces lie in the plane. Hence the moments of Q and R are 
equal and opposite. Now Ba . sin AaB is the distance of Q from the 
plane, and the distance of B = Ca . sin AaC; and since Ba = Ca , 
these distances are equal. Therefore Q = 72 ; and similarly it can be 
shown that R = P ; therefore, &c. 
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2. A heavy triangular plate hangs in a horizontal plane by means 
of three vertical strings attached to its vertices ; at what point in its 
area must a given weight be placed so that the system of strings may 
be least likely to break ? 

A ns. At the centre of gravity of the board. For if IV = the 
weight of the board and P the sustained weight, we have 
P + Q + Ii = W+P, 

or the sum of the tensions is constant, wherever P is placed. Hence 
if any one is less than -3 (TF-f P), some other must be greater than 
this value. It is evident, therefore, that the best arrangement makes 
each tension = ^ ( JF-f P) ; but this happens (as proved in last 
example) when P is placed at the centre of gravity. 

3. A heavy elliptic cylinder is sustained in a vertical position by 
three props applied at three points on the circumference of its base; 
how should the props be placed in order that the cylinder may be 
least likely to be upset 1 

Let the base of the cylinder have any form, ABO (Fig. 234), and let 
G be the projection of its centre of gravity on the plane of the base. 

Then, if the props are applied at A, B } and C } 
the perpendiculars from G on the sides of the 
triangle ABC must be all equal when the 
equilibrium is most stable. For, suppose that 
the cylinder is about to be upset round the 
line AB; then the moment of the force re- 
quired to upset it is TF. p, where IF is the 
weight of the cylinder and p the perpendicular 
from G on AB. Again, suppose that the 
cylinder is about to be upset about AC; 
then the moment of the force required to upset it is TF. q, where 
q is the perpendicular from G 011 AC. Hence if p and q are unequal, 
advantage will be gained by increasing the smaller of them, even 
though the greater must be consequently diminished ; and it follows 
that the maximum advantage is gained when p and q are equal. 
In the same \\ ay it can be shown that the perpendicular fi 0111 G on 
BP must, in the most advantageous case, be equal to that from G 
on AB; and therefore the perpendiculars from G on the sides ABC 
must be all equal. 

Hence the problem amounts to inscribing in a given curve a 
triangle on the sides of which the perpendiculars from a given point 
shall be equal. In the particular case in which the base is an ellipse, 
we have to find a circle concentric with the ellipse, such that a 
triangle circumscribed to the circle shall be inscribed in the ellipse. 
Now (Salmon's Conic Sections , p. 330, 5th edition), let the ellipse 

jj» 2 ,f*2 ^ 

have for equation — -f y - — 1 =0, and the circle <r 2 -f ?/ 2 — r 2 = 0; 
a h .2 ? 2 

then the discriminant of ^(a5 2 + 2/ 2 — r 2 )+^ + ~ — 1 = 0 is 


C 
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73 2 l/ 1 . 2 fa 2 + & 2 \ 7 o . + « 2 + #* , 

k - r +(1+r2 „_ r)p+ -^--. 4 + 


a 2 &2 ; 


and the required condition being 0 2 = 4 A . ©', we have two values 

for r, namely, r, = — —7-; and r« = € \ . The first value alone is 
a-fo a — 6 

admissible, because 7 >b, and the circle in this case either cuts 

a — b 

the ellipse or entirely encloses it, 

Since an infinite number of triangles can be inscribed in the ellipse 

and circumscribed to the circle of radius —^-7 (Salmon, ibid.) t the 

a-fo 

problem is capable of an infinite number of solutions. It is easy to 
see that in the cases in which it is possible to have a real system of 
in- and circum- scribed triangles for the ellipse and the circle of radius 
ab 

a—V cen ^ re ^ ie e Hip Fe is outside the area of the triangle. 


This circle is, therefore, irrelevant to our question. 

4. A heavy square board, ABCJ), of uniform thickness, is hung by 
three vertical strings, one of which is attached to a corner, A, of the 
board. The plane of the board being horizontal, find the points, 
E and F, in the area to which the other two strings should be 
attached in order that it may be most difficult to overturn the board 
by placing a weight anywhere on it. 

It is evident that advantage is gained by taking the points E and 
F on the edges of the board. 

Assume AE to be the direction of the line joining the points of 
application of two of the strings, and suppose that a weight, F, placed 
somewhere in the area ABE is on the point of overturning the board 
about the line AE, Then the tension of the string at F = 0 ; and if 
W is the weight of the board, acting at G , the weight F required to 

upset it is distance of G from AE 

} V y — . 

distance of F from AE 


Hence the greater the distance of F from AE, the less the requisite 
value of F, or, iu other words, the more easily will the board be upset. 
It is evident, therefore, that the applied weight should be placed at B ; 
and in the same way, if the board is to be upset round the lines A F 
and FE, the applied weights should be placed at the corners D and G , 
respectively. 

Again, in the arrangement of greatest advantage, the board is 
upset with equal ease round each of the lines AE, AF, and FE, For, 
if it be more easily upset round one of these lines than round another, 
advantage will be gained by making it a little more stable with 
regard to the first. Hence, since the weights placed at B , D , and G 
are all equal, we have 
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distance of G from AE __ distance of G from AF distance of G from EF 
distance ol B from AE distance of D from AF distance of G from EF 


The angles EAB and FAD are, therefore, equal, and each 
= tan" 3 (</2-l). 

5. A heavy elliptic table is supported on three vertical props ; how 
must they he placed so that it may be most difficult to upset the table 
by placing a weight on it ? 

Ans. The props must be placed at three points, A, B, C, on the 
circumference of the ellipse ; and if y is the eccentric angle of C , that 
of /?is§7r + y, and that of A is 1 77 + y. The weight which, most 
advantageously applied, will then just upset the table is half its own 
weight. 

This may be seen as follows. Assume any line in the area as the line 
joining two props: then the least weight that will be required to upset 
the table must be placed at the point of contact of a tangent parallel 
to the assumed line, since the weight will have maximum leverage at 
this point. Also, it must be equally easy to upset the table round 
the three lines AB , BC, CA ; that is, the requisite weights placed at 
C\ A / , 7/, the points of contact of the tangents, must be all equal. 
If, then, x, y , z are the perpendiculars from the centre on the lines 
BC , CA , AB , and P, Q , R the perpendiculars on the parallel tangents, 
we must have 

a* V ___ 

F—x Q—y R—z’ 


or if a, /3, y are the eccentric angles of A , B, C, 

CQ8$(tt— ft) _ cos j(fl— y) _ — cos%(«— y) 

1 — cos-| ((X — f3) 1— cos %(f3—y) 1 + cos-|((X— y)’ 


a negative sign being used in the last, since (y, / 3 , <X being in ascending 


order of magnitude) y) is evidently >^7T. Hence /3 = ^7r + y, 


4 x 

0L= --7r + y; and the weight required to upset the table = W ^ , 

or \ . W. Any one position of C is, therefore, as good as any other ; 
and if G is made the extremity of either axis, the line AB is parallel 
to the other at a distance equal to J of the first axis from it. 


6. A rectangular board is held with its plane horizontal by three 
vertical strings attached to three of its corners ; find the point in its 
area at which a weight must be placed so that the tensions of the 
strings shall be given multiples of the weight of the board. 

Ans. Let W be the weight of the board; let the strings be 
applied at the corners A, B, C ; let AC = 2a, AB = 26; and let the 
tensions of the strings at A, B } C be Z 77', mW, nW \ respectively. 
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Then the weight must be placed at a point whose distances from AB 

and A C are ^ 

2n—\ 2 m— 1 j 

a and _ . 0 . 

Z -f* m -f* 71 — 1 Z -f- 7)1 -f~ 71 — 1 

The magnitude of the weight is, of course, (Z-f-m-f n— 1) W, 


7. A uniform circular lamina is placed with its centre upon a 
prop ; find at what points on its circumference three weights, w L , w 2 , 
?/; 3 , must be placed that it may remain at rest in a horizontal position 
(Walton's Mechanical Problems , p. 73). 

Ans. The angles which the weights subtend in pairs at the centre 
of the lamina are the supplements of the angles of a triangle whose 
sides are proportional to the weights. 


206.] Reduction of a System of Forces acting in any 
manner on a Rigid Body. Let any origin. 0 (Fig. 232 ), be 
assumed arbitrarily, and let any system of rectangular axes, Ox, 
Ojj , and Oz, be drawn through it. If, then, forces P x , P 2 , P 3 , ... 
act on the body at points whose co-ordinates are (x x , y x , z x ), 
(x 2 , ?Jv * 2)9 (^35 Vv *a)> ••• eae h f° rce can be re pl ace( l by three 
components acting at 0 along the axes, together with three 
couples whose axes coincide with the co-ordinate axes. The 
force P X) for example, is equivalent to X v Y v Z x at 0 and three 
couples, Z x y x — 7 X z x , X x z x — Z x x x , and Y x x x — X x y x . Add the 
components of the forces, and also the axes of the couples, in the 
directions Ox , Oy , and Oz : the whole system of forces is equiva- 
lent to the force 2 X along Ox, 

„ 2 7 „ Oy, 

and „ 2X ,, Oz ; 

and the system of couples is equivalent to 

the couple 2 (Zy—Yz), or L, in the plane yz, 

,, 2 (Xz — Zx), or AI, „ zx, 

and „ 2 (Yx— Xy), or N, „ xy. 

(Of course the axes of L , AT, N are drawn along tho axes of 
x , y , and z, respectively.) 

Hence if R is the magnitude of the resultant of translation, 

R = V (2 Xf + (2 Yf + (2X) 2 ; 

and if G is the magnitude of the resultant couple, J 


G = VL % + U* + N*. 
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• • 2J A 

The direction-cosines of R are 

L M A N 

01 Cr are 775 -; r >and — • 

Cr G Cr 


and those 


Thus, system of forces acting on a rigid body can be replaced 
by a single resultant force acting at an arbitrary origin , the magni- 
tude and direction of this force being the same for all origins , and 
a single resultant couple the magnitude and direction of whose axis 
are both dependent on the origin chosen . 

It has been already remarked (Art. 200) that G is not only 
the axis of the resultant couple (corresponding to a resultant 
force acting at 0), but also the sum of the moments of the 
forces about a line at 0 drawn in the direction of G ; and since 
the axes of couples have been proved to follow the parallelepiped 
and parallelogram laws, it follows that the sum of the moments 
of the forces about this line is greater than the sum of their 
moments about any other line at 0 ; and also that the sum of 
the moments of the forces about any other line through 0 is the 
resolved part of G in the direction of this line. 

Remark . The magnitude and direction of G are constant at 
all points along the same right line parallel to R. Dor R may 
be supposed to act at any point in this line, and the vector G 
may be moved parallel to itself to the point at which R is 
supposed to act. The axis G is called the axis of principal 
moment at 0 . 


207 .] Moment of a Force round any Line. Let a force of 
given magnitude act in a given direction at a given point A , 
and let its moment be required about a given right line passing 
through a given point P. With reference to any three rect- 
angular axes, let (1 x , y ) z) be the co-ordinates of A ; let (£, tj, Q 
be those of P ; and let (X, Y, Z) be the components of the force. 

Then the moment of the force round a line through A parallel 
to the axis of x is 

while its moments round the lines through A parallel to the 
axes of y and z are, respectively, 

X(r-fl-^(*-f) and 2 >-£)-X(,-n). 

Denote these component moments by P, M t N, respectively. 
Then, if the line through A about which the total moment is 


z(y- v )-Y(c-o, 
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required makes angles whose direction-cosines with the axes of 
reference are l, m, n, the required moment is 

IL + mM + uN. 

208.] Poinsot’s Central Axis. Any system of forces acting 
on a rigid body has been proved to be equivalent to a single 
resultant force, R, acting at an arbitrary origin, 0 , and a single 
resultant couple, G. Let $ be the angle between R and G, and 
resolve G into two components, OK and On (Fig. 235) along and 
perpendicular to R, respectively. On is the axis of a couple in 
the plane ROtc, perpendicular to On. 

Now let each force of this couple be T Ir 

made equal to R, and the arm, OP*, K ~ 7| G 

is consequently equal to jy ; that is, / 

op=^. (i) 

One of these forces may be applied lg * 235 ' 

at 0 to destroy the resultant, R, at 

this point, and there finally remains a resultant force, R, at P 
along PT (parallel to OR ), together with a couple whose axis 
is OK, or G cos </>. Denoting OK by K, we have then 

K ~ G cos (f>. (2) 

The axis OK may, of course, be drawn at P along PT [(a), 
Art. 200]. 

Hence the whole system of forces Is equivalent to a resultant force 
equal to R acting along the line PT anil a couple in a plane per- 
pendicular to this line . 

The line PT thus determined is called PoinsoCs Central Axis. 
To construct Poinsot’s Central Axis for any system of forces — 
Reduce the forces to a resultant force, OR, acting at any origin, 0 , 
and a couple tv hose axis is OG ; then on a line perpendicular to 
the pAane of OR and OG measure off a length , OP f, equal to 

— where </> is the angle between OR and OG. A line through 

the point P parallel to OR is the required Central Axis. 


* The point P should be represented on the production of the line xO through 
0, according to the convention of Art. 200. The inaccuracy in the figure was 
detected too late for correction. 

t The sense of OP is determined by the convention of Art. 200. 
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209. ] Theorem. A given system of forces has but one Central 
Axis. 

This important proposition may be proved ex absurdo thus : — 

Whatever origin be chosen, the resultant force acting at it is 
constant both in magnitude and in direction. Now, if it be 
possible, let the system of forces be equivalent to a resultant 11 
acting at 0 and a couple whoso axis is OK, and also to a re- 
sultant force B acting at O' and a couple whose axis is O'K', the 
lines OK and O' K' being, of course, in the direction of B . Then 
it is evident that the force B, at 0 and the couple OK should 
equilibrate the reversed force B and reversed couple O'K' , at O'. 
But the couples give a single couple, OKr^O'K\ and the forces 
give also a couple which, being in a plane perpendicular to the 
first couple, cannot with it produce equilibrium. Therefore, &c. 

Since this axis is unique, equation (2) of the last Article shows 
that for all origins the quantity G cos (/>, or the projection of the 
axis of the resultant couple along the direction of the resultant force 
is constant , and equal to Poinsot's moment . 

210. ] Theorem. The sum of the moments of the forces 
round Poinsot’s Axis is less than the sum of their moments 
round any other axis of principal moment. This is, of course, 
evident from what has just been said. The deduction of the 
axis of principal moment at any point from Poinsot’s may, 
however, for clearness, be specially exhibited. 

Let Oz (Pig. 236) be Poinsot’s Axis and OK (= K) the 
moment of the forces round it. Let O' be any point in the 

body, and let it be proposed to find the 
principal moment at this point ; O' 0 is 
a line drawn through 0' perpendicular 
to Poinsot’s Axis. At 0' introduce two 
equal and opposite forces, O'B and O'B , 
each = B. Then OB and O'B ' form a 
couple, whose axis, O'n, is perpendicular 
to the plane BO O'B' and equal to 
B . 00'. Transfer the axis OK to O'K' 
(Art. 200), and draw the diagonal, O' G, 
of the rectangle determined by O'n and 
O'K'. Then O'G (= G) is the axis of 
principal moment at O' , and it is evidently > O'K'. Hence 
Poinsot’s is the least principal moment. 
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211. ] Definition of a Wrench. It has just been shown that 
any given system of forces acting on a rigid body can be reduced 
to a single force, R, and a single couple, K, such that the axis of 
the couple is coincident with the line of action of the force, and 
that this reduction, for the given force system, is unique. 

A force acting along a line and a couple whose axis coincides 
with this line constitute together what is called a wrench . 

The ratio of the moment of the couple, K, to the magnitude 
of the force, It, is evidently a linear magnitude , and is called 
pitch. 

The right line about which the wrench takes place, when 
contemplated in conjunction with the pitch, is called a screw. 

Thus, then, a screw is a definite right line in space associated 
with a definite pitch. 

The right line itself about which the wrench takes place — the 
axis of the wrench — may be denoted by the symbol a, and the 
pitch associated with it may be denoted by the symbol p a . It is 
evident that the complete determination of a screw (pitch in- 
cluded) requires five constants, since the axis may be determined 
by two equations of the forms 

x = az + m, y + n 9 

which involve the four constants a , m , J, n ; while the pitch is 
specified by another constant. 

When the force and the axis of the conjde — this latter drawn 
according to the convention of Art. 200— are in the same sense 
along the axis of the wrench, the pitch is positive ; when they 
are in opj)osite senses, it is negative. 

The force which acts in a wrench is called by Sir 11. Ball 
the intensity of the wrench. 

A force alone may be regarded as a wrench of zero pitch. 

A couple alone may be regarded as a wTeneh of infinite pitch. 

212. ] Wrench of Two Forces. Let it be required to find 
the wrench of which two forces, P and Q , represented in magni- 
tudes and lines of action by the two non-intersecting lines AP 
and BQ (Fig. 237), are equivalent. 

Let AB be the shortest distance between the lines of action of 
the two given forces, and denote the length AB by h. 

Then, following the rule of Art. 208, reduce the forces to a 
resultant acting at A together with a couple, by introducing two 
forces, Aq and Aq\ equal, opposite, and parallel to Q. Com- 

1695 C 
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pounding* AP and Aq, we get Ar = R = resultant force ; and 
drawing, in the sense determined by the convention of Art. 200, 
An to represent Qxh, the moment of the couple (BQ, Aq '), 

the force and couple for the 

n 1 

Nv origin A are Ar and An . If 

\ 0 (on AB) is any point on 

id A B f the couple correspond- 

j ing to it is got by combining 

q: k with An the axis Am which 

<f . represents RxAO , this line 

v ; . j 11 Am being perpendicular to 

A;V - /" — ” ^ ^ Ar and in the plane of the 

> • N f - - .... 1 ines An, AP , Aq ; and if 0 is 

B 1 i' Poin sot’s origin, the resul- 

tj,. „ tant, Ac , of An and Am coin- 

rig. 237. . . . 

cides in direction with Ar. 


Now since Aon is a right angle, 

, 01 RxAO 

cos Anc = — = — j- — ~ • 

An Oxh 

But LA uc — LqAr ; Qx cos Anc = Ay, 

where g is the foot of the perpendicular from q on Ar. Hence 

AO Ag 
h “ Ar 5 

AO _~Ag _ projection of Q along R . 

OB gr projection of P along R 9 
so that Poinsot's origin divide* the shortest distance lehreen P and 
Q inversely as the orthogonal projections of these forces along the 
direction of their resultant of translation. Or, again, 0 may be 
determined by drawing from g the line gO parallel to the line rB. 

The wrench to which P and Q are ecpiivalent is represented in 
the figure by (OR } OK). 

213 .] Two Intersecting Rectangular Screws. Suppose OX 
(Pig. 238) to be the axis of a wrench the force in which is 
represented by the length OX ( = X), and the moment of the 
couple by OM . If p x is the pitch of this screw, the moment of 
the couple is p . % 

Also, let OY and OL represent the force and couple in another 
w rench intersecting OX at right angles, and let p y be the pitch 
of this second screw. 
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It is required to find the resultant wrench to which these two 


wrenches are equivalent. 

Replace the forces X and 
also resolve the moments, 
OM and OL , into compo- 
nents along* and perpendicu- 
lar to 01). 

If 0 denotes the angle DOX, 
we shall have along OD a 
moment, Oa -f- Oc, equal to 
p x . X cos 0 +p y . Psin 0 ; or if 
OD = P, we have along OD 

P (p x . cos 2 d + p y . sin 2 0). 


by their resultant, OD ; and 



Perpendicular to OD , the resultant moment is Ob — Ocl , or 
P ( Py — p^j sin 0 cos 0. 

Now a force OD (= P) and a couple whose axis, Ob— Oil, is 
perpendicular to it are equivalent to a force equal and parallel 
to OD at a distance, OA, from OD, along the perpendicular to 
the plane of OD and the axis of the couple, such that 


P x OA = Ob — Oil = P (p y — P x ) sin 6 cos 0 ; 

OA = (p y — sin 0 cos 0. (1) 

Hence the two given wrenches are equivalent to the wrench 
consisting of the force P at /i and the couple whose axis 
AF — P (p x . cos 2 0 +Py . sin 2 0) ; so that if p e denotes the pitch 
of the resultant screw, 

Pe = p x . cos 2 0 +p ym sin 2 0. (2) 

The whole process may, of course, be reversed ; i. c. starting 
with the single wrench about the screw AP , we may resolve it 
in an infinite number of ways into jvggir of wrenches about two 
intersecting rectangular screws. The pfcitions of these screws may 
be assigned by the distance OA and«^he angle 0 ; and when this is 
done, the component pitches, p x and jfcy, arc given by (1) and (2). 

214?.] The Cylindroid. Given'' two intersecting rectangular 
screws , it is required to Jhid the locus of all screivs which result 
from wrenches of any variable intensities about these two given 
screivs . That is, given two right lines, OX and OY } and two 
linear constants,^ and p y> associated with them, if a wrench in 
which the force is X and the couple p x . X act about OX, the 
magnitude X being anything whatever; and if a wrench in 
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which the force is Y and the couple p y . Y act about OY , the 
magnitude Y being also anything whatever ; find what surface 
is traced out by the axis of the resultant wrench, as X and Y are 
separately or simultaneously varied in any manner. 

Taking OX and OY (Fig. 238) as axes of x and y, and OA , 
their common perpendicular, as axis of z y the equations of AP 
are obviously 

~ = (Py ~~ P*) s * n 0 cos ( 1 ) 

y = x tan 0 , (2) 

the angle 0 depending on the magnitudes X and Y. 

Hence, whatever 0 may be, we have 

r (x 2 +f) - (p y -p T ) xy - 0, (a) 

which is the equation of the surface traced out by the line AP 
as X and Y are varied. This surface is called the Cylindroid. 

215.] To construct the Cylindroid. Easy methods of con- 
structing the cylindroid at once present themselves. It is 

sufficient to give one. Taking 
two rectangular axes, Ox and 
Oy , and a perpendicular, Oz , 
to them, we are to imagine a 
right line which begins by 
lying along Ox to travel up 
along Oz , while it always 
remains parallel to the plane 
xy and rotates round Oz, the 
angle, 0 , through which it has 
rotated, and the corresponding 
distance, z y through which it 
has risen being connected by 
equation (1) of last Article. 

Let PM (Fig. 239) be any 
position of the moving line, 
its projection on the plane of xy being Ow y and LwOx = 0. 
Then, putting p y — p x = 2h y we have 

OP '• = h sin 2 6. 

Draw Oa bisecting the anglo xOy, and equal to 2//, and 
describe a circle on Oa as diameter, c being its centre, and Om 
meeting it in m. From m draw the chord mpn perpendicular to 
Oa. Then sin 20 = cos mep ; OP = cp. 
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When 0 = = xOa, OP is greatest and equal to h, and the 
moving line, zA, is then parallel to Oa , the distance Oz being 
equal to A. Hence Pz = a/?. 

Thus we get a simple method of constructing the surface : — 
Divide up the whole diameter aO into any number of parts, ap , 
&e. (equal for simplicity). On the axis, Oz, take the length 
Oz = ca = radius of circle ; beginning with the point z , measure 
off parts, zP, &c., successively equal to the parts ap , &c. ; then 
through any point, P, on 02 draw two parallels, PA/ and PJV, to 
the lines 0w and 0&, joining 0 to the extremities of the corre- 
sponding chord of the circle. 

The ruled surface traced out thus by all the pairs of lines, such 
as PM and PiV, is the cylindroid. 

It is obvious, of course, from the equation z = A sin 2 0, that 
through each point P on the axis Oz there are two generators, 
which coincide at the point z with a parallel to Oa. When P 
moves upwards from 0 along Oz, 0 runs from 0 to r, until z is 
reached; when 0 increases beyond r, the moving point P de- 
scends from z towards 0, and in its descent gives the second 
generator PA at P, which is parallel to On. When 0 = ^?r, P is 
at 0 and the generator is Oy. As 0 increases beyond the 
moving point P travels downwards, along Oz , until 0 = §7r, 
when 2 ' is reached, 02 r being equal to h , and the generator being 
z'.B', which is parallel to the tangent at 0 to the circle. As 0 
increases beyond -|7 r, the moving point moves up again towards 
0, which it reaches when 0 = tt, the generator then coinciding 
with Ox, its original position. Thus all through the motion the 
generator lias continuously revolved in the same sense — counter 
clockwise. 

Another way of looking at the matter is this — imagine a pair 
of scissors placed with the rivet at 2 and the blades closed 
and coinciding with A' z A ; then let the rivet be gradually 
brought down along 2 O while the blades gradually open in such 
a way that when they are parallel to a pair of chords Oni and On , 
the rivet has descended through a distance equal to aj). (A vivid 
figure of the cylindroid will be found in Ball’s Theory of Screws .) 

216.] Angle between Two Screws. In order to make our 
equations in the sequel universally applicable without ambiguity, 
it becomes necessary to give a definite meaning to the angle 
between two screws, since a priori the expression is not definite. 
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The following definition of the angle between two screws will 
be found to be of universal application whether the pitches are 
both positive, or both negative, or one positive and the other 
negative : — 

Let the axis of each screw be marked with an arrow-head 
pointing in the sense in which the force acts along the screw. 
The two screws being denoted by oc and f3 , place a watch with 
its back towards oc and its face towards /3, the shortest distance 
between them passing perpendicularly through its face. Then 
the angle through which the arrow on oc must be rotated, in a 
sense opposite to that of the watch-hand rotation, so that this 
arrow shall be parallel to and in the sense of the arrow on y3, is 
the angle between the screws. 

217.] Theorem. Any two given screws determine a cylindroid. 
Let AP (Fig. 238) and BQ* be the axes of any two given 
screws -whose pitches are, respectively, p e and Jtfy, the line AB 
being the shortest distance between them. Let AB — It. Then 
what we have to show is that it is possible to find a single 
pair of rectangular lines, OX and 01] such that if the wrench 
of pitch p about AP is resolved into two wrenches about these 
lines, and if the wrench of pitch p^ about BQ is also resolved 
into two wrenches about OX and 07 \ we shall get the same 
value in each case for the pitch about OX and also the same 
value for the pitch about 07. 

Let co be the angle between AP and BQ ; let AP and BQ 
make angles 6 and <£ with the sought line OX, the point 0 
being on AB at a distance z from B ; and assume that each 
resolution gives a pitch p x about OX, and a pitch p y about 07 . 
Then we have 


Pe 

= p x . cos 2 6 + p (f . sin 2 6, 

p* = 

= Px- 

cos 2 c/>+^.sin 2 </) ; 

(i) 


= {Py Px) sin 0 cos 0, 

z - 

= (Py 

■— p x ) sin (f> cos </>, 

(2) 

where 6 

= co -f </>. Hence 






l>e =J , y+i , x~{ Py " 

-Px) 

COS CO 

cos (co + 2 </>) ; 

(3) 


Pe~m = ( P y - 

-Px) 

sin co 

sin (co H- 2 </>) ; 

(4) 


* = (p,J- 

-Px) 

sin co 

cos (co -f 2 (/>) ; 

(5) 


* BQ is not represented in the figure; but, for definiteness, B is supposed to 
lie on OA between 0 and A , while the projection oi BQ on the plane OXJf lies 
between OX and OB. 
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so that We have 


tan (co 4- 2 <£) = -* ~ ; 

P y +l> x =Po+P4. + Z™t<o; 

Py -Px = + (/?* -;^) a cosec O) ; 


(«) 

(7) 

( 8 ) 


which give definite values for p x , p y , and </>. Hence the lines 
OX and OY can be determined, and therefore also a single cylin- 
droid containing the two given screws. 

218.] Composition of Wrenches. The resultant of any two 
wrenches is a wrench about a screw on the cylindroid determined 
by the two given wrenches . 

For, let p x and P 1 he the pitch and intensity of one, and p 2 
and P 2 the pitch and intensity of the other. Also let p x and 
Py be the pitches of the two principal (or rectangular) screws, 
Ox and Oy, of the cylindroid. Then (Art. 213) replacing the 
first wrench by its components round Ox and Oy , wo get a moment 
p x . X x round Ox, and a moment p y . Y l round Oy, the components 
of jPj parallel to Ox and Oy being X x and Y v Similarly, re- 
placing the second wrench by its components, we have finally 
the moments + X j and ,, (J' 1 + rj 


round Ox and Oy, respectively. But if we take the resultant 
of the forces P x and P 2 , as if they acted at a point, and if its 
components parallel to Ox and Oy are X and Y, we know that 
X = Xj +X 2 , and Y = Y x + 7 2 . Therefore round Ox and Oy we 
have simply wrenches of intensities X and Y , which (Art. 213) 
give a single wrench about that screw on the cylindroid which 
is parallel to the direction of the resultant of translation of the 
given forces P 1 and P 2 . 

Hence the proposition of the parallelogram of forces for forces 
acting at a point becomes simply a proposition of the parallelogram 
of screws for the composition of wrenches. 

Hence also three wrenches will be in eejuilibrium if they take 
place about three screws on the same cylindroid, whose directions 
are so related that the intensity of the wrench on any one screw 
is proportional to the sine of the angle between the directions 
of the other two screws — the well-known law of Sines . 

And, generally, the resultant of any number of wrenches 
about screws situated on the same cylindroid may be found 
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by transferring all the forces in the wrenches to a single point, 
finding the resultant of these forces, and taking the screw on 
the cylindroid which is parallel to the direction of this resultant. 
A wrench about this screw with intensity equal to the resultant 
force is the resultant wrench sought. 

Cor. A wrench about any given screw on a cylindroid can 
be resolved into wrenches about any two assigned screws on 
the same cylindroid. For, a force acting along any given line 
can be resolved into two components along any two lines which 
meet it if they all lie in the same plane. In this way the in- 
tensities of the two component wrenches along the two assigned 
screws are determined. 

219.] Distribution of Pitch. The pitches belonging to the 
various screws 011 a cylindroid may be graphically represented 
thus. 

Taking the two principal screws of the cylindroid as axes, 
construct the conic whose equation is 

^■Px + f -Py = (1) 

where k is any constant length. If r is the radius of this conic 
making au angle 6 with the axis of x (i. c. the screw of pitch p x ), 
we have p 

p x . cos 2 0 -f p y . sin 2 0 = . (2) 

But by (2) of Art. 213 the left-hand side is the pitch of the 
screw whose axis is parallel to r. Hence 

Pe = y 2 > (3) 

which graphically represents p$ in precisely the same way as 
the moment of inertia of a lamina is represented. 

The conic (1) is called the pitch conic of the cylindroid. It 

is an ellipse if the principal pitches have the same sign, and 

a hyperbola if they have opposite signs. 

In the tatter case there ivill he two screws of zero pitchy viz., 
those parallel to the asymptotes of the pitch hyperbola. In 
every case there will be two screws having a given pitch, and 
they are parallel to two equal diameters of the pitch conic. 

This conic possesses the following noteworthy property. If 
the tvrench on any screw of the cylindroid is replaced by a force 
and a couple at the centre of the pitch conic {centre of the cylin - 
droid) ^ the axis of this couple ivill lie along the perpendicular to 
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the diameter of the pitch conic which is conjugate to the direction 
of the force — or, in other words, the plane of the couple will 
be that of the axis of the cylindroid and this conjugate 
diameter. 

For, let the axis of the given wrench make an angle 9 with 
the axis of x at the centre, 0, of the cylindroid, and let P 
be the intensity of the wrench. Then the component wrenches 
at 0 to which the given one is equivalent are (P cos 9 , Pp x cos 6) 
and (P sin 9 , Pp y sin 9 ). The two couples, Pp x cos 9 and Pp tJ sin 9 , 
at 0 compound into a couple, G\ making with Ox an angle \f Jr 

such that cot \lr = P* cot 9. Hence 
Py 

tan 9 tan tt + \f/)= — , 

Py 

which is the well-known equation connecting the directions 
of two conjugate diameters of the conic, the squares of whose 

p p 

axes are — and — , so that the line perpendicular to G is the 

Vx Py 

diameter conjugate to the direction of the given screw ( 9 ). 

220.] Screw Motion of a Rigid Body. It will be shown 
in a subsequent chapter that if a rigid body occupying a position 
which we may denote by ( A ), be displaced in any manner so 
as to occupy another position (P), the change from (A) to (P) 
could have been effected by rotating the body round a certain 
axis, and then giving it a motion of translation along this axis ; 
in other words, Poinsot’s result for a system of forces holds 
for the displacements of the individual points of a rigid body — 
viz., the displacement can be produced by giving the body a twist * 
about a screw. 

The ratio of the motion of translation along the axis of the 
screw to the circular measure of the angle of rotation about 
it is called the pitch of the screw ; so that, as in the case of 
forces and couples, the pitch is still a linear magnitude. 

A motion of translation alone may be regarded as a twist 
of infinite pitch. 


* Sir R, Ball uses this term twist to denote a rigid-body motion which consists 
of a translation along, accompanied by a rotation about, a line. The term hoist 
is, however, so generally used to signify a strain of a natural solid — which is 
wholly distinct from a rigid-body motion — that it is advisable to call the attention 
of the student to its technical signification in Sir R. Ball’s theory. 
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A motion of rotation alone may be regarded as a twist of 
zero pitch. 

227.] Degrees of Freedom of a Rigid Body. The position 
of a rigid body in space is completely defined by six independent 
variables, viz., the three co-ordinates of some point in it with 
reference to assumed rectangular axes, and the three angles 
which in the well-known theory of the motion of a rigid body 
about a fixed point determine the positions of all points in the 
body relatively to this fixed point. The body may, however, be 
so hampered in any case that these six variables are not all 
independent. If each of them may be anything whatever 
independently of any of the others, the body is perfectly free or 
has freedom of the sixth order , or six degrees of freedom. If the 
variables are connected by one equation, so that virtually only 
five are independent (the sixth being known as soon as any five 
are assumed), the body has freedom of the fifth order , or five 
degrees of freedom . If they are connected by two equations, or, 
in other words, if the position of the body depends on only three 
independent variables, the body has freedom of the third order , or 
three degrees of freedom ; and so on. 

A rigid body occupying any position can be brought into 
an indefinitely near position by giving it a small motion of 
translation whose components parallel to fixed rectangular axes 
are (ha, hi, he), which arc the components of the translation of 
any point, A, in the body, and rotating it round axes of reference 
at A parallel to the fixed axes through angles (hd 1 , h0 2 , h0 3 ). 

The component absolute motions of any point in the body are 
expressed by equations of the form 

hx = ha + (z — c) h0 2 — (y — &)80 a , &c., 

(a, b, e) being the co-ordinates of A with reference to the axes 
through the fixed origin. 


Examples. 

1 . The sum of the pitches of the two screws which pass through 
any point on the axis of a cylindroid is constant. 

2 . A cubical block (represented by Fig. 228 ) is free to twist about 
its diagonal 00 ' ; determine a wrench — 

(a) about AB, 

(b) about AD, 

so that the block may be in equilibrium. 
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Ans. In (a) the wrench is one of infinite pitch, i. c. a couple about 
AB, In (&) the pitch of the screw on 00' beings, that of the screw on 
AD is a— p, where a is the length of an edge of the block, so that 
the wrench is [P, (a — p) P], where P is a force of any magnitude. 

3. A right cone is capable of twisting about a screw coincident 
with one of its generating lines; find the wrench about a given 
diameter of its base whicli will keep it in equilibrium. 

Am. If the axis of the given screw of twist (pitch p) is BA , 
where B is the vertex and A a point on the circumference of the base, 
0 the centre of the base, OP the radius of the base about which the 
wrench is to take place, P being on the circumference of the base, 
LPOA = 6, c — height of cone, the required wrench is 
\J\ — (p -f c tan 6) P J. 

4. A body which has freedom of the second order is acted upon — 

(a) by a single force, 

( b ) by a single couple ; 
what is the condition of equilibrium h 

Ans. In case (a) the line of action of the force must intersect 
both the screws of zero pitch on the cylindroid which defines the 
possible motions of the body ; and in ( b ) the axis of the couple must 
be parallel to the nodal line of the cylindroid. 

5. At a given point, 0, are compounded three wrenches of fixed 
pitches, a, b , c , along three fixed rectangular linos, Ox , Oy, Oz; the 
intensities of these wrenches being all varied in any manner, find the 
surface-locus traced out by tbe Poinsot centre. 


-2 — 


Ans. Its equation is 
2 2 

b — c c — a a — b a- 

- x r+ y* + - 3 “+ 


b .b — c . c- 


xyz 


0 . 


The section of this surface by any plane through any axis of co- 
ordinates is an ellipse (and the axis itself). The force and the 
principal couple at 0 are always related thus — the force being a 
central radius vector of a fixed ellipsoid, the axis of the principal 
couple coincides in direction with the central perpendicular on the 
tangent plane to this ellipsoid at the extremity of the radius vector, 
and varies inversely as this perpendicular. 

235.] Theorem. A system of forces can be reduced to two 
forces in an infinite number of ways. For they can be reduced 
to a resultant force, P, acting at any point, together with a 
couple. Now the forces of the couple can be made of any mag- 
nitude by varying its arm ; and one of them can be combined 
with B. There will then remain the resultant of 11 and this 


force together with the remaining force of the couple. There- 
fore, &c. 
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Of course the wrench to which all pairs of forces equivalent 
to a given force system reduce is unique ; and since we have 
shown (Art. 212) that the wrench of two forces takes place 
about a screw which intersects the shortest distance between 
the lines of action of the two forces, we see that — Poinsot's axis 
intersects the shortest distance between the lines of action of every 
pair of forces to ivhich the given force system can be reduced . 

Suppose that AP and BQ (Fig. 237) are a pair of forces 

to which a given force system can be reduced, and let p = -p 

= the pitch of the Poinsot screw to which they are equivalent. 
Then the distance ( OA ) of either line (AP) from the Poinsot 
axis is the product of the pitch and the cotangent of the in- 
clination of the other line (BQ) to the Poinsot axis. 

For if 0 = PAr, <fi = pAr, since Ac represents K and An 
represents Qh, we have K = q .11 = Qh sin </>. But 
AO _ Q cos 0 . A 0 _ Q cos (f) ' 

OB P cos 0 9 h B 9 

AO x 7t = Qh con (fi 1 
AO =p cot 0. 

Similarly BO =. p cot 0 . 

The two lines of action, /IP, BQ , of any pair of forces equi- 
valent to a given wrench are sometimes called reciprocal lines . 

They possess the following property — if any point, 8, be 
taken on either line (AP), the axis of principal moment at 
this point is the perpendicular to the plane containing 8 and 
the other line (BQ). 

This property is at once obvious, since to get G , the axis of 
principal moment at 8 (supposed on /IP), we introduce at 8 
two forces equal and opposite to Q 5 ^ ie couple Q at B 
and — Q at 8 is in the plane of 8 and BQ, and its axis, G, is, 
of course, perpendicular to this plane. 

The relation between the two lines is thus reciprocal, so that 
either line is the envelope of the planes of principal couples at 
all points on the other line. * 

The two forces P and Q along AP and AQ may, of course, 
be regarded as two wrenches each of zero pitch, and therefore as 
determining a cylindroid. If in Art. 217 we put p d = = 0, 

we find p y = h cot £co, p x = — h tan ; also the origin of the 
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cylindroid bisects the distance hy and its axes are parallel to 
the internal and external bisectors of the angle between AP 
BQ. The equation of the cylindroid is 

z(x 2 +y 2 )—Itxi/ cosec &) = 0. 

The two principal pitches have opposite signs, and the given 
forces act along the two screws of zero pitch of this cylindroid. 

236.] Theorem. When a system of forces is reduced to 
a pair of forces represented in magnitudes and lines of action 
by two right lines, the volume of the tetrahedron formed by 
these lines is constant, however the re- 
duction is made. 

Let the system of forces be reduced 
to P and Q y and let these be supposed 
to act at the extremities, A and By of q 
the shortest distance between them. 

Now to get the force and couple cor- 
responding to the origin Ay introduce 
at this point two opposite forces, AQ Fig. 241. 

and AQ\ each equal and parallel to Q. 

Compounding V and Q we get the resultant force, B; and 
taking the forces Q at B and Q' at A we get a couple whose axis, 
AGy is at right angles to the plane QBAQ' and equal to Q . AB. 
Since AB is perpendicular to both P and Q, it is clear that AG 
is in the plane QAP and at right angles to AQ . 

Now since (Art. 208) Gcoscj) = K , we have 
Q . AB . sin QAB = A. 
p 

But sin QAB = ^ . sin PA Q. Hence 



P . Q .AB . sin PA Q = K . B. 

Now the volume of the tetrahedron formed by the lines AP 
and BQ 

= J area ABQ x perpendicular from P on the plane ABQ ; 

= %BQ.ABxAP.sinPAQ-, 

= %P.Q. AB.sinPAQ. 

Hence if A denotes tbe volume of the tetrahedron, 

A = 

This theorem has been proved in various ways. For an 
elegant demonstration by Mobius, see Crelles Journal , vol. iv, 



NON-COPLANAR FORGES. 


30 


[* 37 - 


p. 179, or J allien’s Problemes de Hlecanique Raiionnelle y vol. i, 
p. 71. 

237. ] Symmetrical Reduction of a System of Forces. A 
system of forces can be reduced to two forces equal in magni- 
tude, equally inclined at opposite sides to Poinsot’s Axis, and 
equally distant from this axis. 

Suppose the forces replaced by 11 acting along Poinsot’s Axis, 
Oz y and a couple, K. Take any point, O' (Fig. 236); draw O' 0 
perpendicular to Oz and produce it to 0" so that O' 0 = Off'. 
Let R acting at 0 be replaced by 4 R acting at O' and R acting 
at 0". Also let the forces of the couple act at O' and 0 " ; for 
this purpose these forces must each be made = 4 K/x , where x 
is Off. Now the resultant of \R and \ K/x at O' is a force 

= 4 VW + K^x 1 , 

acting towards the right, and the resultant of | It and K/x at 0" 
is a force of the same magnitude acting towards the left of the 
figure. 

If cu is the angle made with Poinsot’s Axis by these now 
forces at O' and ff' y 

tan ft> = K/Rx. 

If we choose x so that K/x = R </3, each of the two symmetrical 
forces is equal to R, and they are inclined at an angle of 60° to 
Poinsot’s Axis. 

238. ] Analytical Condition for a Single Resultant. We 

have just seen that a system of forces acting on a rigid body is, 
in general, equivalent to two forces. Let the forces be replaced 
by a single resultant force, R, acting at an arbitrary origin, 0, 
and a couple G. Now the direction-cosines of R referred to axes 
Ox , Oij y and Oz , are (Art. 206), 

2X/R, 2 Y/R y 2Z/R-, 

and those of G are I / G, M/ G, N / G. 

Hence, if </> is the angle between G and R, 


cos <f> — 


L2X+M2Y+N2Z 


Now if the resultant couple is in a plane containing R y one 
of its forces can be made to destroy R y and there will remain 
a single force ; but if G and R are not at right angles to each 
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other, the system of forces cannot be equivalent to a single force. 
The required condition is, therefore, cos </> = 0, or 

L2X+M2Y+N2Z= 0, (2) 

provided that 2CX, 2S Y, and 'SZ do not all vanish ; for if they do, 
11 will also vanish, and cj> will be illusory. In fact, in this case, 
since L, M } and N alone exist, the system of forces is equivalent 
to a couple. 

239.] Theorem. The quantity Z2J+ M'&Y+NVZ has the 
same value for all systems of rectangular axes assumed anywhere 
in space. 

From (1) of the last Art., it = IlG cos <f>, or UK, where K 
is Poinsot’s moment (Art. 208). 

Hence, if this quantity vanishes for any one set of axes, the 
force and the axis of the accompanying couple corresponding to 
any origin are at right angles. 

The value of this quantity can be exhibited in another form, 
which also shows that it is independent of any particular set of 
axes. 

Substituting for A, JY, and N the values (Art. 206), 
22 ( Zy~Yz ), &c., the expression becomes 

i%i!/i~ + ^2 c 2 + •••) (A : + X 2 + ...) 

+ (*i — -f- ...) (I j + 7 2 + ...) 

+ { Y X X 1 - X lll + 2 >2 “ X 2?2 + . . •) + Z 2 + . . .) ; 

or, substituting for X 19 Y lf Z l3 ... in terms of the forces Y’,,... 
and their direction-cosines, 

[Pi ilh cos y x - z x cos fa) + P 1 (y 2 cos y a - ; 2 cos fa) + ...] 
x (1\ cos oq + P 2 cos cx 2 + ...) + &e 

It is clear at once that the terms P x 2 , P 2 2 , . . . disappear, and the 
products 1 \P 2 , Y^Pg, ... alone remain. 

Collecting the coefficient of P X P 2 as a typical term, we have 

P i P 2 [(*i ~ * 2 ) ( cos Pi cos 72 co « 7i eos £ 2 ) 

+ (h -I/ 2 ) ( cos 7i cos <*2 ~ cos a i cos 7 2 ) 

+ (-q — r 2 ) (cos oq cos fa — cos /3 X cos 0f 2 )]. 

Now (see Salmon’s Geometry of Three Dimensions, or Frost’s 
Solid Geometry ) if (P 15 P 2 ) denotes the angle between the 
directions of the forces P x and P 2 , the quantity in brackets 
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= d X2 . sin (P ! , P 2 ), where d 12 is, the shortest distance botween 
the lines of action of the forces. 

Hence 

Z2X+ 3/2 T + JN'SZ = 2P,P 2 . */ 12 . sin (P 15 P 2 ). (1) 

Again (Art. 236), the term involving P X P 2 on the right side 
of (1) denotes six times the tetrahedron formed by 1\ and P 2 ; 
therefore the quantity on the left side is equal to six times the 
sum ( 1 with their proper signs ) of the \n(n — 1) tetrahedra which can 
he formed out of the pairs of lines representing the n forces 
p V P 

This sum has, of course, no reference to any set of axes, and 
hence the necessarily invariant nature of Z2 A r +3f2 Y+N'SZ. 

With regard to the sign to be given to any tetrahedron of the 
system, we define that — 

The moment of a force with regard to a line is the component of 
the force perpendicular to the line multiplied by the shortest distance 
between the force and the line . 

Hence P x . r/ 12 . sin (P x , P 2 ) is the moment of P x about the line 
of action of P 2 . Now to determine the sign which must bo 
given to any tetrahedron, let a watch be placed so that the 
direction in which either force acts passes perpendicularly from 
the back up through the face of the watch. If then the other 
force tends to produce rotation in the sense in which the 
hands rotate, the tetrahedron is to receive a negative sign, and 
if the rotation is the other way, a positive sign. 

240.] Conditions of Equilibrium of a Rigid Body acted on 
by any Forces. The forces having been reduced to a resultant 
of translation, P, acting at any point, together with a corre- 
sponding couple, (/, since a force and a couple cannot conjointly 
produce equilibrium ((e), Art. 200) it is necessary that 

R = 0 and (7=0. 

Substituting the values of R and G given in Art 206, wo see 
that these two are equivalent to the following six conditions : 

2X=0, 2 7=0, 2#=0, 

L = 0, ' 3/ = 0, N = 0, 

which are the analytical expressions of the fact that the forces 
must have no component along any line and no moment about any 
axis. 
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241.] Particular Cases of Equilibrium, (a) Equilibrium of 
three forces. When three forces keep a body in equilibrium , their 
lines of action must be coplanar and concurrent (or parallel ). 

For, let the forces be P, Q , P. Then the sum of their 
moments about every right line = 0. Take any point, p , on P, 
and from it draw a line meeting Q — in q , suppose. 

Since the sum of moments about the line pq must be zero, and 
since the moments of P and Q about it are separately zero, this 
line must intersect P — in r, suppose. 

Draw another line through p meeting Q in q \ then, as before, 
this line must meet R — in /, suppose. Now, since two points 
on each of the lines Q and R lie in the plane determined by the 
lines pqr and pqr\ the lines Q and R must each lie wholly in 
this plane. Again, draw any two lines whatever across Q 
and R : these must both be intersected by P ; that is, P must lie 
in the plane of Q and R ; hence all the forces are coplanar. 

Finally, taking moments about the point (Art. 77 ) of inter- 
section of Q and P, we see that P must pass through this point, 
and be equal and opposite to their resultant. If Q and P are 
parallel, P must be parallel to them, and equal and opposite to 
their resultant. 

The case of Art. 19 is therefore the only case of equilibrium 
of three forces. 

(b) Equilibrium of four forces. If four forces keep a body in 
equilibrium , they must all lie on the same hyperboloid of one sheet . 

Any three non-intersecting right lines determine a hyperbo- 
loid of one sheet, because a surface of the second degree requires, 
in general, nine conditions for its determination, and the con- 
ditions that any one given right line (x = az + m, y = bz + n) 
should lie wholly on the surface are three in number ; hence 
among the nine unknown coefficients in the equation of the sur- 
face there will be established nine (linear) equations if three given 
non-intersecting lines all lie on it. The surface is therefore 
determined. 

Describe the hyperboloid determined by three of the forces, P, 
Q, P ; then an infinite number of right lines can be drawn to 
intersect these three, and all such lines lie on the hyperboloid and 
constitute one system of its generators, while P, Q , P belong 
to the other system of generators (see Salmon’s Geometry of 
Three Dimensions , Chap. VI). Every line intersecting P, Q, P 

1605 d 

•r* 
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must, since the sum of the moments of the four forces about it 
= 0, also intersect the fourth force S ; hence S passes through 
an infinite number of points lying on the hyperboloid, which is 
impossible unless S lies wholly on the surface. 

The given forces, therefore, act along lines which are all 
generators of the same system of the same hyperboloid. 

(?) Equilibrium of five forces. If jive forces keep a hotly in 
equilibrium , their lines of action must intersect two right lines. If 
a right line could be drawn so as to intersect four of the forces, 
it would have to intersect the fifth, on account of the vanishing 
of the sum of the moments about it. 

Now Uvo right lines can, in general, be drawn to intersect 
any four non-intersecting right lines. For, let the four lines 
be denoted by P, Q, P, S. Construct the hyperboloid deter- 
mined by (P, Q, P), and also the hyperboloid determined by 
(P, Q, S). These hyperboloids having two right lines for a part 
of their curve of intersection will have two other right lines for 
the remainder of the curve. For, let the equations of the line 
P be (x = 0, y = 0), and those of Q be (z = 0, w = 0) ; then 
the equation of any hyperboloid containing these lines is 

x (1 mz + pw) +y (lz 4 qw) = 0 ; 
another hyperboloid containing the same lines is 
x (rf z 4- j/w) +y (I'z -f t/w) = 0. 

Now at all points of intersection of these two hyperboloids, for 
which x and y do not both vanish, and for which z and w do not 
both vanish — i. e. at all points of their curve of intersection, 
excluding the points on the two common generators — we have 

wz-\-pw Iz 4- qw 
mz — p'w ~~ l'z 4- <fw * 

This equation, being homogeneous in z and w, denotes two 
planes passing through the line Q ; but any plane through a 
generator must intersect the surface again in a right line ; 
therefore these two planes cut the surface in two right lines, 
which are the remaining part of the curve of intersection of the 
two hyperboloids; and each of them intersects the generators 
(P, Q , R) and the generators (P, Q , S ) ; i. e. each intersects the 
four lines P, R } S. Each must, therefore, intersect the fifth 
force. Q.E.D, 
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1. A rigid body is acted on by forces represented in magnitudes 
and lines of action by the sides of a gauche polygon taken in order ; 
prove that the forces are equivalent to a couple, and that the sum of 
their moments about any line is represented by double the area of the 
projection of the polygon on a plane perpendicular to the line. 

Let the forces be represented by the lines AB, BC, CD , . . .(Fig. 242), 
and let OQ be any axis. 

On the axis take any point, 0, and reduce the forces to a resultant, ft, 
of translation at this point, together with a couple, G (Art. 200). 
This is done by introducing at 0 two forces ' 

parallel and equal to AB in opposed direc- 
tions, two equal and opposite to BC , &e. 

Now (Art. 199) the resultant of translation 
vanishes, and the component couples are 
represented by double the areas of the tri- 
angles OABj OBCy &c. If the axes of these 
couples are drawn at 0 , the sum of the 
moments of the forces about OQ will be 
represented by the sum of the components of 
the axes along OQ ; but this is the same as 
double the sum of the projections of the 
areas of the triangles on a plane perpendicular to OQ ; that is, the 
moment about OQ is represented by double the area of the projection 
of the pmlygon on a plane perpendicular to OQ. 

Again, since G is the greatest moment round any axis through 0 
(Art. 206), it follows that the axis of the resultant couple is the line 
perpendicular to the plane 011 which the projected area of the polygon 
is a maximum. 



Fig. 242. 


2. When the resultant of ti'anslation vanishes, the forces will be 
in complete equilibrium if the sums of their moments round any three 
non-coplanar axes are separately equal to nothing. 

For if L is the moment round the axis of oc, the moment X', round 
a parallel axis through the point (a, J3,y) is L + y2 Y—P'SZ. Hence 
L' = X, M f = My N f = N ; and since the moment round an axis 
through (a, fi, y) making angles A, p, v witli the axes of co-ordinates is 
X' cos A + M ' cos fx + N' cos v 9 it follows that the moments round all 
parallel axes are equal. For the three axes of moments we may take, 
therefore, three lines through the origin making angles (A lf fa, v x ), 
(A 2 , fa } v 2 )> an( ^ (^3> ^3) with the axes of co-ordinates. Suppose 

then that 

X cos A i + M cos fa 4- Acos v 1 = 0, 

X cos A 2 4- M cos fa 4- A cos r 2 = 0, 
and X cos A 3 4- M cos fa 4- N cos z> 3 = 0. 
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These require either that L = M = N = 0, or that 

COSA-!, COS /Xj, COSZq 

COS Agj COS , COS 2^2 ” 0* 

cosA 3 , COS p 3 , COSl >3 

The latter condition requires that the three axes of moments be in one 

plane. If they are not coplanar, we must have L = M = N = 0, i. e. 
the forces are in equilibrium. 


3. A tetrahedron is acted on by forces applied perpendicularly to 
the faces at their respective centroids. If the force applied to 
each face is proportional to the area of that face, prove that the 
tetrahedron is in equilibrium, the forces being supposed to act all 
inwards or all outwards. 

Let A, By C , D be the vertices of the tetrahedron, and denote the 
areas of the faces opposite these vertices by A v B lf C x , D x , respectively. 


Denote also the angle between the faces A x and B x by Then 

evidently xx /s xx 

A j — cos “j~ (Jj cos A j "^i Ai Z^i , 


or, if the forces perpendicular to the faces are denoted by P, Q, A, S, 


P—Q. cos PQ—R . cos PR— S . cos PR = 0, 

which shows that there is no resultant force in a direction perpen- 
dicular to the face A x ; similarly there is no resultant force in direc- 
tions perpendicular io the other faces ; therefore the resultant of 
translation vanishes. 

To show that there is no resultant couple, let each force be replaced by 
three equal foices acting at the vertices of the corresponding face. Thus 
the force P is to be replaced by three forces each equal to ^P acting 
at the points B , (7, D perpendicularly to the face BCD. Let us 
calculate the sum of the moments of the forces about the edge BC. 
For this purpose, let the forces Q and R at D be each resolved in 
the direction of the force ^ P at this point, i. e. perpendicularly to the 
face BCD. Supposing the forces to act outwards, the components of 

/X XX 

I Q and R are — -J- Q . cos PQ and — J R . cos PR ; therefore the sum 
of the moments of the forces at D about BC is proportional to 


(A t — B x . cos A X B X — C x . cos p\ 

XX 

or D x ,p . cosA l D 1 , 

. XX 

or, again, D x ,p . cot A X D X , 

p' being the perpendicular from D on BC, and p the perpendicular 
from D on the base A BC. But this last expression is three times the 

volume of the tetrahedron multiplied by cot A X D X . In the same way, 
the sum of the moments of the forces at A is represented by three 

XX 

times the volume of the tetrahedron multiplied by cot A X D X ; and as 
these moments are in opposite senses, the forces have no moment round 
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the edge BC, and similarly no moment round any of the edges. Hence 
by the last example they are in equilibrium. 

For another simple method of proof see Collignon’s Statique , p. 354. 

4. Prove that a solid body of any shape is in equilibrium if it is 
acted on throughout its surface by normal forces, each force being 
proportional to the superficial element on which it acts. 

One very simple method of proof consists in imagining a surface 
precisely equal and similar to that of the given body to be traced out 
in a weightless fluid which is subject to any pressure. 

5. If a curved surface whose edge is a plane curve is acted on all 
over its surface by normal forces, each proportional to the element of 
surface on which it acts, prove that these forces have a single resultant 
if they all act towards the same side of the surface. 

6. Forces perpendicular and proportional to the areas of the faces 
act at the centres of the circles circumscribing the faces of a tetrahe- 
dron ; prove that they are in equilibrium, if they all act inwards or 
outwards. 

They meet in the centre of the circumscribed sphere. The proposi- 
tion is evidently true also for any polyhedron bounded by triangular 
faces. 

Taking the results of this example au(i Example 3 together, we see 
that forces proportional to the areas and perpendicular to them are in 
equilibrium if they act at the orthocentres of the triangular faces of 
any polyhedron. 

7. Find the force necessary to keep a heavy door in a given position, 
the hinge line being inclined to the vertical and the hinges smooth. 

Let i be the inclination of the hinge line to the vertical, and a the 
given inclination of the plane of the door to the vertical plane con- 
taining the hinge line. Then if W is the weight of the door, a the 
distance of its centre of gravity from the hinge line, and 0 the angle 
between the normal to the plane of the door and the vertical, the 
moment of the weight about the hinge line is 

Wa cos 0 . 

This is the moment of the required force. To 
find 6, let lines parallel to the hinge line and the 
vertical be drawn through any point, 0 , and 
through this point let a plane be drawn parallel 
to the plane of the door. Round 0 let any sphere N 
be described ; let V and L (Fig. 243) be the 
points where these lines meet the sphere ; 1)L 
the circle in which the pliine of the door inter- O 

sects the sphere, and N the point in which the Fig. 243. 

normal, ON, to the door intersects it. Then 
VL = i , LDLV = a, and NV = 0, and we have from the spherical 
triangle VDL, sin yj) 8 i n 1 s \ n 

cos 6 = sin i sin a, 



or 
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since N is the pole of DL. Hence the moment of the required force is 

Wa sin i sin a, 

and when its point of application and direction are known, its magni- 
tude is therefore known. 

8. A beam can turn in every direction about one end which is 
fixed ; the other end rests on a rough inclined plane. Find the 
limiting position of equilibrium. (See Walton’s Mechanical Problems , 
p. 191, third edition.) 

Let AB (Fig. 244) be the beam, A the fixed end, DPR the rough 
inclined plane, PH the intersection of this plane with a horizontal 

plane through A, A PD the vertical plane 
through A perpendicular to the inclined 
plane, BD a line parallel to PH, A 0 a 
perpendicular from A on the inclined 
plane, DQ a perpendicular on the hori- 
zontal plane, i the inclination of the 
plane, a tho angle, ABO , between the 
beam and this plane, and p tbe coefficient 
of friction. 

Now suppose first that the beam is 
perfectly inelastic. Then the end B describes on the inclined plane a 
circle whose centre is 0, and if it is about to slip, the force of friction 
assumes a direction perpendicular to OB in the inclined plane. The 
extreme position of the beam will be denoted by tbe angle, 0 or 
DOB , between the plane, AOB , through the beam normal to the 
inclined plane and the vertical plane, AOD. 

The forces acting on tbe beam are its weight, the reaction of the 
smooth joint at A , and the total resistance of the inclined plane at B . 
This last force we shall consider as composed of a normal reaction, R, 
and a force of friction, fill, acting perpendicularly to BO. For the 
equilibrium of the beam take moments about a vertical axis through 
A . Tbe moment of tbe normal reaction at B is 11 sin i x BD, or 
R sin i . BO sin 0 , or again, R sin i . AB cos oc sin 0. To find the 
moment of jxR, resolve it into fxRcosO along BD and fill sin 0 
parallel to 01 ) ; and resolve this latter again into a horizontal 
component, fi R sin 0 cos i } and a vertical component, fxR sin 0 sin i. 
The moment of pR is then equal to the sum of the moments of 
p/i cos 6 and pR sin 0 cos i ; that is, it is equal to 

pRcos 0x gi?sin 0cos ixBD. 



Hence the equation of moments is 

R (sin e — cos i sin 0)BD —pit cos 0 . AQ. 


But 


AQ = AP + PQ = i^,+(OD~OP) 

Sill l x ' 


cos i 


AB. sin a 
sin t 


-f- AB cos i cos Oi cos 0— AB sin a cot i cos i 


= A B (sin i sin OC + cos i cos Oi cos 0) ; 
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therefore 


(sin i — /z cos i sin 0) cos (X sin 0 = /z cos 0 (sin i sin (X + cos i cos (X cos 0 ), 
or sin i cos (X sin 0 = /x cos i cos <X -f /z sin i sin (X cos 0 , 

or sin 0— /x tan (X cos 0 = /z cot a*. 

Putting fz tan a = tan /3, we have 0 from the equation 

sin (0-/3) = /z cot i cos /3. (1) 


If there is no horizontal plane through A obstructing the beam, it 
will be possible for the end B to describe a complete circle round 0 . 
Let us inquire the condition that the beam should rest in all possible 
positions. For this theio must lie no Unfitting position of equilibrium, 
or, in other words, the value of 0 in (1) must be imaginary. 

The required condition is, then, p cot i cos /!> 1, 


that is, 


/x> 


tan i 

V 1 — taiv^* tan 2 a 


Let us next suppose that the beam is elastic , or that, in virtue of a 
compression of the beam, B is not constrained to move in the circle 
whose centre is 0 . Supposing, then, that the beam has been jammed 
against the plane, if the coefficient of friction is gradually diminished, 
B will begin to move in some other direction than that perpendicular 
to OB , and this direction will be exactly opposite to that in which the 
force of friction acts. Now the reaction at A, the total resistance at 
B, and the weight of the beam lie in one plane which must, therefore, 
be the vertical plane through the beam. The total resistance at B 
must, moreover, lie inside or on the cone of friction described round 
B , Hence if the position of the beam is such that the vertical plane 
through it touches this cone, equilibrium will be at its limit, since the 
line of action of the total resistance is the line of contact of the 
vertical plane with the cone. 

Let the lines and planes of the figure be projected 011 a sphere 
described about B as centre with arbitrary radius. Then the cone of 
friction will appear as a small circle of an- 
gular radius, NC (t ig. 245), equal to A, the 
angle of friction. Let N be the point in 
which the normal to the inclined plane at B 
meets the sphere ; A, the ixfint representing 
the beam, and yiG y Fthe vertical plane through 
the beam touching the cone of friction. Now 
the vertical line at B lies in the vertical 
plane, ACV , through the beam, and it makes 
an angle equal to i with the normal to the 
inclined plane. Hence, take a point V in 
ACV so that NV = i, and we have JVT, the circle answering to 
the vertical plane through B normal to the inclined plane (a plane 
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which is parallel to the plane APD , Fig. 244). In the spherical 
triangle NVC we have, then, 

sin AT. sin iV PC' = smNC, 
or sin t sin 0 = sin A ; 

. . sin A 
.*. sin 0 = - — ; * 
sin 1 

This second solution supposes that the only condition to which the 
total resistance is subject is that of making with the normal an angle 
not greater than the angle of friction , The supposition of perfect 
rigidity, on the contrary, restricts the direction of the force of friction 
in the inclined plane, making it perpendicular to the line OB, 

9. A heavy elastic beam rests on two rough inclined planes whose 
intersection is a horizontal line. Show that every position of the 
beam may be one of equilibrium if the inclination 
f of each plane is less than the angle of friction for 

\i v that plane and the beam. 

\/ j Let A (Fig. 246) be one end of the beain, AN 

^ the normal to the plane on which A rests, and 

j AV the vertical at A, Then if the beam is suf- 

I ficiently elastic, it may be jammed against the 

planes, and the only condition to which the total 
Fig. 246. resistances at its ends are subject are the conditions 

of making with the normals angles not greater than 
the corresponding angles of friction. Hence in the extreme position 
in which the end A is about to slip, the vertical plane through the 

beam must touch the cone of friction 
z described round the normal, AN, But 

this is manifestly impossible, since the 
/ angle A is > V A N \ for the vertical line 

D P' | is included within the cone, and through 

I jl this line no plane can be drawn to touch 

jl il the cone. There can, therefore, be no 

jl jl limiting equilibrium at either end in 

il j jl any position of the beam. 

ili jl 10. A ladder, ABCD (Fig. 247), 

i 1 !q j 1 whose centre of gravity divides it into 

j 1/ 1 two given segments, rests with one end, 

Vp--. AB , on the ground, the upper end, CD , 

/\\ \1 restingsymmetricallyagainsttwoequally 

/ L- — rou g^ vertical planes which include a 

/A * given angle ; find its limiting inclination 

x / to the ground. 

On account of the equal roughness of 
the vertical walls and the symmetrical 
position of the ladder, the total resis- 
tances at C and D are equal ; moreover they have a single resultant 
passing through the middle point of CD, since the two normal 


Fig. 247, 
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pressures and the two forces of friction have resultants passing 
through this point. 

At each of the points A and B the total resistance makes the angle 
of friction with the normal, and the resultant of these forces acts at 
the middle point of AB , making the angle of friction with the vertical. 
The resultant resistance above and that below must meet in the 
vertical through the centre of gravity of the ladder. 

Let A be the angle of friction at the ground ; A' = that for each 
wall ; a = lower and b = upper segment of ladder made by its 
centre of gravity ; 6 = limiting inclination of ladder ; </> = angle 

made with vertical by the resultant of the total resistances at G and 
D . Then, by the ‘cotangent formula’ of Art. 35, we have 


(a + b) tan 0 = — 5 cot </), (1) 

where /x == tan A. 

The angle </> may, of course, be found by the ordinary method of 
determining the magnitude and direction of the resultant of foices 
from their several components ; but we prefer to employ for the 
purpose the method of spherical j)rojection, which is more simple, and 
which will be frequently employed in the sequel. The method con- 
sists in constructing a sphere of any radius, and drawing through its 
centre lines and planes parallel to the lines and planes in our figure ; 
these will intersect the surface of the sphere in points and circles, 
respectively, — as illustrated in Examples 7, 8, 9 already. 

Let 0 (Fig. 248) be the centre of the sphere ; OZ a parallel to the 
vertical ; ON and ON ' parallels to the normals to the planes zy and 
zx, respectively; ZC and ZD 

planes parallel to these planes ** 

respectively ; OR and OR' s'' / i 

lines in the planes ZN and ' 

ZN' y each inclined at the / : \ 

angle, A', of friction to the / '- fa l \ 

corresponding normal ; then s 

OR and OR' represent the 13 — 

lines of action of the total O 

resistances at 0 and D. If 8 Fig. 248. 

is the middle point of the arc 

RR' y the resultant of the resistances acts in 0S y and the arc ZS = <f>. 
If a is the angle between the walls, DC = (X, and NN' = 7T— a ; there- 
fore the angle RZS = ^ 77 — and applying Napier’s Analogies to 
the triangle RZS , we have 


Hence (1) gives 


cot </> = p! cosec 


(a + 6) tand = bp! cosec a, 


which determines the limiting inclination. 
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11 . If the vertical walls are unequally rough, show that the initial 
motion of the ladder cannot be one in which the line CD moves down 
parallel to its original position. 

12 . If the walls are unequally rough, show that the initial motion 
cannot be one in which one corner ( D ) is for the moment at rest, 
while slipping takes place at two other corners (C and B ). 

13. A solid rectangular block is placed with one of its faces on 
an inclined plane so rough as to prevent slipping, while tumbling 
is possible ; to investigate the positions of equilibrium. 

LetZ/fr? (Fig. 249 ) 
be the face on the in- 

J dined plane. All the 

different positions may 
. be obtained by turn- 
/ ing the block round 
/ the edge, AI, through 
/ any corner of the base, 
/ which isperpendicular 

/ to the inclined plane. 

/ Draw the horizontal 

c / line Ax in the inclined 

/ plane. Let G be the 

/ centre of gravity of 

/ the block ; 0 that of 

/ the face ABC ; GP the 

vertical line through 
24Q# G meeting the face 

ABC in P. Since GO 
is perpendicular to the 

inclined plane, L PGO = i = inclination of plane, so that the sides 
of the triangle OGP are all constant whatever be the position of the 
block ; therefore if the successive positions of P are marked on the 
face ABC , they trace out in it a circle with centre 0. 

Again, since Ax is the line of intersection of the inclined plane and 
a horizontal plane, it is at right angles to the plane of two intersecting 

® normals to these planes ; it is therefore at 
right angles to the plane of GO and GP , 
and hence to OP in all positions of the 
block. 

Therefore if Fig. 250 represents the base 
5 of the block and the circle traced out in 

' it by the motion of P, the points in which 

the 'circle intersects the sides of the face 
'■'A ~ being p v p 2 , p 3 , we see that if we turn 

Fig. 250. the block round AI so that any one of the 

lines Op lt Op 2 > 0p s , 0p 4 is at right angles 
to Ax, we obtain a position in which the block is about to tumble ; 
in other words, make a perpendicular to any of the lines 0p v 0p 2 , ... 
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(drawn in the plane of the base) horizontal, and we obtain a limiting 
position. 

If 2 a and 26 are the lengths of the edges AB and AC , and c is the 
distance of G from the base, the conditions that the circle should 
intersect all the edges of the base are c tan i > a and c tan i > 6, where 

1 is the inclination of the plane. 

Obviously if the block is any solid body having a base of any 
form, the solution is the same. If 0 is the projection of G on the 
base, and OG = c, describe a circle round 0 with radius c tan i ; let 
p be any point of intersection of this circle with the contour of the 
base; then make a perpendicular to Op horizontal, and we obtain 
a limiting position. 

14. A heavy uniform bar rests with its extremities on two rough 
inclined planes whose line of intersection is horizontal ; supposing 
that the bar is slightly elastic and can be jammed between the planes, 
investigate its positions of limiting equilibrium. 

We may evidently consider the centre of the bar to be restricted 
to a fixed vertical plane which is perpendicular to both of the in- 
clined planes. Take this plane as that of yz> the axis of x being the 
line of intersection of the inclined planes, and the axis of z a vertical 
line. Let (y, z) be the co-ordinates of the centre of gravity of the bar ; 

2 a = length of the bar ; 0 = angle between the bar and a vertical 
line ; (f) = angle between vertical plane through the bar and the plane 
yz) i and i* the inclinations of the given planes ; A and A' the angles 
of friction between them, respectively, and the bar. 

Then the co-ordinates of the extremities of the bar are 

a sin 6 sin </> ; y + a sin 6 cos </> ; z + a cos 6 for one extremity, A , 

— a sin 6 sin 0; y — a sin dcos <£ ; z— a cos 6 for the other, B . 

Since these lie on the inclined planes, we have 

z + a cos 0 = (y + asin dcos (f>) tan i, (1) 

a cos 0 = (y — a sin 0 cos 0) tan if. (2) 

Now, as in Example 9, if the first end is going to slip, 

sin i sin </) = sin A, (3) 

since the vertical plane through the beam touches the cone of 
friction at this end. If the other end were about to slip, we should 

^ ave sin i f sin </> = sin A' ; (4) 

so that both ends cannot slip at once unless 

sin A __ sin A' 
sin i sin i' 

Let t and t' stand for tan i and tan V ; then, eliminating 0 from 
(1) and (2), we have 

[2 £— (t — tf) yf sec 2 (f> + [{t—t')z + 2 tt' y] 2 = a z (t + 1') 2 . 

Hence the positions in which either end is about to slip are such 
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that the centre of gravity lies on a certain ellipse — any position of 
this point on the ellipse being admissible — the corresponding value of 
( f> being given by (3) or (4), and that of 6 by (1) or (2). 

We have now to determine, however, whether both ellipses are 
admissible or not — i. e. whether there are positions in which the 
end A is about to slip, while B remains at rest, and also positions 
in which B is about to slip while A remains at rest. 

Assuming that A is about to slip, the vertical plane through the 
bar touches the cone of friction described around the normal at A 
to the inclined plane ( 1 ) ; but at the same time this vertical plane 
must not lie wholly outside the cone of friction at B , i.e. it must 
intersect this latter in two real right lines. Now if, for simplicity, 
we transfer the origin to B , the axes remaining unchanged in direction, 
the equation of the vertical plane through the bar is 

cc — y tan </> = 0 , 
and the cone of friction at B is 


(y sin i' + z cos i') 2 — cos 2 A' (x 2 + y 2 + ~ 2 ) = 0 ; 

and these will intersect in a pair of real lines if 
sin i'sin (/) < sin A', 

. v sin A sin A' 

or by (3), ~ — r < - . — r, * 

J v 1 Him suit 


If this inequality is satisfied, it is only the end A that can slip ; if 
the reverse holds, it is the end B that can slip. Thus both values 
of </> are not admissible. 

15. If at any point, P > a plane, ef, is drawn perpendicular to the 
axis of principal moment at the point, find the envelope of et as P 
moves along a given curve. 

Simplicity will be gained by taking Poinsot’s Axis, Oz (Fig. 236 ), 
as axis of 2 . Let (oc, ft, y) be the co-ordinates of P with reference 
to Oz and any two axes of x and y . Then, introducing two forces 
equal and opposite to R at P, we shall have the whole force system 
equivalent to li at P y Poinsot’s couple K , and a couple Rp , where p 
is the perpendicular from P on Oz. We may replace the couple Rp 
by two components parallel to Ox and Oy, and these will be — Rfi 
and Roc; so that the component axes of the principal couple G 
at P are (—7^/1, Rot, K). Hence the equation of the plane et is 
— Rf3(x—ot) + Rot (y—p) + K(z— y) = 0, 

or fa—0ty—^(z—y) = 0 . ( 1 ) 


If the equations of the curve along which P moves are 

a = £ = i(y)> 

substitute these values of oc and fi in ( 1 ), and eliminate y from the 
resulting equation and its derived with respect to y. 

Verify, in particular, the result of Art. 235, that if P moves in 
a right line, Erwill turn round another right line ; and that Poinsot’s Axis 
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intersects the shortest distance between these two lines, dividing it in 
the ratio ^^(Art. 212). 


16. Find the surface traced out by the axes of principal moment 
at points taken along a right line intersecting Poin sot's Axis per- 
pendicularly. 

Let Ox (Fig. 236) be the assumed line, and let it be taken as axis 
of x, Poinsot’s Axis, OK, being that of z. Let 00 ' = x, and let (y, z) 
be the co-ordinates of any point on O'G. Then, if (p = LGO'K', 

we have 2 L , On K 

- = cot (> - = — , 

y On Rx 

K 

or xz = ~.y, 


an equation which denotes a hyperbolic paraboloid. As the point 
O' moves out from 0 along Ox, the axes (such as O'G) of principal 
moment revolve towards the right ; as O' moves in towards 0 , they 
revolve towards the left, and, after coincidence with Poinsot’s Axis at 
0 , they still revolve towards the left. At an infinite distance from 0 
they are at right angles to Poinsot’s Axis. 

17. Find the surface traced out by the axes of principal moment 
at points taken all along any arbitrary curve. 

From Example 15, the equations of the principal axis at the point 
((X, ft, y) with reference to Poinsot’s Axis as axis of z, and any two 
i*ectangular axes of x and y are 

x—ol _ y— ft __ y 

-/* ~~ a P 

where p is the pitch of the wrench to which the given forces are 
equivalent. From these we have 

P x + yi^-y). R n y y-g(g-y ). 

^ ’ {z— y) 2 +jp 2 ’ (~— y) 2 + ’ 

and if the point (a, ft, y) moves along the curve whose equations are 

<K a > P> y) = °> i'i 01 ’ P> y) = °> 

substitute the above values of oc and ft in these equations and then 
eliminate y. The resulting equation in x, y , z is that of the surface 
traced out. 


18. A plank, AB, laid on a rough inclined plane, has attached to 
its upper extremity, A , a cord which lies along the plane in the 
direction of the plank and is pulled with a constant force, P ; find 
the limiting position of equilibrium of the plank. 

Ans. Let W = weight of plank, i = inclination of the plane, 
k = angle of friction, and 6 = inclination of the plank to a horizontal 
line drawn in the inclined plane ; then 

. - __ P 2 + JF 2 (1 — cos 2 zsec 2 A) 

sin _ 2PW^i 
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19. Show that the initial motion of the plank will be one of trans- 
lation simply, in a direction making with a horizontal line in the 
inclined plane an angle (j) determined by the equation 


tan (/> = 


P sin 6—W sin i 
P cos 0 1 


where 6 has the value found in last example. 

20. If P = 0, explain the values of 0 in the cases 

i >A, i< A, i = A. 

21. Find the value of P so that the direction of slipping shall be 
at right angles to the direction of the plank, and find 0. 

Ans. P = JfV 1 — cos 2 isec 2 A, and cos 0 = . 

tan i 

[This case is the same as that in which the cord is replaced by 
a smooth pivot at the extremity ^.] 

22. A triangular prism is placed with its triangular face on a 
rough inclined plane, which is rough enough to prevent slipping; 
find the greatest height of the prism so that there may be at least 
one position of equilibrium. 

Ans. If i = inclination of plane, and if the sides of the tri- 
angular face are a, b, c , in descending order of magnitude, the 
greatest height is 

| V 2a 2 2 6 2 — c 2 . cot i. 

23. A heavy plate of any form rests on two rough fixed pegs A 
and B, the line joining which is not horizontal ; the plate can turn 
round a pivot, without friction, at a point G ; if C is raised so that 
the plate turns gradually about the fixed line AB, find the inclination 
of the plane ABC to the horizon when the plate begins to slip on 
the pegs. 


24. A particle is acted on by any number of given forces, P lf 
P 2) ... ; prove that if R is their resultant, 

** = 2(i J2 ) + 22 (P 1 . l\ cos l\Pi), 
where PiP% denotes the angle between the directions of P 1 and P%. 

25. Prove that a system of forces acting on a rigid body may be 
replaced by two equal forces whose lines of action are perpendicular 
to each other, and each inclined at an angle of 45° to Poinsot's Axis : 
the forces act at the ends of a line bisected by this axis : the length 

2 k R 

of this line is and each, force is — R being the resultant of 

v 2 

translation, and K Poinsot’s moment. 


26. Prove that the distance between the lines of action of the twm 
rectangular forces which equivalently replace a given system of forces 
is a minimum when the forces are equal. 
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27. ABGD is a tetrahedron; forces P, Q , R act along the edges 
BO, CA , AB in order, and forces P ', Q\ R! act along AD, BD , CP ; 
prove that the condition for a single resultant is 

PP' QQ' RR' _ A 
BG.AD^CA ,BD + AB.GD~ 

28. A rough heavy body, bounded by a curved surface, rests upon 
two others which themselves rest on a rough horizontal plane ; show 
that the three centres of gravity and the four points of contact lie in 
one plane. 

29. A heavy beam rests on two smooth inclined planes; show that 
their line of intersection must be perpendicular to the beam and 
parallel to the horizon. 

30. Prove that the moment of a force represented by the right line 
PQ about a right line AB is six times the volume of the tetrahedron 
ABPQ divided by AB, 

31. Three equal heavy spheres hang in contact from a fixed point 
by strings of equal length ; find the weight of a sphere of given radius 
which when placed upon the other three will just cause them to 
separate. 

Ans. If W and a are the weight and radius of each of the three 
spheres, W / and r the weight and radius of the superincumbent 
sphere, and l the length of each string, 

/3r 2 -f6ar — a 2 

W' + SW V 3T 2 4- 6 a/ — a 2 * 

32. Three spheres are placed in contact on a rough horizontal plane, 
and a fourth sphere is placed upon them, there being no friction 
between the spheres themselves. Show that equilibrium is impossible. 

33. Three equal spheres are placed in contact on a rough horizontal 
plane, and a fourth sphere is placed upon them, there being friction 
between the spheres themselves. Find the least coefficient of friction 
between the spheres which will allow of equilibrium. 

Ans. If a is the radius of each of the equal spheres and r that of 
the superincumbent sphere, the least value of A., the angle of friction, 
is given by the equation 

sm2A= — — . 

^3 a + r 

(The total resistance between the upper sphere and any one of the 
lower spheres must be capable of acting through the point of contact 
of the latter and the ground.) 

34. Three forces whose lines of action are given, but not their 
magnitudes, have a single resultant. Prove that the surface traced 
out by the line of action of the resultant is a hyperboloid of one sheet. 

(Draw any three lines across the given lines of action. Then the 
line of action of the resultant must always intersect these three.) 
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35. A heavy triangular plate of uniform thickness is suspended 
from a fixed point by means of three strings attached to the point 
and to the vertices of the plate ; prove that the tension in each string 
is proportional to the length of the string. 

(Let 0 be the fixed point, A, B, C the vertices of the plate, and G 
its centre of gravity. 

Then G must lie vertically under 0. Take 3 OG to represent the 
weight of the plate. Then, by Leibnitz’s graphic representation 

S Art. 199], the force 3 OG may be resolved into the forces OA , OB, OG, 
hit a given force can have only one set of components along three 
given concurrent lines. Therefore, &c.) 

36. At points on any right line the axes of principal moment of a 
given system of forces are drawn ; prove that their extremities trace out 
another right line. (Wolstenholme's Problems.) 

(At any point 0 on the given line draw R and G. Take as axes of 
x, y , and z the given line, the line OG, and a line at 0 perpendicular 
to R and the given line. Then if at any point P 011 the given line at 
a distance x from 0 the axis of principal moment is drawn, the 
co-ordinates of its extremity will be a?, G , and Rx sin a , where a is the 
angle which R makes with the given line. Hence the extremities lie 
on the line y = G, z = Rx sin a.) 

37. Prove that the axes of principal moment at points along any 
right line whatever trace out a hyperbolic paraboloid. 

(With the same axes as in last example, the surface has for 

equation xy = J ±-.z.) 

33. Find the condition that a given right line should intersect 
Poinsot’s Axis. 

Ans. If the equations of the line are x = mz+p, y = nz + q, the 
required condition is 

R [mL + nM + A + <7 ( A" — mZ)— jp ( F — nZ) ] = K (mX +nY + Z), 
where X is used for 2 A, &c. 

(It will be found that the equations of Poinsot’s Axis can be put 
into the forms 

X KY-MR Y KX-LR 

x - z z+ J{£~ ’ y ~ Z * RZ ’ 

the origin being anywhere.) 

39. A given system of forces is to be reduced to two inclined at the 
angle <x ; prove that the shortest distance between their lines of action 
cannot be less than 2 G/R tan \ (X. (Wolstenholme’s Problems) 

40. Given any system of forces, find the point on a given right line 
at which the axis of principal moment is least inclined to the line. 

Ans. The foot of the shortest distance between Poinsot’s Axis 
and the given line. 
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[Most easily seen by spherical projection. Let 0 be any point on 
the given right line ; round 0 as centre describe a sphere of any 
radius; let the given right line, OL , cut the sphere in L ; let the 
resultant of translation at 0 and the axis, G , of principal moment at 
0 cut the sphere in R and G , respectively. Draw the great circle 
arcs LR , LG, Then at any distance, x, along OL from 0 , the axis 
of principal moment is the resultant of an axis equal and parallel to 
G, and an axis Rx perpendicular to the plane JjOR, Let a line, OQ , 
drawn through 0 parallel to this latter meet the sphere in Q, Draw 
the great circle arc, QG, meeting LR in H, suppose. Then the resul- 
tant of G and Rx is an axis somewhere in the plane QG ; hut, Q 
being the pole of LR , the arc LII is perpendicular to QG , and there- 
fore is the least arc that can be drawn from L to QG, Hence when 
Rx and G give a resultant along OH , the axis of principal moment is 
least inclined to OL, Poinsot’s centre being always sought on a line 
perpendicular to R and to the axis of principal moment at any point, 
the rest follows.] 

41. The first case considered in Example 8 is, equally with the 
second, a geometrico-statical problem. Solve it without any mention 
of force. 

(Express the condition that the vertical through the extremity 
A of AB is intersected hy a line inclined at the angle X to the normal 
at B, this line lying in the plane of the normal and a perpendicular 
to OB.) 

42. AQB is any unclosed curve in space, A and B its extremities, 
and Q any variable point on the curve ; P is any fixed point in space, 
PQ r= r , ds = element of length at Q, 0 = angle between PQ and ds. 

If each element ds is acted upon hy a force h S1 — perpendicular 

to the plane of PQ and ds, k being a constant, find the resultant force 
and couple of this force system. 


Ans, Let (a, (3, y), (x v y x , s x ), (a 


2 ) be the co-ordinates of 


P, A 9 B ; let PA = r l9 PB = r 2 , L, M, N the component moments 
round axes through P ; and let 


Jr 


X = k (^-— with similar values of Y, Z ; 
ay cl (3 


L =&( a " 


- 1 ), with similar values of M , N. 


The axis of resultant moment is the external bisector of BP A, and 


: &sin \BPA, 


a, — 

Hence, if the curve is closed, the force system has a single resultant, 
which passes through P, 


less 


E 



CHAPTER XIY. 


THE PRINCIPLE OF VIRTUAL WORK APPLIED TO ANY SYSTEM 
OF BODIES. 


259.] Forces applied to a Particle. It has been shown in 
Art. 199 that the resultant of any number of forces applied to 
a particle may be represented by the side required to close the 
polygon of the forces. And whether the polygon OP x P 2 . . . P n 
be plane or gauche, it is clear (as in Art. 55) that the sum of the 
projections of the sides, taken in order, along any line 0/1, is 
equal to zero. 

Let the projections of the sides be denoted by Q 19 Q 29 ... Q n , 
Then Q x + Q 2 + . . . + Q n = 0. Multiplying this by OA, an 
arbitrary length along the line OA , we have 

Qj . OA + Q 2 • OA H- . . . -f- Q n . OA = 0. 

But if p x is the projection of OA along 0P X , we have (see Art. 56) 
Q x .OA= OP 1 .p l . 

If, then, the sides OP x , P^P^ ...be denoted by P X9 7^,... 

wc have 2 +...+iVA = 0; ' 


and if the sides represent forces, each term in this equation is 
the virtual work of the corresponding force for the displacement 
OA . Since the resultant, 7?, of n—\ of the forces is— P n , we 
have lt.r=P 1 .p l + P,. ) > 2 ...; 

and if the displacement is small, this equation is written (as in 
Art - 64 ) Hhr = P 1 bp 1 + P 1 bp 2 + ... . (1) 

In particular, if X, Y y Z denote the rectangular components of 
/?, we have Rhr _ Xbx+ Yhj + Zbz. (2) 

260.] Extension to any number of Connected Particles. 

If two particles, m x and w 2 , are connected by a rigid inextensible 
rod, and are in equilibrium under the action of forces, P x , Q lt ... 
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applied to m x and P 2 , Q 2 , ... applied to w 2 , it is evident (as in 
Art. 105) that the force arising from the connexion acts in the line 
joining m x to m 2 , If, then, this force be denoted by T, and the 
distance between the particles by r , we have for the equilibrium 

of M i 4 QMx + ••• + Tb x r = 0, 

denoting the change in r arising from an arbitrary small 
displacement of m 1 . The equation of equilibrium of w 2 is 
P^Pt^ Q i iP f h + ••• + ^ f 8 2 r = 0 ; 

and if in the new positions of m x and m 2 the distance between 
them remains unaltered, + 8 2 r = 0. Hence, by addition, 
from these equations we obtain the equation 

+ ... + -P Q'jfi r h+ ••• = (1) 

which is free from the internal force T. 

This is exactly the same as the investigation already given for 
coplanar forces in Chap. VI. The extension to any number of 
particles, that is, to any extended body, proceeds just as in that 
chapter, and the enunciation of the principle of virtual work 
there given applies in general without the limitation that the 
forces are coplanar. 

If in the case of the two particles w l and m 2i considered 
above, their new positions are such that the distance between 
them is altered by 8r, the equation of virtual work will be 

P\ ... + P^Pz + + ... + Thr = 0 ; (2) 

and, generally, if the virtual displacement is such that the 
internal forces do virtual work, these forces will enter into 
the equation of virtual work in exactly the same manner as the 
applied forces. The theorem of virtual work may, therefore, be 
thus enunciated : — 

When a material system is in equilibrium under the action of any 
external and internal forces , the sum of the virtual works of the 
external and internal forces is equal to zero for any small virtual 
displacem en t wh a t soever. 

Instead of saying that the total virtual work is zero, we 
should in strictness say that it is an indefinitely small quantity 
of the second order, the greatest of the displacements being 
considered as a small quantity of the first order. This has been 
already explained in vol. i. 

The proof of the converse proposition — namely, that when the 
virtual work vanishes for all imagined displacements, the system 

E % 
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is in equilibrium — has been already given in Art. 1 08 for coplanar 
forces ; and as the proof obviously holds for non-coplanar forces, 
it is unnecessary to reproduce it here. 

261. ] Displacements along Smooth Surfaces. If any body 
or system of connected bodies be in contact with smooth curves 
or surfaces, and the system be imagined to receive any small 
displacement along these curves or surfaces, it is clear that, since 
the point of application of each of the geometrical forces (reactions 
of the curves or surfaces) moves in a plane at right angles to the 
corresponding force, these forces will contribute nothing to the 
equation of virtual work for such a displacement. 

If any of the bodies of the system are connected by strings 
or rods whose lengths are unaltered in the virtual displacement 
chosen, the tensions of these strings or rods will not enter into 
the equation of virtual work. But, as already explained in 
Arts. 73 and 107 , we may choose virtual displacements of the 
system which violate the imposed conditions at the expense of 
bringing into our equation the corresponding forces. 

262. ] Kinematical Theorem I. When all the points of a 
rigid body move parallel to a plane, the motion may be produced 
by a pure rotation round an axis perpendicular to this plane. 

Def. A motion of a body round an axis whereby each point 
in the body describes an arc of a circle having its centre on the 
axis and its plane perpendicular to it is called pure rotation. 

The position of the body will evidently be known if the 
positions of any two points in a plane parallel to the plane of 
motion are known. 

Let A and B be any two points in such a plane, and suppose 
that after the displacement of the body they occupy the positions 
A' and B' (Fig. 252 ). At the middle points of AA! and BB' 
erect two perpendiculars, which meet in I. Then in the triangles 
AIB and A'IB\ AT = A ' /, BI= B'L , and AB = A'B ' ; therefore 
the triangle A'lB' is nothing more than AIB turned round the 
point I through an angle AIA' or BIB'. Hence the line AB 
can be brought into its new position by a pure rotation about /, 
and the same is true of every point rigidly connected with A 
and B in the plane AIB. 

If through I an axis be drawn perpendicular to the plane of 
motion, it is evident that the body can be brought into its new 
position by a pure rotation about this axis through an angle 
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= AIA', however complicated the paths along which A and B 
have travelled to A' and B'. 

When the motion of the body is small, this axis is called the 
Instantaneous Axis ; and it is obviously constructed by drawing 
two planes normal to the lines of motion 
of any two points in the body . The in- 
tersection of these planes is the instan- 
taneous axis. 

When the body is a plane figure, the 
point I is called the Instantaneous Centre ; 
and the consideration of this point is of 
very extensive use in Kinematics, Statics, 
and Geometry. 

To construct the instantaneous centre, 
at any two points erect perpendiculars to the lines of motion of these 
points , and their intersection is the required point. 

263.] Kinematical Theorem II. The motion of a rigid body 
round a fixed point is at every instant a pure rotation round an 
axis. 

One point, 0 , in the body being fixed, the position of the body 
will be known if the positions of any two points, A and B , not in 
directum with 0 are known. 

Round 0 let a sphere, forming part of the body or rigidly 
connected with it, be described with arbitrary radius, and let A 
and B (Fig. 252) be any two points on the sphere. After the 
motion of the body let A' and B' be the positions of A and B. 
Imagine the lines AB , A f B\ AA\ and BB' in this figure to be 
arcs of great circles on the sphere instead of right lines. Then, 
at the middle points of AA' and BB' draw two great circles 
perpendicular to AA' and BB\ respectively, and let them meet 
in I In exactly the same way as in the last theorem, we have 
the spherical triangles AIB and A' IB' equal ; that is, the latter 
triangle is the former turned round the axis 01 through an 
angle A1A' or BIB'. Hence the whole body is brought by 
rotation through this angle round the axis 01 from the old to 
the new position. 

264?.] Kinematical Theorem III. If a body has a motion 
of translation represented in magnitude and direction by a right 
line OA , and at the same time a motion of translation repre- 
sented in magnitude and direction by a right line OB } the 
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resulting motion of translation is represented in magnitude and 
direction by the diagonal, OC, of the parallelogram determined 
by OA and OB. 

This proposition has been already illustrated in Art. 11. It 
follows immediately that any motion of translation can be 
resolved by the parallelepiped law into three motions along the 
axes of x , y, and r, after the manner of forces. 

265.] Kinematical Theorem IV. If a body receives a 
motion of rotation round an axis OA, the rotation being repre- 
sented in magnitude by OA, — i. e. so many units of circular 
measure being represented by so many centimetres, the scale 
being, of course, quite arbitrary — and at the same time a motion 
of rotation (of the same sign as the first) round an axis OB, the 
rotation being represented in magnitude by OB, the resulting 
motion is one of rotation round the diagonal, OC, of the paral- 
lelogram determined by OA and OB, and is represented in 
magnitude by this diagonal. 

[The signs of rotations are determined by the rule given in 
Art. 200. We shall, for definiteness, suppose that when a watch 
is held with its face perpendicular to AO, so that OA passes up 
through the glass, the rotation about OA takes place in a sense 
opposite to that of the hands ; and similarly for OB .] 

Let V be any point on OC, p the perpendicular from P on 
OA, q the perpendicular from P on OB, and k . OA and k . OB 
the angular motions round OA and OB, respectively. Then in 
virtue of the rotation round OA, P moves upwards from the 
plane of the paper through a distance equal to kp . OA; and in 
virtue of the rotation round OB, P moves downwards from the 
plane of the paper through a distance equal to kq . OB. Therefore 
the whole motion of P upwards is equal to 

k(p.OA-q.OB). 

But this is obviously zero ; therefore P is at rest, and so is every 
point on OC. The motion is, then, a rotation round OC. Let 
12 be the angular rotation of the body round OC. Then the 
point A moves upwards from the plane of the paper through 
a distance equal to 12 . OA sin AOC, since OA sin AOC = the per- 
pendicular from A on OC. But A in turning round OB moves 
through a distance equal to k . OB . OA x sin A OB. Hence 

12 . OA sin AOC = k . OB . OA sin AOB, 
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or 


£L = k.OB. 

= k . OC. 


sin A OB 
sin AOC 


Therefore the resulting angular velocity is represented by OC, if 
the component rotations are represented by OA and OB. 

This proposition is known as the ‘parallelogram of angular 
velocities.’ It follows at once that an angular motion about any 
axis, OL, may be decomposed into three angular motions about 
three axes, Ox, Oy, and Oz . If these latter are rectangular, an 
angular motion co about OL is equivalent to angular motions, 
co cos (X, co cos /3, and co cos y, of the same sign, round the axes of 
x , y , and 2 , the direction angles of OL being oc. ft, y. 

266.] General Displacement of a Rigid Body. The position 
of every point in a rigid body is known when the positions of 
any three points in it arc known, provided that these points are 
not in one right line. The general displacement of a rigid body 
is, therefore, the same as that of a system of three points forming 
a triangle. 

Let A , B. C be the positions of three points in the body 
before the displacement, and A', B' } C' the positions occupied 
by these points after the displacement. Then the triangle ABC 
may be brought into the position A'B'C' by moving A directly 
to A! while B and C move parallel to AA' through distances equal 
to A A', and then turning the triangle about A' until B and C 
coincide with B ' and C\ But (Art. 263) this latter motion is 
one of rotation round some axis through A'. Hence the general 
displacement of a rigid body consists of a motion of translation 
which is the same for all its points , and a motion of rotation round 
an axis through an angle which is the same for all its points . 

To find the changes produced in the 
co-ordinates, x,y, z, of any point in the 
body by a general displacement, we may 
consider the motions of translation and 
of rotation separately. 

Although we shall be concerned only 
with small displacements, it is well to 
investigate the changes produced in the 
co-ordinates of a point by a rotation through any angle, 0, vound 
an axis whose position is given. 

Let the direction angles of the axis, OL (Fig, 253 ), be oc, /3, y ; 
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let P be the point (x, y , z ) which, after the body has rotated 
through an angle 0 round OL , occupies the position Q; let 
PL (= p) be the perpendicular from P on OL , and Qr a per- 
pendicular from Q on LP . Now the x of Q is the projection of 
OQ on the axis of x ; therefore the change in x is the projection 
of PQ along Ox , or the sum of the projections of Pr and rQ. 
But Pr = p (1 — cos 0), and Qr = p sin 0. 

Again, if the direction angles of PL are A, fx, v, since Qr is at 
right angles to OL and PL, the direction cosines of Qr are 
cos ft cos v — cos y cos p, &c. Hence, if the x of Q is x ', 

x — x = psinQ (cos ft cos v —cos y cos p) — 2 p cos A sin 2 \ 0. (1) 

But ^?cosA is the projection of PL along the axis of x, or 

the projection of OP — the projection of OL, and since 07/ = 
x cos oc +y cos ft + z cos y, 

p cos A = x — (# cos a cos ft 4 - £ cos y) cos a. 

Similarly 

cos \x~y — {x cos a cos /3 + z cos y) cos 
p cos v = cr — (# cos a + y cos ft 4- s cos y) cos y. 
Substituting these values in (1), we have 

x r — x = sin 0 (2 cos /3 — // cos y) -f* 

2 sin 2 A 0 [(a? cos (X+y cos /3 -f r cos y) cos cx — #], (2) 

and similar values for the changes in y and z. 

If the angular rotation 0 is very small, we have 

bx = (z cos ft — y cos y) 5 0, 
hy = (&’cosy — 0 cos a) 50, 

= (ycosa~£cos/3) 60, 

and if the components of the rotation <30 along the axes be 
denoted by 80 15 5 0 2 , 6 0 3 , these equations give 

bx = zb0 2 — ybd 3 

by = xbd 3 — zb$ 1 (3] 

bz = yb0 1 —xbd 2/ 

Of course these equations can be obtained very simply by con- 
sidering the separate changes in the co-ordinates produced b} 
successive rotations S0 n b0 2 , b$ 3 round the axes of x , y, z 
respectively. (See Routh’s Rigid Dynamics.) 
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268.] 


If the components of the motion of translation common to 
all points in the body bo 8 a, 8S, be, the complete changes in the 
co-ordinates for a small displacement will be 


bx = ba + zbO^—ybO^ 
by = 8 £ 4 -# 80 3 — £ 5 ^ ' 
bz = 8c +y b0 x — xb8j 


( 4 ) 


267.] Deduction of the Six Equations of Equilibrium. 
Replacing the virtual work of each force in equation (1) of 
Art. 260 by the virtual work of its three components, the 
general equation of virtual work becomes 

2(Xbx+Yby + Zbs) = 0, (1) 


and substituting in this equation the values of bx, by, and bz 
given by (4), we have 

8a.SJf+8i.S/+6(;.S^+8fl 1 .S(#y- Yz) 

+ bO t2 .'2{Xz-Zx)+b0,.2,(Vx--X>/) = 0. ( 2 ) 

Now, the displacement being quite arbitrary, its components 
8*/, 8i, 8 c, bO 19 80 2 , 80 3 , are completely independent. Hence 
in (2) we may consider all of them zero except one, and the 
equation then gives the coefficient of this one equal to zero. 
Thus (2) involves the six equations 

21=0, 27=0, 

Z(Zy-Yz) = 0, S(A z-Zx) = 0, ^{Yx-Xy) = 0, 

which are the equations of equilibrium before obtained (see 
Art. 240). 

268.] Method of Lagrange. Lagrange based the whole of 
Dynamics — alike its applications to the equilibrium and motion 
of rigid bodies, of inextensible and extensible strings, of elastic 
rods and membranes, of fluids, and of elastic media propagating 
disturbances by undulatory motions — on the single Principle 
of Virtual Work. So far as the equilibrium problem is con- 
cerned, in its reference to any of the material systems just 
named, the idea of the method is shortly this — 

Imagine the system to have taken its position or configuration of 
equilibrium / then imagine any small derangement whatever of l he 
points , or infinitesimal elements , of the system; calculate the total 
quantity of work, both of the external forces applied to the system 



58 


THE PRINCIPLE OP VIRTUAL WORK. [369. 

and of its internal forces ( forces mutually exerted by neighbouring 
parts of the system ), and equate to zero this sum total of work. 

Now the system whose equilibrium is proposed for investiga- 
tion in any case may be one in which certain specified geo- 
metrical conditions have to be satisfied — as, for instance, a system 
of particles connected by inextensible flexible strings or inex- 
tensible and inflexible rods — and, as has been abundantly illus- 
trated in the earlier parts of this work, we may either respect 
the imposed geometrical conditions (as it is often convenient to 
do when we merely seek for positions of equilibrium), or we may 
imagine a derangement of the parts of the system in which no 
regard is paid to these imposed conditions. But if we do the 
latter, it is at the expense of introducing into our equation of 
Virtual Work the work which would be done by an internal 
force whose existence is a necessary conscqucnco of the par- 
ticular geometrical condition under consideration. The im- 
position of every geometrical condition in a system establishes 
the existence of an internal force in the system ; and the 
examples hitherto treated have related to the simpler cases in 
which such forces are due to the invariability of distances 
between particles or the restriction of the positions of particles 
to smooth surfaces. 

We now proceed to consider, after the manner of Lagrange, 
the theory of all imposed geometrical conditions for a system 
of particles in a general manner. 

269.] Equations of Condition may be replaced by Forces. 
Suppose a system of n particles whose co-ordinates are connected 
by k equations of condition, 

A = 0, A=°.-Afc = 0, (1) 

each of these equations being of the form 

ffal 9 !)\ > *1 » ^2 ~2 » • • • 9 * n) = 

that is, involving the co-ordinates of all the points in general. 
Then the equation of virtual work for the position of equilibrium 
of the system is 

2(Xhx+ Yhy + Zhz) = 0, 
which, when written at full length, is 

i\hy l + Z 1 bz 1 + ... + X n ix n + Y v fiy n + 0* (2) 
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Now if the virtual displacements of the particles were all in - 
dependent , this equation would involve the vanishing of the 
coefficient of each displacement (see Art. 267) ; but the displace- 
ments of the particles must be such as still to satisfy the equa- 
tions (l). Hence the quantities bx, &c., are connected by the k 
equations 


d L . dl/+ d 


doc j 
+ dx„ n + 


,l U\ 

djln 


< h 1 

Mi, 


vn+ dz n b * n ~°’ 


dL t , dL<, N d 7/„ ^ 

_8^ + 7 _5y 1 + — 8^ + ... 


<IL„ . 

. + — °> 


dL t , , 

+ ^:^ i+ 


(IL* 

(t !/n 


(3) 


(lL ic 8x + ( L^sn« A.'lhti 
clx, A + <)fd A dz. 




dL 


(IL 


( t^ n ( 'dn (<c n i 


Solving these k equations for any k of the displacements — 
suppose bx^ bx 2f ...bx^ — and substituting their values in (2), 
we obtain an equation connecting the remaining 3 n — k displace- 
ments of the form 

^*+1^+1+ ••• + 

+ + ••• +Bvf!fn 

+ + ... + “ 9. (4) 

Now, the remaining quantities, 8^ +1 , &c., are completely 
independent, and therefore (see Art. 267) every coefficient in 
this equation must = 0. Thus, we obtain 3 n — k equations 
involving the forces, that is, statical equations of condition. 
Combining these statical equations with the equations of con- 
nexion (1), we have finally 3 n equations for the 3 n co-ordinates 
of the particles. The elimination of the displacements from the 
equations can, however, be exhibited in a more symmetrical and 
useful form. 

Multiply the left sides of the equations (3) by A 1? A 2 , ... A^. in 



60 


THE PRINCIPLE OP VIRTUAL WORK. 


[369. 


order, these multipliers being undetermined quantities ; then add 
all the results together, and finally equate to zero the coefficient 
of every displacement in the resulting equation. Thus we shall 
have the following 3 n equations : — 



/ 


If from these equations we eliminate the k undetermined 
multipliers, we shall have 3 n — k statical equations of condition, 
as before ; and we sec, as an essential characteristic of the 
Lagrangian method, that the variations of the co-ordinates of all 
the particles of the system may he treated as independent quantities 
after we have taken the variations of the left-hand sides of all the 
equations of condition , multiplied each of these by an arbitrary 
multiplier , and included the products in one equation of Virtual 
Work . 

Now, this method of elimination has the advantage of dis- 
covering the geometrical forces, or forces arising from the con- 
nexions, of the system. For, suppose that we suppress the 
condition L x — 0 ; then the system will begin to move ; but it 
may be kept at rest by applying a special force to each 
particle. 

Let the components of the force applied to w x be X x \ Yf Zf 
those of the force applied to m 2i Xf Yf Zf and so on for all 
the others. The equations of equilibrium of m x will then be 


.v 1 +Jr] - + x,"> + .. 

, dL h 

• + ^ =0 ' 


.+\ k dJ p=o, 


4. a _ ft 

■ +A ^ = 0> 


similar equations holding for the other particles. 
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Subtracting 1 the left side of each of these from that of the 
corresponding equation in ( 5 ), we have 

Y / __ \ 

y / \ 

X \ A i1 — 5 

'^1 

* = • 

Hence X/ : 3"/ : Z' = ^ : - 1 : 

1 1 1 ^ 

,„a *$$'*'<$• 

If, now, all the co-ordinates involved in the equation L x — 0 
are considered constant except and r,, this equation will 

denote a surface on which the particle w x is constrained to lie, 
and (JLy tlLy 

tlx y dy x c/r, 

each divided by J (*-) + (j-- ) + (*_) • 

will be the direction-cosines of the normal to this surface at 
the point (aq, y 1? sq). It is evident, therefore, that the force 
required to keep the particle vvq at rest, when the condition 
7/ l = o is suppressed, is a force acting normally to this surface, 
its magnitude being 


£)’<)• 


In the same way the force required to keep w 2 a ^ res ^ ac ^ s 
normally to the surface denoted by L x = 0 when ^ 2 , y 2 , ~ 2 are 
considered as the only variable co-ordinates in the equation, and 
the magnitude of this force is 

A 'V(*,) + (4) ' 

If the condition L % = 0 were suppressed, it follows in like 
manner that forces 

LdL o \ 2 /rfZf 2 \ 2 ,f!L^ o 

W(s-) + <4 ) + (sr) ,fe ’ 
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should be applied to the particles ?n Xi &c., in directions normal 
to the surfaces represented by the equation L 2 = 0 when the 
sole variables in it are the co-ordinates of %, &c., in succession. 
It is easy to see that 



where F x is the force of connexion acting on rn x in virtue of the 
condition L x = 0, and a, y the direction angles of the normal 
to the surface denoted by L x = 0 when the co-ordinates of w x 
are regarded as the only variables in it. 

Now, the multiplier of F x in this expression is evidently the 
projection of the displacement of ?n x along the normal to this 
surface. If this projection be denoted by hn , n being the 
length of the normal at the position of m x measured from some 
fixed point on the normal, we have 

Xj 8 Z/j = F x bn f 

in which the variation of L x has reference solely to the par- 
ticle w v 

The right-hand side of this equation at once identifies the 
term A 1 SZ 1 with the virtual work of an internal force, since 
F x 5 n is explicitly such ; and this force acts along the direction 
in which the function L x varies most rapidly (i.e. the normal 
to the surface denoted by the equation L x = 0). 

Hence Lagrange habitually speaks of such a term as A bL in 
the equation of virtual work as ‘ the virtual moment of a force 
tending to vary the function L 


Examples. 

1. A number of heavy particles arc attached at given intervals to a 
weightless string the extremities of which arc fixed ; investigate the 
circumstances of equilibrium (Funicular Polygon). 

Let («, b) be the co-ordinates of one of the fixed extremities, (aq, y x ), 
(.r 2 , 2/ 2 )> ••• the co-ordinates of the particles taken in older from this 
extremity, £ 01 , Z 12 , ... the lengths of the portions of the string between 
these points, and W x , W 2 , ... the weights of the particles. 

Then the equations of connexion of the system are 

(a-a? l ) 2 + (6-y 1 ) 2 = Z 0l 2 ) 

( x i- x ‘iY+{yi-yzf ~ &c - 
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Hence tlie Lagrangian equation of virtual work is 

^ w'/ + Vi+'-'—K \(a—x 1 )bx 1 + (b— y x ) b y l } 

+ A 2 { (*! - * 2 ) ( 8 *1 — 8 x t) + ( 2 /! - y 2 ) (8 »/! - 8 y 2 ) } + — = 0 . 
liquate to zero the coefficients of the several displacements : then 

Ai(a-a5 1 )-A 2 ( iB i-*z) = 0, 

A 2 (*1 ~ * 2 ) — A 3 ( T 2 — * 3 ) = 0- 


W x -X x {h- yi ) + \ 2 ( yi -y 2 ) = 0, 

w i - a 2 (2/1 -2/2) + a 3 (y 2 - 2/3) = 0. 

• • • * • 

TI 10 first set of these equations evidently gives 

Aj(«— * x ) = X 2 (x 1 ~x 2 ) = A 3 (;c 2 — a> 3 ) = ... = T, suppose, 
and l>y substituting in the remaining set, 

h ~jh _ Vy-yjt+Ey, 

a— x 1 aq— cb, T ’ 

2 A~ 2/2 _ ?/ 2 ~ 2 /:i . ^2 
*i “*2 *2- *3 T ' 

b — — ?/ 

But — is the tangent of the inclination of the portion Z 01 of the 
string to the horizon. Hence we have 

W 

tan 0 O1 =: tan 0 12 -f ^ > 

jr 

tan 0 12 = tan 0 23 -f 


as in Art. 35. Also the tension of the string joining (a, b) to (aq, is 

, 1 acting from the first point towards the second, and so on for the 
*01 

other tensions. 


2. Deduce hy the method of Lagrange the conditions of equilibrium 
of a system of three particles forming a rigid triangle, each particle 
being acted on by given forces. 

Let (aq, y l ,z 1 ) be the co-ordinates of one particle, and (A" 1? Y lJ Z^) 
the components of the force acting on it, with similar notation for 
the other two particles. Then, if Z 12 , Z 2J , / 31 denote the sides of the 
triangle, the equations of connexion are 

(*i - * 3 ) 2 + (2/1 - 2/a) 2 + («! - ~ 2 ) 2 = l u \ 

(x 2 -x,y i + (y i -y.^ + (* 2 -s 3 ) 2 = 7 23 2 , 

(x.- .Tj ) 2 + <v/. t - yO 2 + (*:( - »i ) 2 = hi 2 . 

Hence the Lagrangian equation of equilibrium is 

A^Saq-f Y l by 1 + Z 1 bz 1 + ... + A ]2 {(aq--aq)(gaq-- Sa? 2 ) 

+ (2/i — 2/2) ^ l — g 2/2) + (^1 — -2) ( d ^l — ^-2) } + ••• = 0, 
the undetermined multipliers being A 12 , A 23 , and A al . 
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Equating to zero the coefficients of the displacements, we have 

-f- — # 2 ) ^ 31(^3 ®i) ^ 6, (1) 

^1 + ^ 12 (^ 1 ”“ 2 / 2 )“ ^31 ( 2^3 Vi) ~ 6j (2) 

^1 + ^12 (n “ ^2) — A 31 (^3 n) = ^5 (fy 

with similar equations for the other particles. 

By addition, we have at once 

X x + X 2 + X, = 0, or 2X = 0, 

Y 1 + Yi + Y 3 = 0, or 2 7=0, 

Z x +Z 2 + Zz = 0, or 2Z = 0, 
which are the ordinary equations of translation. 

Again, multiplying (1) by y x and (2) by x ly and subtracting, 
r i a-,-A' 1 y 1 -A, !i (x' 1 2/ 2 -y 1 a? 2 )-X3 1 (3; 1 y ; ,-y 1 a!, 1 ) = 0, 
and by taking the similar equations for the other particles, and 
adding, we get 2(E#— Xy) = 0. 

Similarly, 2 (Ac — Zx) = 0, 

and Yz) = 0. 

These last three are the equations of moments, and they constitute, 
with the first three, six equations of equilibrium. Now these are all 
the conditions that can be obtained among the forces and co-ordinates. 
For if n particles be connected by k equations of condition, there are 
(Art. 209), 3 n — k final equations. But here n = 3, h = 3, therefore 
3 n — k = 6. It is to be observal that the equations of equilibrium of 
any rigid body must be the same in number as those for three 
particles forming a rigid triangle, because if three points of a rigid 
body are detei mined in position, the position of the body is deter- 
mined. 

3. Show that the equations of equilibrium of a system subject to 
given conditions may be expressed as the vanishing of the differential 
coefficients of a single function of the co-ordinates of the system. 

Suppose that 

(Ajdaq-h Y l dy 1 + Z l dz 1 ) + (A\dx 2 + Y 2 dy 2 + Z 2 dz 2 ) -f- ..., 
or 2(.Ycfa + Ydy + Zdz), = -dll where FT is a function of the co- 
ordinates x x , y X9 z v x 2 , y 2 , ~ 2 , . . . Then taking 

If Ez — n + A 1 Z 1 + A 2 X 2 -f ..., 


where L x = 0, L 2 = 0, ... are the equations of condition, we shall have 


= A i+ X \ :r +A 


d\ x 


dx- 


dx x 


2 <fe 1 + - +/yi ^ 1 +/ ' 2 


d Ay 


dx x 


+ ... 


But. since the co-ordinates make L x 

dL x 


L 2 — ... — 0 , 


dx x 1 1 dx j 2 dx x 

and comparing with equations (5), we see that the equations of equi- 
librium are dU . dU dLT dU 

_ = 0, — = 0, ... — = 0, — = 0, &c. 


dx. 


dx o 


dy x ’ dy 2 
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270.] Distinctive Feature of the Lagrangian Method. If 
the first method of eliminating* the displacements described in 
the last Article is adopted, we arrive at an equation such as (4) 
of that Article, from which the conditions of equilibrium are 
obtained by equating* to zero the coefficients of the displace- 
ments. But in proceeding thus, we fail to obtain the values of 
the internal and geometrical forces of the system. Now these 
forces are, as we have seen, intimately related to the undeter- 
mined multipliers; and as these latter are found from the 
Lagrangian equations, it follows that — 

The method of Lagrange gives not only the conditions of equi- 
librium, but also the internal forces of the system . 


A single very elementary example will suffice to render this clear. 

Two heavy particles of weights W 1 and W \ are connected by a rigid 
rod, and each particle rests 011 a smooth inclined plane. The inclina- 
tions of the planes are i x and ? 2 and their intersection is horizontal ; 
find the position of equilibrium and the internal and geometrical 
forces. 

Let the line of intersection of the planes be taken as axis of z , let 
the axis of y be vertical and that of x horizontal. Also let (x 1 y x £ x ) 
( x 2 y 2 s 2 ) be the co-ordinates of the particles, and l the length of the 
rod connecting them. Then the equations of connexion are 

7 / 1 — x x tan i x = 0 , 
y 2 + aj 2 tan ? 2 — 0 , 

(*1 - + (y 1 - y-iY + (~i - ««) 2 = 

Hence the Lagrangian equation of equilibrium is 
— ll / 2 8y 2 + A 1 (8y 1 — tanij. Saj^ + Ajj (8f/ 2 + tan ? 2 . bx 2 ) 

+ t{(x 1 — x 2 )(bx\ — Sa? 2 ) + ( 2 / 1 — Uitipy-i — 8 y-i) + (~i — « 2 )( 6 ~i — S* a )} = 0, 

A lf A 2> and t being the undetermined multipliers. 

Equating to zero the coefficients of the separate displacements, 

- lF 1 + A 1 + r(y 1 -y 2 ) = 0, 

- JF 2 + A 2 — t (y x — y 2 ) = 0, 

A x tan q — t (x 1 — x 2 ) = 0. 

A 2 tan i 2 “ t (&q — # 2 ) = 0, 

r(zi-z 2 ) = 0 . 

From the last equation we have z± — z 2 = 0, which shows that both 
particles must lie in a vertical plane perpendicular to the line of inter- 
section of the inclined planes. 


1605 


¥ 
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If 6 be the inclination of the line joining the particles to the 
horizon, the other equations give 

( + JT a ) * an ^ = co ^ h ~ 1^2 c °f h > 

, IF, sin ?\ 

tZ = -p ^ 

cos (ix — 6) 

__ cos 0 cos t\ 

1 COS^— 0) 

^ _ 1^ 2 cos 0 cos h 

2 cos (* H- 0) 

The reader will easily perceive that rZ is the tension of the rod, 
and A 1 sec ?\ and A 2 sec ? 2 the reactions of the smooth planes. Thus we 
have the same values of the inclination of the rod and of the internal 
forces as we should have obtained by the ordinary statical methods. 

Now suppose that the equation of virtual work is employed ac- 
cording to the first method ; that is, let us write 

11 i ^ 2 /i + 11 2^2/2 = 

8 y x — tan i ± ,bx 1 = 0, 

8y 2 + tani 2 .8a^ = 0, 

(a?i — .r 2 ) (5 x x 8 x 2 ) -f {y 1 — y 2 ) (by l — by 2 )-{-{z l —z 2 ) (b^ 1 — bz 2 ) = 0, 
and eliminate the displacements without employing undetermined 
multiplieis. Then we obtain simply the equations 

(IFj + JF 2 ) tan 0 = cot ? 2 — W 2 cot * lf 

which define the position of equilibrium, without giving the values of 
the unknown forces of the system. 

271.] Work. If a force, 7?, acts at a point (ir y y , z) which, 
from any cause, receives a small displacement whose projections 
on the axes of co-ordinates are dx y dy y dz , and if the components 
of R are X, Y, Z , the work actually done by the force is 

Xdx+Ydy + Zd:. ( 1 ) 

If a force V which is constant both in magnitude and line of 
action acts at a point, A, which from any cause is displaced 
through any distance, AB y along the line of action and in the 
sense of P, the whole amount of work done by the force is 

, PxJB ; 

and if the displacement takes place in the sense opposite to that 
of P, the work done by P is — P x AB . 

If the force B is constant in magnitude and direction (but not 
line of action) while its point, A , of application is displaced along 
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any carve, AB (Fig. 254), the work done by the force (which is 
the integral of all the elements of work done during the 
passage) is 

P X projection of AB along the direction of P. 

As an instance, take the case of a heavy body of weight W 
whose centre of gravity occupies the point A initially. If the 
body is displaced along any curve or surface whatever, so that its 
centre of gravity finally occupies the position 7i, the work done 
by W is Wx 7/j 

where h is the excess of the height of A over that of B ; so that 
W does positive work if B is below A , negative work if B is 
above A , and no work if A and B are at the same horizontal 
level. Similarly in Fig. 254, the working force being constant 
in magnitude and direction, if AD is perpendicular to P, no 
work is done on the whole in tho passage from A to JD. 

If the working force, P, is constant in magnitude and variable 
in direction, while its point of applica- 
tion is at each instant moving along the 
line of action of P, the work done by P 
from one point A to another B is the pro- 
duct P. s, where s is the whole length of 
the path of the point of application be- 
tween A and B. For instance, a constant 
pressure, P, exerted on the arm of a 
capstan. 

If the working force varies both in magnitude and in direction 
while its point of application describes any path between a point 
A and a point P, the total work must be obtained by taking the 
elementary work done by the force for a very small displacement 
of its point of application, and integrating this. We may at 
each point resolve the force into three components, so that the 
element of work is expressed by (1), and the total work done 
between A and B is 

A 

(Xdx + 1 Ay 4 - r /Az), ( 2 ) 

the suffixes indicating the points between which the work is 
done. 

The work done by a force whose point of application is dis- 
placed from any one position, A , to any other P, is often very 
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usefully represented graphically by means of a Work Diagram . 
If in any position P is the magnitude of the force, and dp the 
projection of the displacement of its point of application along 
the direction of P, the element of work is 

and the wholo work is the integral of this. Hence if we take 
two rectangular axes, Ox and Oy> and lay off, successively* along 
Ox the values of dp as they occur in the working of the force 
between A and B ; and if perpendicularly to each of these 
elements we draw the corresponding value of P (as an ordinate), 

the extremities of 

y q/' ^ these ordinates will 

/ trace out a curve 

v a l~ > whose area will repre- 

V sent the work done. 

\s Thus, in Fig. 255, if i x 

g is the magnitude of 

p- the working force at 

0 1 A -P 2 its magnitude 

2 at i>, while P is its 

Flfa ' 255 ‘ magnitude at any in- 

termediate point, Q, we may take any point, M l9 on Ox at which 
to draw the ordinate P x , and the distance M will be the sum 
of the values of the projections, such as Qq, of the elements, QJR, 
of arc along the corresponding directions of P between A and Q. 
We may, of course, choose the small arcs QP, ... of such lengths 
that the elements, MN> ... arc all equal, i.e. dp may be taken as 
a constant element. 

The expression f Pdp for the work done between A and B 
Jb 

becomes then the area 

properly translated from square centimetres (suppose) into 
kilogramme-metres, according to the scale of length on which 
force magnitude is represented in drawing the ordinates il/5, and 
(generally) the diminished scale on which the projections Qq are 
represented by the elements 1 \IN. 

If C. G. S. units are adopted, the unit of work is that done by 
a dyne in displacing its point of application through one cen- 
timetre in its own direction. This unit of work is called an erg . 
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Examples. 


1. If one end of an elastic string is fixed while the other is drawn 
out through a given distance, find the work done by its tension, and 
the work diagram. 

If l 0 is the natural length of the string, A. its modulus of elasticity, 
and l any stretched length which is productive of a tension T, we have 


T = A — —- 9 - For a small increment of length, dl, the tension does 

work equal to — Tdl\ therefore disregarding the sign of the work, 
we may represent it by drawing the values of l — l 0 along Ox, so that 
OM is proportional to /— 1 0 ; then at M we are to draw an ordinate, 
MS, proportional to T, and therefore proportional to OM. The locus 
of S is obviously a right line passing through 0 , and the work done 
by the tension for any amount of extension is represented by the area 
of a trapezium, affected with a negative sign. 

The amount of work done by the tension in an extension from a 
length l x to a length l 2 is 


A 7^ -, 2 


-ri«* 


■h-k )■ 


2. Another simple example of a work diagram is furnished by a 
gas enclosed in a cylinder fitted with a gas-tight piston, the gas 
expanding or contracting at a constant temperature. 

In this case let us calculate the work done by the total pressure 
on the piston in the expansion of the gas by a given amount. 

If P is the force exerted 011 the piston, and x, the distance of the 
piston, in any position, from the closed end of the cylinder, the law 
of Boyle and Mariotte gives 


Px = constant = P x x x , 


where P x is the pressure in the first position and x x the distance of 
this position from the closed end. 

The values of x being laid off along Ox, the extremities of the 
ordinates will trace out a rectangular hyperbola, and the area in- 
cluded between any portion of this curve, the ordinates at its 
extremities, and the axis of x, represents the work done by the 
pressure. The work done by the pressure from x x to a; is 


A rc ii°g<* 


3. I11 general, if a gas expands from a volume v x to a volume v 2 , 
and if is its intensity of pressure (or pressure per unit area), the 
work done by the gas against external resistance is 



(a) 


For, if at any time the gas is enclosed within a surface S , whose 
element of area at any point is dS, the amount of pressure on this 
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element is pdS ; and if in a small expansion the element dS is driven 
out along the normal through a distance dn, the work done by the 
pressure on dS is pdS . dn ; therefore for the small expansion of the 
whole volume enclosed by S the sum of the works done by the 
pressures on all its elements dS is (since p is constant throughout 
the gas), 2 ) J'dSdn ; but J'dSdn is the increase of volume of the 
whole gas for the small expansion considered, that is, dv ; hence 
the work for this expansion is pdv^ and therefore in the change from 
volume v x to volume v 2 — the intensity of pressure, p, of course con- 
tinuously varying — the work done is given by (a). 

For example, if the gas changes adiabatically — i. e. so that 110 heat 
is conducted either into or out of it, while its temperature and 
intensity of pressure both vary — the relation between p and v is 

pv k = constant, (b) 

where k is about 1*408. In this case the curve whose abscissae and 
ordinates are the varying values of v and p is asymj^totic to both 
axes — like the rectangular hyperbola 

pv = constant, (c) 

which represents the relation between p and v when the expansion 
is unaccompanied by change of temperature — but it approaches the 
axis of volumes more rapidly than the hyperbola. 

Tlie curves obtained by varying 
the constant in ( b ) are called adia- 
baticSy while those given by (c) are 
called isothermals. Thus, let A be 
a point whose co-ordinates Oa and 
a A are v x and p Y , respectively ; then 
the curve whose equation is 

pi/ = py ^ 

is A By while the curve (rectangular 
hyperbola) whose equation is 

pv =p 1 v 1 

is AD. The co-ordinates of the points 
on AB between A and B represent the 
states of the gas as to volume and intensity of pressure in the adia- 
batic transformation from state A to state B . 

A gas contained in a cylinder with a gas-tight piston can be 
transformed adiabatically and isothermally, successively, to any extent 
in the following manner. Suppose the base of the cylinder to be 
made of thin polished copper or silver. (Theoretically this base is 
to have perfect thermal conductivity, i. e. any heat applied to the 
outside is instantly transmitted to the inside, any difference of tem- 
perature between the outer and the inner surfaces of the base being at 
once annulled. Thin polished silver or copper will be an approxi- 
mation. With such a base we are to imagine heat as flowing with no 
resistance into or out of the cylinder.) 
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Let the piston and all the rest of the cylinder he made of an 
infinitely had thermal conductor, so that no heat can enter or leave 
the cylinder anywhere except through the base. 

To produce adiabatic transformation . Place the cylinder with 
its base on a slab which is an infinitely bad thermal conductor, and 
do work on the gas by pressing down the piston. No heat can get 
into the cylinder by conduction from without, and none can leave it. 
Moreover, of the work thus done by the piston on the gas a portion 
goes to increase the energy of motion of its molecules, and the re- 
mainder is used in doing work against the (repulsive) forces existing 
between these molecules. From an experiment of Joule’s, however, it 
appears that these molecular forces are non-existent ; and subsequent 
experiments by Joule and Thomson show that, though this is not 
perfectly true for all gases, it is so nearly true, that the work 
absorbed in overcoming these molecular forces may be quite neg- 
lected. 

The result, then, is that the work done on the gas goes wholly to 
increase its heat, and therefore its temperature. [Observe, this is 
not a contradiction of our supposition that no heat is communicated 
to it by conduction from any external source.] 

If, instead of compression by means of the piston, the gas is allowed 
to expand and drive the piston before it, its temperature falls in 
an adiabatic transformation. 

To produce isothermal transformation. Place the cylinder with 
its base on a very large reservoir of heat — so large that the volume 
of the gas is negligible in comparison — and let the temperature of 
the heat in the reservoir be the same as that of the heat of the gas. 
Allow the piston to be driven by the gas. The effect of even the 
smallest expansion would he a lowering of the temperature inside 
the cylinder, but as the base is an infinitely good conductor, the 
inequality of temperature inside and outside is instantly annulled 
by a flow inwards of heat from the reservoir, the temperature of 
which (on account of its capacity) suffers no sensible diminution. 
Thus the temperature inside the cylinder remains constant all 
through the expansion. 

The piston might also be pressed down so as to compress the gas, 
the instantaneous effect being a rise of temperature, which is instantly 
annulled by the flow of heat from the gas into the reservoir. 

The theoretical processes here described are those which are 
postulated in the working of Carnot's Engine , the theory of which 
is fundamental in Thermodynamics (see Clerk Maxwell’s Theory of 
Heat , or almost any work on Physics). 

Starting with the state represented in Fig. 256 by the point A , let 
the following cycle of operations occur : — adiabatic compression re- 
presented by the adiabatic AB , until state B is reached ; isothermal 
expansion represented by BO, the gas receiving heat at constant 
temperature, and doing external work by driving the piston before 
it, until state C is reached ; adiabatic expansion represented by CD , 
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the gas driving out the piston and doing external work, while its 
temperature falls and it receives no heat, until the temperature 
which it had originally (at A) is reached; finally, isothermal com- 
pression represented by 1)A , the piston being forcibly driven down 
until the original state (.d) is reached. 

It is required to calculate the whole amount of positive work done 
by the gas. This work is obviously the areal sum 

- AabB + BCcb + ODdc-DdaA , 

where a, 5, c, d are the feet of the ordinates of A, B } C, D . Let the 
equation of 

AD bcpu =r 771 ; BO be pv = 711 ; 

AB hepift = n\ CD be pv^ = n\ 


Then the area AabB = - — - ( -j—~. £^i) 3 where v x and are the 

rC 1 1^2 

abscissae of A and B. But vf" 1 = --.5 and v 1 fc “ 1 = — ; therefore this 

, 2 m' 1 m 

771 — 7)1 

area = which value is also that of CDdc. Hence the ex- 


ternal work done by the gas is 


771 — 771 . 71 

~i — * 

k — 1 7i 


and this is also, of course, the area of the figure ABCD included 
between the two isotliermals and the two adiabatics. 


272.] Static Energy, or Potential Work of a Force System. 
If the point of application of a force whose components are 
X } J , Z occupies at any instant a position which we may denote 
by (p), and if (p 0 ) denotes any other position which it might 
occupy, the amount, II, of work which the force can do in 
the displacement from (p) to (p 0 ) is given by the equation 

/(Po) 

n = / (Xdx + Ydy + Zdz). (1) 

J (p) 

The amount of work which the force can do from the present 
position ( p ) to the supposed 'position ( p 0 ) is called the Potential 
Work of the force . 

In the same way, if any ti umber of forces act on any system of 
particles, %, w 2 , and if the present system of positions of 
these particles, or their present configuration, is denoted by (p), 
while another configuration, or system of positions which they 
might occupy, is denoted by (p 0 ), the whole amount of work 
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which the forces can do in the motion from the present to the 
contemplated position is given by the equation 

FI = 2 f (Xdx + Ydy -f Zdz\ (2) 

J(p) 

where 2 denotes a summation of the works done on all the 
particles. The configuration denoted by (p> 0 ) may be taken 
arbitrarily. We shall speak of it as the configuration of reference . 
Here, as before, 17 is the potential work of the forces of the 
system. 

Defining the term Energy to mean capacity for doing work, we 
may speak of the Potential Work of a force system as its Static 
Energy *. 

If the particles do not form a rigid body, but can alter their 
relative distances; and if, moreover, they exert on each other 
forces, either of attraction or of repulsion, the work done by the 
internal forces in the change of configuration must, of course, 
be included in the Static Energy of the system; so that if U i 
and TI e are the potential works of its internal and external forces, 
respectively, the total Static Energy of the system is 

+ n e . 

Any material system — whether it consists of particles at finite 
distances from each other, each acted upon by some external 
force and also by attractions from neighbouring particles, or 
particles at infinitesimal distances (as in the case of a bent spring, 
a membrane, or an elastic string) — may occupy several different 
configurations successively and finally return to its original 
configuration (p). If when it does return to its original con- 
figuration, the Static Energy of its force-system (internal and 
external forces included) returns also to its original value, the 
system is said to be Conservative . The consideration of such 
a system is of the greatest importance. 

Any material system will he conservative when for any small 
derangement of the particles the tvork done by the external forces is 
the differential of a single-valued function of the co-ordinates of the 
particles , and the internal forces are functions only of the mutual 
distances of the particles , and are directed in the lines joining them . 


* It is usually spoken of as ‘ Potential Energy — an illogical term which, as 
has been pointed out by an able writer, expresses * a double remotion from 
actuality.* 
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For if the co-ordinates of the particles arc (x x , // { , ^), &c., and 
the external forces (X 15 F 15 Z x \ &c., the work of the external 
forces for any small derangement is 

dx x + Y x (hj x -f Z x dz x + X 2 dx 2 + Y 2 dy 2 + Z 2 dz 2 + 

and if this = d(p (x Xi y x , z x > x 2y y 2y z 2y ...), the Static Energy of 
these forces is <£ 0 — 0 , where <£ 0 is the value of when the 
co-ordinates of the configuration (p 0 ) are substituted; and if 

<f> is not a multiple-valued function — such as tan -1 — — it is 

x x 

obvious that the Static Energy of the external forces must 
always be the same whenever the system has the same con- 
figuration. 

Again, if the internal force between m x and w 2 is expressed as 
/*( /y 12)5 where r X2 is the distance between them, and if it is 
directed in the line joining them, the element of work of this 
force is + /( r i 2 ) • d r u> according as the force is repulsive or 
attractive. Hence if f{r n )-dr X2 = d\jf(r 12 ), the Static Energy 
of the internal forces in any configuration is, by summation for 
all the particles, ± 2 ^(-r)], 

which is manifestly the same whenever the configuration is the 
same. 

For example, an elastic rod bent and twisted in any way, but 
not to such an extent as to alter sensibly its constants of 
elasticity, will be an example of a conservative system, if, more- 
over, the bending and twisting are not accompanied by heating. 
The effect of such heating might be to alter its various elastic 
constants in such a manner that, if it returns to its original 
configuration, the amount of work required to produce a given 
deformation either by bending or by twisting would not be the 
same as it was originally to produce exactly the same de- 
formation. 

If the deformation is produced slowly, the heating effect is 
avoided, and the system is conservative. 

By definition, if work, W y is done by external agency on a 
conservative system to change its configuration from ( p ) to (//), 
the system will give back exactly the same amount, W y of work 
against external resistance in returning from (//) to (p). 

A simple example of a non-conservative system is furnished 
by a heavy particle on a rough inclined plane of inclination u 
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To raise the particle through a given vertical height, h, by 
an up-plane force an amount of work equal to w/i (1+fxcoti) 
must be expended ; while if the particle is allowed to slide 
down to its original position, it will give out only the amount 
tvh (1 — [a cot i), and would give out none if /x = or > tan i. 

In all such cases — i.c. cases in which friction comes into 
play — a part of the work expended on the system in changing 
its configuration is transformed into heat, which is speedily lost 
to the system ; and, in general, if any machine, or combination 
of machines, transforms a portion of the work done on it into 
heat, it cannot restore even so much of the work as has not been 
thus transformed, i. e. it is non-conservative. 

273. ] Stability and Instability of Equilibrium. When a 
rigid body, or any material non-rigid system, in equilibrium 
under the action of given forces is slightly disturbed from its 
position, it will not, in general, be in equilibrium in the new 
position. Now the effect of all the forces in play in the new 
position may be either to drive it back to the original position, 
or to deviate it still further. In the former case the equilibrium 
is stable, and in the latter unstable. 

As an example for the case of a rigid body, suppose a heavy 
bar, AB, moveable round a smooth horizontal axis fixed through 
the end A. If the rod is placed in a vertical position, it will be 
in equilibrium ; but if the end B is vertically above A } a slight 
displacement will cause the rod to fall from this position ; while 
if the end B is below A , and the rod is slightly displaced, it will 
return to its position of equilibrium. 

As an example for a non-rigid system, take the case of an 
indiarubber ring on an umbrella handle. If the substance of the 
ring is rotated round the circle formed by the centres of all its 
normal sections through an angle which is constant all through 
the ring, one configuration of equilibrium is obtained when this 
angle of rotation is tt, i. e. when the ring is turned inside-out. 
But this configuration is, of course, unstable, the slightest dis- 
turbance causing the ring to return to its natural state. On the 
other hand, the natural state of the ring on the handle is a stable 
configuration of equilibrium. 

274. ] Universal Criterion of Stability and Instability. The 
determination of the nature of the equilibrium of any system — 
i. e. its stability or instability — is a question belonging to 
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Kinetics. The conditions as regards constraints and connexions 
of parts of the system with each other will enable us to express 
any possible configuration of the system in terms of a certain 
number of independent variables, g l3 y 2 , $ 3 , ... * which may be 
described as 1 co-ordinates * of the system, by an extension of the 
usual employment of this term. For example, suppose the system 
to consist of two particles, B and C , which are connected by an 
inextensible string, while another inextensible string, BA , is 
attached to B , and the system is suspended vertically by fixing 
the end A of the second string. In this case, supposing the 
displacements to be confined to a given vertical plane, if we 
imagine any configuration satisfying the conditions of the system, 
i. e. one in which the distances AB and BC are each constant, 
such a configuration is obtained by deviating AB from the 
vertical through any angle, 6 , and then deviating BC from the 
vertical through any angle, 0\ these two angles being entirely 
independent of each other. The configuration of the system, 
then, depends on the two independent variables 6 and O', which 
are its 1 co-ordinates.’ 

If the displacements of the particles are not confined to any 
vertical plane, AB can be deviated through an angle 0 from the 
vertical, and rotated (after the manner of a conical pendulum) 
round the vertical through an angle </> ; and BC can be similarly 
displaced through angles O' and <// ; so that there are four 
generalized co-ordinates ( 0 , 6\ </>, <//) of this system in the most 
general case of its displacement. 

Such variables are usually called the generalized co-ordinates of 
the system, and they determine the number of degrees of freedom 
of the system — this being equal to the number of the generalized 
co-ordinates. 

The kinetical process which determines whether the equilibrium 
of the system is stable or unstable consists in supposing each of 
the generalized co-ordinates, y, to receive any small increment, 
Ay, and then, from the equations of motion of the system, 
expressing each as a function of the time. If the value of 
Ay is a periodic function of the time, the magnitude of Ay will 
oscillate between infinitely narrow limits, and the equilibrium of 
the system will be stable ; while if any of the displacements Ay 
involves the time in a non-periodic form of the type e\ this dis- 
placement increases indefinitely, and the equilibrium is unstable. 
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The result is this — If for any possible small displacement of the 
system from its configuration of equilibrium there would be positive 
work done by the acting forces , both external and internal , the con- 
figuration is unstable ; while if for every possible small displacement 
the sum total of the works of these forces is negative , the configura- 
tion is stable ; in other words, the system will be in stable equi- 
librium if the Static Energy of the system , i. c. the Potential 
Work of its forces ( internal and external ) , is a minimum, and 
in unstable equilibrium if this potential work is a maximum . 

This fundamental result we shall assume, referring* the reader 
for the proof to Lagrange’s 3 lecanique Analytique , 6th section 
of the Dynamique y p. 320 ; to Thomson and Tait’s Natural Phi- 
losophy , Arts. 291, &c. ; and to Laurent’s Trail e de Mecanique 
Rationnelle , vol. ii, p. 222, where an extremely concise proof by 
Dirichlet is given. 

We shall revert to the proof of this principle in the next 
Article. 

' 275.] Work Coefficients. When the rectangular co-ordinates 
(x x > V\ > ^i)> &c., of the points of application of the forces of the 
system are all independent, since 

— dYl = X l dx l + Y 1 dy x + Z x dz x + X 2 dx 2 + . . . , (l) 


we see that the differential coefficient of the Potential Work 
(with sign changed) with respect to any co-ordinate is the corre- 
sponding component of force. Thus — = X x , &c. But if the 

co-ordinates are not all independent, but expressible in terms of 
a number, k , of independent variables, q v •••?&> this is no 
longer true. Expressing the co-ordinates w lt y 19 z X9 ... in terms 
of the ^’s, equation ( 1 ), for the element of Potential Work assumes 


the form 


—dYl — Q x dq x -\- Q 2 dq 2 + ••• + 


in which the coefficients Q x , Q 2 ,... may be of the dimensions 
either of force or of couple , according to the nature of the 
generalized co-ordinates q X9 5 ^,.... In all cases each term, 
Qidq l9 in ( 2 ) is an elementary work, so that if q x is a linear 
co-ordinate, like x X) the coefficient Q x will be of the dimension of 
force ; but if q x is an angle , will be of the dimension of couple . 

Take, for example, the case of two eoplanar forces, P x and P 21 
acting at the ends, A and B , of a line of constant length, a 9 and 
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consider only displacements in the plane of the forces. The 
generalized co-ordinates of the system may be taken as the 
rectangular co-ordinates (x, y ) of A y and the angle, 0, which AB 
makes with the axis of x, If (x' y y') are the co-ordinates of B y 
we have x' = x + a cos 0 ; y' = y + a sin 0, and, the components 
of P t and P 2 being, respectively, (X ly 1\) and ( X 2 , 7 2 ), we have 
- dn = (A* + X 2 ) rlx + ( Y 1 + Y 2 ) dy + a ( 7 2 cos 0 - A 2 sin 0) dO, 
in which the coefficients of dx and dy are of the dimensions of 
force, while that of cl 6 is of the dimensions of couple. 

The coefficients Q ly $ 2 ,...in (2) are sometimes spoken of as 
‘generalized components of force/ This expression is very 
objectionable on more grounds than one ; but we fall into no 
error if we describe them as Work Coefficients. Thus Q x is the 
jj-rate at which the system does work if the other independent 
variables, <y 2 j are a H kept constant and q x alone allowed to 
vary ; and it does not appear to be possible to specialize the 
meanings of the Q* s any further — i.e. to give a rule applicable 
to all cases for localizing Q Xi Q 2 as forces or couples at 
particular points or round particular axes in the system. 

Since in a position of equilibrium dn is zero for all possible 
displacements, in such a position we must have 

Qi=0, Q 2 =0,...Q Jk =0. (3) 

Now the fundamental principle of last Article, that the Potential 
Work of the system of forces, both internal and external, is 
a minimum in a configuration of stable, and a maximum in a 
configuration of unstable, equilibrium cannot be inferred from 
the vanishing of all the first differential coefficients Q x , Q 2 
For, since II is a function of several independent variables, k in 
number, there are k— 1 additional independent conditions that 
II should be either a maximum or a minimum.* In a particular 
case, however, the truth of the principle can be seen without the 
geneial kinetical investigation. This case is that in which tho 
material system has one degree of freedom, i. c. when its position 

depends on a single variable, q . Here, since ~ = 0 in the 

. . . . ' d ‘l 

position of equilibrium, it follows that II is, in general, either a 
maximum or a minimum ; and it is easy to sec that the maximum 
belongs to instability. For, if the equilibrium is unstable, the 


* Williamson’s Uiff. Cal., Note 2. 



276 .] MAX. OR MIN. HEIGHT OF CENTRE OF GRAVITY. 79 

system will require positive work to be done on it by an external 
agent to resist the growth of the displacement dq ; that is* the 
forces (internal and external) of the system must during the 
displacement be doing positive work — resisting the positive 
work which the external agent is applying ; in other words, in 
leaving the position of equilibrium, the Static Energy *of the 
given system is diminished. Clearly, then, the maximum value 
of II corresponds to instability. 

276.] Maximum or Minimum height of the Centre of 
Gravity. When gravity is the only external force, besides the 
reactions of smooth fixed surfaces, acting on a material system, 
and when for any change of its configuration its internal forces 
(such as mutual reactions at the contacts of smooth parts) do no 
work, the Potential Work of the forces is simply 

r.s, 

where W is the total weight of the system and z is the height of 
its centre of gravity above any horizontal plane which is assumed 
as the reference position (Art. 272 ) of the centre of gravity. 

For, let w 19 ?c 2 , ... be the weights and z 19 z 2 , ... the heights of 
the centres of gravity of the various separate bodies, or particles, 
of the system. Then the virtual work of the system for any 
small displacements is — v\ <h x — w 2 dz 2 — w 3 dz 3 . . . ; hence* 
dU = u\dz l +w 2 dz 2 + ... = W.dz, 

.-. n =~w.z, 

the reference level being taken as that from which z is measured. 

Now the maximum value of n will occur when z is greatest ; 
hence when the centre of gravity of any system of bodies is in the 
lowest position that it can occupy consistently with the geometrical 
conditions of the system , that system is in a position of stable equili- 
brium; and when its centre of gravity is in the highest position , the 
system is in a position of unstable equilibrium . 

Unless the position of the system depends on a single variable, 
we cannot assert conversely that a position of equilibrium is one 
in which the height of the centre of gravity is either a maximum 
or a minimum. 

If any bodies of the system rest on rough curves or surfaces, 


* This assumes that none of the geometrical forces required for a position of 
equilibrium are infinite ; for the term \ d L cannot be assumed to vanish, even 
though 5 L = 0, if \ is infinite. 
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the equation of virtual work will involve the reactions of these 
curves or surfaces for displacements along them. Hence we 
have no longer the equation W.hz ■= 0, and the principle of maxi- 
mum or minimum height of the centre of gravity does not hold. 

Even when the position depends on one variable, it may 
happen that in a position of equilibrium the height of the centre 
of gravity is neither a maximum nor a minimum. Take, for 
example, the ease of a heavy particle placed at a point of in- 
flexion on a smooth curve in a vertical plane, the tangent at the 
point being horizontal. The particle is evidently in equilibrium, 
since for a small displacement Pbz is zero, P being the weight 
and z the height of the particle. But z is neither a maximum 
nor a minimum, and the equilibrium, accordingly, is stable for 
a small displacement along the upper part of the curve, and 
unstable for a displacement along the lower part. 

When the system has only one degree of freedom, the centre 
of gravity describes, in all positions of the system compatible 
with the given conditions, a curve which is sometimes very 
easily found. In the position of equilibrium the centre of 
gravity will be the point of contact of a horizontal tangent to 
this curve, and in this manner we can most readily perceive the 
nature of the equilibrium of the body. 

When the system has more than one degree of freedom, it may 
happen that its centre of gravity is constrained, in all displace- 
ments compatible with the connexions, to describe a fixed 
surface . In this case the position of equilibrium will be one 
in which the tangent plane to this surface at the centre of 
gravity is horizontal ; and if the surface lies entirely below the 
tangent plane in the neighbourhood of the point of contact, the 
equilibrium will be unstable, as in the case of a curve ; if the 
surface lies above the tangent plane, the equilibrium will be 
stable ; and if the tangent plane intersects the surface in a real 
curve in the neighbourhood of contact, the equilibrium will be 
stable for some displacements and unstable for others. 

277.] Continuous Equilibrium. If in all positions of the 
system, compatible with the* geometrical conditions, the statical 
equation m = Q 

is satisfied, every position is one of equilibrium. Writing down 
this equation in all positions and adding, the left sides of the 
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equations thus obtained is evidently the same thing as integrating 
it. Hence if all positions of the system arc positions of equili- 
brium, the applied forces must satisfy the equation 

Ef = constant. 

In the particular case of a heavy system under the action of 
gravity alone, FT is W. z ; therefore if a system is continuously 
in equilibrium under the action of gravity, the centre of gravity 
of the system for all displacements compatible with the condi- 
tions moves in a fixed horizontal plane, or, in other words, 
maintains a constant height . 


Examples. 


1. A heavy beam, AB (Fig. 121 , Art. 104), rests on two smooth in- 
clined planes ; find the nature of its equilibrium. 

It is very easy to prove that if the right line AB moves between 
two fixed right lines, OA and OB, the given point G on AB describes 
an ellipse whose equation with reference to OA and OB as axes of x 


and y is 


g + 2gco S (« + /3) + g=l. 


The centre of this ellipse is the point 0. In the position of equi- 
librium G is the point of contact of a horizontal tangent to this 
ellipse. Now two such tangents can be drawn, one above the inter- 
section of the inclined planes and the other below it. There are, 
therefore, two positions of equilibrium ; that with which we were 
concerned in the example of Art. 104 is obviously the position in 
which G is at a maximum height, and it is, therefore, unstable ; the 
other requires the planes to be prolonged below their line of inter- 
section, and as it also requires the leactions of the planes to assume 
impossible directions, it is physically impossible. It would, however, 
be possible if the planes were replaced by smooth fixed rods to which 
the extremities of the beam are attached by rings. The second 
position of equilibrium would then be stable. 

The impossibility in a certain case of any position of equilibrium, 
(xcept one of continuous contact with either plane, which has been 
signalized in Art. 104, is now easily explained. It occurs when the 
point of contact of the horizontal tangent to the ellipse locus of G falls 
underneath the plane (ex) or the plane {(3), so that it is not a possible 
position of G. 

The problem may bo solved by a purely analytical method. If £ is 
the height of the centre of gravity of the beam, it will be easily found 
that in the position of equilibrium 


d 2 z 


sin a sin cos# 
(a + b) sin (s + /3) 


{ (a + b) 2 + (a cot (X — b cot /3) 2 } . 


(t 


189K 



82 THE PRINCIPLE OF VIRTUAL WORK. [277* 

2. Two given points of a body rest in contact with two smooth 
inclined planes ; show that the equilibrium of the body is unstable. 

AVe know that if two vertices of a given triangle move along two 
fixed right lines, the locus of the third vertex is an ellipse whose 
centre is the intersection of the given lines. 

Hence, if we consider a given triangle in the body to be formed by 
the centre of gravity and the two points which are in contact with the 
planes, we see that the locus of the centre of gravity is an ellipse 
whose centre is at the intersection of the inclined planes. Now in the 
position of equilibrium the centre of gravity is the point of contact 
of a horizontal tangent to this ellipse. Hence the only possible 
position of equilibrium is one in which the height of the centre of 
gravity is a maximum ; therefore the equilibrium is unstable ; and if, 
as explained in the last example, the point of contact of the tangent 
falls underneath either plane, the only position of equilibrium of the 
body is one of continuous contact with one of the planes. The student 
will find several particular examples of this problem in Walton’s 
Mechanical Problems (pp. 164, &c.), where the solutions are analytical. 

3. A heavy body has two plane surfaces, CP and CQ (Fig. 257), 
which rest against two smooth fixed pegs, P and Q, the line PQ 

making an angle with the horizon; 
show that the positions of equilibrium 
are determined by drawing horizontal 
tangents to a Limafon. 

The centre of gravity and the pegs 
must lie in one vertical plane, which 
is that of the figure. Since P and Q 
arc fixed points and the angle at C 
between the plane faces is constant, 
the circle described round the triangle 
PCQ is fixed in space. Again, let G 
be the centre of gravity of the body. 
Then since CG and CP are lines fixed 
in the body, the angle GCP is given; 
and if CG meets the circle in O, the point 0 is fixed in space; also 
the distance CG is given. 

Hence in all positions of the body — i.e. in all positions of C on the 
circle — the centre of gravity is found by drawing the line OC from 
0 to the circumference of the circle, and taking a constant length, CG , 
on this line. The curve deduced in this way from a circle is a 
Limafon, which is, therefore, the locus of the centre of gravity. 

A particular example has been already discussed on p. 166, vol. i. 

4. A heavy plane body of any shape is suspended from a smooth 
peg, fixed in a vertical wall, by means of a string of given length, the 
extremities of which are attached to two fixed points in the body. 
Determine the nature of the equilibrium. 

This problem, so far as the positions of equilibrium are concerned, 
has been already discussed (§ 107, Ex. 11, vol. i). We propose here 
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to show that there are two positions of stable and one position of 
unstable equilibrium. In the figure of the example referred to, the 
point of contact of GP 3 with the evolute is between G and P 3 ; the 
point of contact of GP X is between G and P x ; and the point of contact 
of GP 2 is on P 2 G produced. Now it is easy to see that GP 3 is a line 
of maximum length drawn from G to the ellipse. For, let Q be a 
point on the ellipse close to P 3 , and let QObe the normal at Q. Then 
G is the centre of curvature, and therefore the point of contact of GP Z 
and the evolute. Hence CP 3 = CQ , 
therefore GP 3 = GC + CQ, which is 
>GQ , therefore GP 3 >GQ , and GP 3 
is, therefore, a maximum. 

In the same way GP X is a maxi- 


mum and GP 2 a minimum distance 



Fig. 258. 


of G from the ellipse. 

flence, in the positions of equi- 
librium, GP X and GP 3 are maximum distances of the centre of gravity 
from the peg. The positions in which these lines are vertical are, 
therefore, positions of stable equilibrium. And since GP 2 is a mini- 
mum depth of G, the position in which GP 2 is vertical is one of 
unstable equilibrium. 

5. To' find the nature of the equilibrium of the beam in Example 7 , 
p. 167, vol. i. 

Take any position of the beam (in which, of course, the lines GW, 
AR , and PS (p. 148, vol. i) do not meet in a point). Then, if y is the 
ordinate of P, the point of contact of the beam and the curve, referred 
to a fixed horizontal axis, the ordinate of G will be 

y + (GA — PA) cos 0, 
or y + a cos 0 — x cot 0. 

Denoting this by y, we have 

x . „ dx 


dy dy . . 

Ta ~ « sin# -f . 

dd da sm 2 0 


— cot 0 . 


dO 


Now 

Hence 


dy , . dy „ dx 

t> = C ° id> •• d6- Cot0 dO = °- 

sin 2 0 “ = — a sin 3 0 -f x, 
dO 


Differentiating this, and remembering that in the position of equi- 
librium-— = 0 , we have 
dd 


Again, since cot 0 = we have 


. 0 ~d 2 y dx 

sin 2 07-n, = -772 — 3 asm 2 0c os 0. 
d0* d0 

dy 


(0 


-cosec *6% = % 
dx dx* 
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But if p is tlie radius of curvature of the curve at P, 
<Py 


{*+<&*}' 


■= sin 3 0- 


Thei efore ^ = 


and (1) gives 


■ 3 a sin 6 cos 0 


= /)— 3 PO. 

J2 Jj 

Hence, since sin 0 is necessarily positive, will be positive, and y 
therefore a minimum, if p^^PO 

The equilibrium will therefore be stable or unstable according as 
y > or < 3 PO. 

To arrive at this result, it would have been sufficient to demonstrate 
it for a circle, which is very easily done. The curve in the neighbour- 
hood of P may be replaced by the circle of curvature at this point. 

6. Prove geometrically that the equilibrium of the beam in 
§ 107, Example 2, vol. i, is stable. 

7. Two uniform heavy rods freely jointed together at a common 
extremity rest on a smooth parabola whose axis is vertical and vertex 
upwards; find the position of equilibrium. 

Ans. Let the weights of the rods be P and Q, their lengths 2 a 
and 2b, and let them make angles 0 and </>, respectively, with the 
vertical in the position of equilibrium ; then these angles are deter- 
mined from the equations 

Pa sin 3 Q + (P + Q) 7)i cot (j) = 0, 

Qb sin 3 (p -f- (7 J + Q) 7)i cot 0 = 0, 

4 m being the latus rectum of the parabola. 

[Taking the tangent at the vertex as axis of y , the abscissa of the 

point of intersection of two tangents, y = tx— ~ and y = — 


ia- • Hence 
U 

(P + Q)w = Pa cos 0 + Qb cos </> -f (P + Q) m cot 0 cos </>. 

Then x is to be a maximum or minimum.] 

8. A heavy uniform rod, AB, moveable about a fixed horizontal axis 
at A , has its end B connected with a string which, passing over a 
smooth pulley at a point C yertically above A, sustains a given 
weight which rests on a smooth inclined plane passing through C. 
Find the positions of equilibrium, and the nature of each. 

Aits. Let TP and 2a be the weight and length of the rod ; P the 
weight on the plane whose inclination to the horizon is i ; 2 c the 
distance AC> and 0 the inclination of the rod to the vertical. Then, 
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if (c~ a) W <2 Pc sinf, there will he three positions of equilibrium 
defined by the equations 

n A a W 2 (a 2 + c 2 ) — 4 P 2 c 2 sin 2 i a 

0 = 0, cos 0 = — — ttFo j and 0 = ^ • 

2ac IF 2 

The first and last positions are stable and the intermediate one is 
unstable. 

If (c— a) W > 2 Pc sin there is no intermediate position, and the 
first and last positions are unstable and stable respectively. 

9. One end of a beam rests against a smooth vertical plane, and the 
other on a smooth curve in a vertical plane ; find the nature of the 
curve so that the beam may rest in all positions. 

Ans . An ellipse whose axis major is the horizontal line described 
by the centre of gravity of the beam, the axis minor lying in the 
vertical plane. 

10. A uniform heavy rod rests inside a smooth fixed sphere whose 
diameter is equal to the length of the rod. I 11 all positions of the 
rod its centre of gravity is fixed ; hence the rod should rest in all 
positions ; but, except in the vertical position, it is impossible that 
the acting forces can give equilibrium. Explain this. 

(See note, § 276.) 

11. A uniform rod rests in all positions with its extremities on two 
smooth curves in a vertical plane ; given the equation of one, find 
that of the other. 


Ans. Let the axis of y be vertical, 2 a the length of the rod, h 
the constant height of the centre of the rod, and x = <\> {y) the 
equation of one curve ; then the equation of the other will be 

x — (j) (2h—y)—2\ / ' a 2 — (A— y) 2 . 

12. Find the general equation of a smooth curve (in a vertical 
plane) on which if the ends of a uniform rod are placed, the rod will 
rest in all positions. 

Ans . If the line described by the centre of gravity is axis of x, 
the equation is the form [ </> (2/ 2 ) + = a2 , where 2 a = length 

of rod, and <p(y 2 ) is a function which does not change sign with y. 

13. Investigate the equilibrium of the spheic and cone each resting 
on a smooth inclined plane, they being also in contact with each other, 
as in § 140, Example 5, vol. i. 

Their positions being varied in any way, subject to the condition 
of contact, it is easy to prove that the locus of their common centre 
of gravity is a right line. If this line is not horizontal, it is impossible 
to have djj = 0, and therefore, in general , there is 110 position of equi- 
librium in which each body is in contact with only one plane. If 
the line is horizontal, all positions are positions of equilibrium. 

Taking horizontal and vertical lines through 0 as axes of x and y , 
respectively, and taking OA ( = f ) as the single variable which de- 
termines the configuration of the system, we find that (TF+ fi r/ ) y is the 
sum of a constant and the term 
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[IF sin a— W ^ooB(a+a'-.y)]xf; 

so that y will be constant if equation (3), in the example referred to, 
is satisfied. 

14. Of all curves that can he drawn through two given points, 
A and B, and having the same length, determine that one whose 
revolution round the line AB generates a surface of maximum area. 

Am. A Common Catenary. For, imagine AB to be placed in a 
horizontal position, and let heavy uniform inextensible strings, all 
of the same length, coincide with various curves that can be drawn 
through A and B. These strings will one and all abandon their given 
configurations and become Catenaries. And since the equilibrium of 
the Catenary is stable, negative work would be done by all the forces 
acting on its particles for any imagined displacement of these particles 
which is consistent with the geometrical conditions of the figure. 
These conditions are simply that the two ends of the curve are fixed, 
and that there is perfect flexibility but no extensibility. Hence any 
change of figure consistent with these would raise the centre of gravity 
of the string ; and therefore the centre of gravity of the Catenary is 
lower than the centre of gravity of any of the given curves ; and since, 
by the Theorems of Pappus (vol. i, § 1 77), the surface generated by 
revolution is equal to the length of the revolving curve multiplied 
by the circumference of the circle described by its centre of gravity, 
the surface generated by the Catenary is greatest. 

278.] Expansion of the Abscissa and Ordinate of a Curve 

in Powers of the Arc. Let A and 
B (Fig. 259) be any points on a 
curve, and let Am and An be the 
tangent and normal at A. Also let 
\J/ be the angle between the nor- 
2 59- mals at A and B , and let Am ( = x) 

and Bm (= g) be the co-ordinates 
of B with reference to the tangent and normal at A as axes. 

Then, by Maclaurin’s Theorem, we have 




*!_ ( 'P±\ , 
1 . 2 ^ us 54 K 


s denoting the arc AB, and f 0 , the values of ^ and 

its differential coefficients at A . ( 8 0 


Now i/r 0 = 0, and 


(lyfr __ 1 
ds p 


where p is the radius of curvature. 



Hence 


(i) 
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the suffix being omitted, it being understood that p is the radius 
of curvature at A. 


Again, we have 


aIx\ s 2 ,d 2 %x 


(Px 1 dy ^ d 2 y 1 dx 


(S) 0 = and (|)„ = 0 ! therefo " O 0 = (§)„ = ;• 

and the successive differential coefficients are calculated with 


ease. 

We thus obtain 



279.] Equilibrium of a Heavy Body resting on a Fixed 
Bough Surface. Let AD (Fig. 260) be a fixed rough surface on 
which a heavy body, AC, rests, under 
the action of gravity, at a single 
given point A ; and let this body 
receive a slight displacement of 
rolling on the fixed surface. 

We propose to investigate the 
nature of the equilibrium. The figure 
represents a section of the bodies 
made by the vertical plane through 
their common normal, AO , in which 
the rolling takes place. We suppose 
the normal AO to be vertical. 

Then, since in the position of Fig. 260. 

equilibrium the body AC is acted 

on by only two forces — namely, its own weight and the total 
resistance of the fixed surface — its centre of gravity, ff, must be 
vertically over the point of contact. 

Let the point A of the rolling body come to A', and G to G\ 
the new point of contact being £ , and the new common normal 
00 '. Draw the vertical line BV > meeting A' O' in V , 
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Then, if A'V is > A' G\ the weight of the body acting through 
6' will produce a rotation round B which will send the body 
back to its original position ; while, if A'V is < A'G\ the rota- 
tion produced by the weight will be in the opposite direction, 
and the body will deviate still further from its original position. 
For stability, therefore, A' V > A'G'. (1) 

Let p and p be the radii of curvature of the curves AD and 
AG at A , and let \j/ and \f/' be the angles AOB and A' O' B. Then 
drawing Bn perpendicular to A' O', we have 

A'V = A'n + nV = A'n + Bn cot A'VB ; 
but Z A'VB = therefore the condition for stability is 

A'n + Bn cot (\j/ + \fr') > A'G'. 
or, denoting A! G' (or AG) by ?, 

Bn > (Jt — A'n) tan (\f/ + yjr'). (2) 

Now, carrying approximations as far as a 3 , we shall find 
from equation (1) of last Article that 


tan (\ff 4- \j/') — f — P ->) + 


Jtl- <l-,\ 

\-r + -r) 


8 J p p A l A 

+ 6 t + ^ + 2 t + ?){’ 

s being the common length of the arcs AB and A'B. 

Substituting this, and the values of Bn and A'n from last 
Article, in (2), we get as the condition for stability 

7 - 7 1 

/7 s 2 * :i <1p\YA In p A 

67* > ^ 2/ + 6 p '* (l A Lt + A S + 2 ' tU + <lj 
+ + T^ +2 t + }')}} 


1 “ (i7 2 >h (p + 

M 2 - 


Id- A\ 
V + A 


+ 7/ *6 1^7 + iA- + 2 + ?) ) ~ h(l + A - ■ (3 > 
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If we neglect all powers of s, the first condition of stability is 

1 > h (- 4- ,)> 

P P 


or 


h < 


PP 


If h > 


PP 


P + P 

the equilibrium will be unstable. 


(4) 


P + P f)p ' 

A special case occurs when h = — — ,j and this is commonly 

P + P 

called the ‘ neutral’ case, or the equilibrium is said to be neutral. 
We shall, however, call this the critical case. 

To find the real nature of the equilibrium in this case, we 
revert to the general condition (3), and neglect all powers of s 
beyond the first. The condition for stability now is 

d\ 


o >-£ + JL 

els (U 


Hence when h 


PP 

p+p 


the equilibrium will be stable or un- 


(5) 


stable according as ( i I L 

— - + is negative or positive. 

(Is ds 

The bodies are, however, frequently in contact at vertices, or 
points of maximum or minimum curvature, and then 

1 


<1- 


d- 


are both zero. Hence the condition (5) fails to determine the 
nature of equilibrium. Reverting to the condition (3), the 
terms as far as a* 2 destroying each other on both sides, we see 
that equilibrium will be stable if 

_-L >*]_£ + JL + + L) 

Rn'Z ^ fi ,/,H ^ rh,i' T '•n n'J \ 



1 A K 

-/( + -)» 
n V n o' 


¥V 

(p—p) (p + 2 p') . 
fp ' 2 

and in the contrary case the equilibrium will be unstable. 


( 6 ) 
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If the lower surface is concave, instead of convex, to the 
upper, the conditions are obtained by changing the sign of p. 
Thus, the equilibrium will be stable or unstable, according as 

h < or > • p P , > 

P~P 

and in the critical case, the equilibrium will be stable or un- 
stable, according as 



( 1 / els 

is negative or positive ; and in case of contact at vertices, the 
condition ( 6 ) is to be similarly modified. 

If the body rest on a plane surface, p = 00 , and the differential 

coefficients of - are all zero. Hence the limiting value of li for 

stability is p ; but if h = p\ the equilibrium will be stable or 

unstable according as — - f is positive or negative ; and if the 

point of contact is a vertex, equilibrium will be stable or un- 
stable, according as 


is negative or positive *. 



* Different methods of arriving at the conditions for stability have been 
published in the Quarterly Journal of Pure and Applied Mathematics by 
Professor Curtis (vol. ix, p. 41), and Mr. Routh (vol. xi, p. 102). The kinetical 
method of treatment adopted by the latter is very exhaustive. The method in the 
text was employed independently by Professor Wolstenliolme and the author. 

It may be well to caution the student against the error of replacing the sections, 
AD and AC, of the surfaces in contact by their osculating circles at A. For, if 
we do this, the condition ( 5 ) necessarily disappears, and the application of (6) is 
not allowable, since, to the third power of the ate, the value of A'n is not the 
same for the circle of curvature as for the curve AC, as at once appears from the 
expression for A'n given by equation ( 3 ) of last Aiticle. The nature of the 
equilibrium, therefore, as determined from the osculating circles is erroneous. 
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Examples. 


1. If a cone of the same substance and of equal base with a hemi- 
sphere be fixed to the latter, so that their bases coincide, find the 
greatest height of the cone in order that the equilibrium may be 
stable, when the hemisphere rests symmetrically on a horizontal plane. 
(Walton’s Mechanical Problems , p. 185.) 

Ans, The height of the cone must be <rV 3, r being the radius 
of the hemisphere. 

2. Prove that any body with a plane base, resting on a fixed rough 
spherical surface, will, when the height of its centre of gravity has 
the critical value, be in unstable equilibrium. 

3. A heavy body whose section in the plane of displacement is a 
catenary, resting on a lough horizontal plane, has its centre of gravity 
at the critical height; prove that the equilibrium is really stable. 



(The condition (6) reduces in this case t°-^T£<0 for stability.) 

4. A heavy body in the shape of a paraboloid of revolution, placed 
on a rough horizontal plane, has its centre of gravity at the critical 
height ; determine this height, and find the real nature of the equi- 
librium. 


Ans. The critical height = the radius of curvature of the gene- 
rating parabola at the vertex, and the equilibrium is really stable. 

5. In the critical case, if both of the conditions (5) and (6) fail, 
prove that the equilibrium will be stable or unstable, according as 


d* 


dA 


d\ 


d*' * ds '* VV'vV*' 


is negative or positive, the surfaces being convex towards each other. 

6. A uniform heavy bar, AB, moveable in a veitical plane round 
a fixed smooth axis passing through A has a string attached to the 
end B; this string passes over a fixed pulley C vertically over A. 
Find the positions of equilibrium, and determine whether they are 
stable or unstable. 


Ans . Let W = weight of bar, 2 a its length, P = suspended 
weight, AC = h, 0 = LCAB. Then the positions of equilibrium are 
given by the equations 


0 = 0 , cos0=^ + (^- 


P 2 h 

‘ H' 2 '« ’ 


and $ = tt. 


The first will be stable if ^ and then the second (when it 

exists) will necessarily be unstable and the third stable. If the second 
does not exist, the third will be opposite in nature to the first. 



92 


THE PRINCIPLE OP VIRTUAL WORK. [279. 

[To find tlie condition for stability in this problem, we may either 
take any position of the bar and calculate the moment of force tending 
to turn it round A, or find the positions of the system for which the 
common centre of gravity of the bar and weight is highest or 
lowest. Employing the first method, if M = the restoring moment, 
and (f) = A AC By we sec that 

M = PAsin^) — Wa sin 0. (1) 

Also A sin c/> = 2 a sin (6 + <jf>). (2) 

d J\£ 

Now M = 0 in a position of equilibrium ; and if is positive, a 

d u 

slight increase of 0 will call into play a moment tending to restore 
equilibrium. 

In the position 0 = 0, we have from (2) 
d(f) __ 2 a 

dO ~~ h—2a 9 

and from (1) ~ = PlM- Wa. 

' do dd 

Therefore, &c.] 

7. If the equilibrium in the first position is critical, find its real 
nature. 

Ans . It is really unstable. 

72 I 

[In the position 0 = 0, it will be found from (2) that = 0, 
(Z 3 </> 2ah(1i + 2a) d 2 M d z M 

Iff ~ ~ (h- 2 aj r 5 lie* = °’ Iff = - ‘ J 

8. Determine whether the equilibrium of the beam in § 105, Ex. 9, 
vol. i, is stable or unstable. 

Ans. Unstable. [Either by taking the restoring moment about 
0, or by the maximum or minimum value of the static energy. 

If we imagine the position in which the beam lies horizontal as the 
reference position, the acting forces, W and P } could do an amount 
of work equal to 

Wa sin 0 — P{a + 6 — (a + 5) cos 0 } 

in reaching this position by a slipping of the ends of the beam along 
the planes. This is therefore the value of n, the static energy — in 
which, if we please, we may discard the constant term P(a + 6). 
Therefore, &c.] 

9. Four bars, AB, BC , CD, DA (§ 120, Ex. 4, vol. i), forming a plane 
quadrilateral, and freely jointed at the vertices, are kept in equi- 
librium by an elastic string stretched between the middle points of 
BC and DA, and an elastic strut compressed between the middle 
points of AB and CD , the string and the strut both following Hooke’s 
Law. Show that there are always two, and there may be four, con- 
figurations of equilibrium. 
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282.] Equations of Condition of Continuous Systems. It 
the system of particles whose equilibrium is under consideration 
is continuous— as, for instance, an inextensible string, an inex- 
tensible membrane, or a rigid solid — the equations of condition 
will express the invariability of an infinitesimal element, such as 
the distance between two indefinitely close points. 

Take, for example, the case of an inextensible string of which 
PQ (Fig. 26 1 ) is an elementary length, equal to ds. The equa- 
tions L x = 0, L 2 = 0, . . . which ex- 
press the invariable connexions of 
the particles of the system, will be 
ds x — constant, d $ 2 == constant, ..., 
where ds x , ds 29 ... are the distances 
between successive points on the 
curve ; and the typical term A h L 
which enters into the equation of 
Virtual Work will be the typical term \hds. 

Let us inquire more particularly into the meaning of the ex- 
pression hds. If we contemplate any small displacement what- 
ever of the string, such that the element PQ comes into the 
position P'Q 7 , the new length P'Q' being cither greater or less 
than PQ, the meaning of the expression hds is 7 >7 Q 7 — PQ ; and 
the condition that no change of length of the element takes 
place in the displacement is 

hds = 0. 



Pig. 261. 


Now (x, y, z) being the co-ordinates of P, we imagine these to 
receive, respectively, increments hx, h y, h i. e. the co-ordinates 
of P' are (&’ + §#, y-f dy, z + hz) ; while those of Q are 
(x 4 - dx y y + dy, z + dz). 

The co-ordinates, therefore, of Q 7 (to which Q is imagined to 
be displaced) are represented by 

x + dx + h (x + dx ) ; y + dy + h (y + dy ) ; z + dz + h (z -f dz ). 

The excesses of the co-ordinates of Q 7 over those of P 7 are 
therefore (lx + § (*,) ; ( hj + b (dy) ; dz + 8 (dz) ; 
and the length of P 7 Q 7 being PQ + h ( ds ), or ds + hds, we have 
(ds + hds ) 2 = (fix + hdx ) 2 + (dy + h dy ) 2 + (dz -f h dz) 2 ; 

^ 7 fdxhdx , dyhdy dzhdz\ 7 . . 

or = +S-JT + **)*■ <“> 

neglecting infinitesimals of the fourth order, such as (hds) 2 , &c. 
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But the increments d and b being completely independent 
and essentially distinguished as above explained, it is easy to 
see that the order in which the double operation db is performed 
on any function is indifferent; i. e. d(bV) is precisely the same 
as b(dF ), where V is any function. In fact an inspection of 
the figure (Fig. 261) at once shows that b(dx ) = d(bx ), the line 
Ox being the axis of x . For, let the abscissae of P and Q be 
Or and 0», those of P' and Q ' being 0/ and On\ measured 
along Ox. 

Then if x is the co-ordinate of P, dx = n/, and bx = r/. 

Also b(dx) = value of dx in the new position— -value of dx in 
old position = r'n' —rn ; and d(bx) = value of bx for Q — value 
of bx for P = nn f — rr\ But obviously 

rV — rn = nn f — r / ; 


therefore = ^(Sa?). 

In virtue, then, of this commutative property of d and b, (a) 
may be written 


bds = ( 


'dx dbx ^ djj d by dz dbz\ 
u/s ds ds ds ds ds ' 


283.] Variation of any Function. Particular Cases. Since 
a variation of any function of the co-ordinates of a point consists 
in making infinitesimal increments to the several co-ordinates, 
it is clear that all the resulting changes arc subject to the 
ordinary rules of the Differential Calculus. To fix ideas by 
means of an elementary example, suppose that we have a series 
of points lying on a circle whoso equation is 
x 2 +y 2 — a 2 = 0. 

If now we imagine each point (x, y) on the circle displaced to 
an infinitely near position which is defined by adding to the 


x 

abscissa a quantity equal to € ,y sin ^ 3 and to the ordinate a 

quantity e. x sin A where e is an infinitely small quantity, we 

shall obtain a new curve differing infinitely little in position 
and shape from the original. In this particular case the in- 
crements which we have denoted by bx and by are given by 

OS 7 / 

the equations bx = e .y sin ~ > by = € . x sin - ; and so in general, 

0 c 

whatever be the laws according to which the variations are 
made. 
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283.] 

It is obvious, then, that if u and v are any two functions of 

the co-ordinates of a point, 

n vbu—ubv 

0 - = 7, 

v 


So, again, if V is any function of x, we have 

bJ ~~E bx ' 


any arbitrary change, bx, being made in x ; and in passing to 
an adjacent point on a given curve or surface, 

d 2 V dV 

d (h V) = - d ^ bx dx + — d (bx). 


Also in an integration along a curve or surface, since this 
integration consists merely in a summation with respect to all 
the points on the curve or surface, we have 
bfVdx = /b (Vdx). 

If, in particular, an integration, fVda y is performed along 
a curve, and all the points of the curve receive displacements 
such that the distance, ds, between two consecutive points 
remains unaltered, we shall have 

b/Vds = y*(p V ) . ds ; 

and the same equation holds, in like case, if the integration is 
performed over a surface or throughout a solid if for da we put 
the clement of superficial area or the element of volume. 

In this case also 

dx dbx r/ 2 # __ . d n x __ d n bx 

ds ~~ ds 5 ds 2 ds 2 ’ ds n ds n 


Example. 

Every element of mass of a solid is multiplied by the product of 
two of its co-ordinates, x y, and the sum of all such products (“ pro- 
duct of inertia ”) taken. If the body receives a small displacement 
of rotation roupd the axis of s, find the variation of this sum. 

Let dm he the element of mass at the point a?, y, z\ then the 
sum —fxydm. Now bfxydm=ifb{xy)'dm—f{xby-\-ybx)dm. 
But if the angle of rotation is b0, wc have bx = — ybO , by = xbO. 
Hence the variation of the sum is 

^Ox/(x 2 —y 2 ) d m ' 
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To determine the variation of the angle between two consecutive 
tangents to any curve. 

Let the tangents be at points, P, Q, separated by an arc of 
length ds, and let dO be the angle between them. Then 


7 „ 

cl 0 — — 9 
P 


(i) 


where p is the radius of absolute curvature of the curve. Now 
bdQ is what we have to find ; and we shall suppose for generality 
that in tho displacements of P and Q the length ds is altered. 
Wo have then 

hd 8 = -8 ds — g dshp . 


But 


- » b P = 

p 


P P" 

1 _ (tPsf + (d 2 y ) 2 + (d 2 z ) 2 > 
p 2 ds A 5 

d 2 xd 2 bx + d 2 yd 2 hy + d 2 zd 2 b: 


( 2 ) 

(3) 


ds* 


, (dd.rf + (d 2 //) 2 +(d 2 z ) 2 


(h r> 
d*;d*bz 

W (W ds 2 ihs r _r If? ~d? 


1 /d, 2 xd 2 hx d 2 )/ 1/ 2 0// 

~~d 2 ° l> ~ 11 7 /. v 2 + 


2 dh>t 


\ 4 UGS 


Hence 


,d 2 xd 2 bx 


du u u>r, (V //({, ur/ iv ~ <v Uv\ . 1 7 

777T+^ ;,,7 + sr **-) 


ds 2 */*» 

1 dxdhx 
P 

d 2 xd 2 bx 


r 1 axabx 1 

t /» < 7 $ / 7 $ n d, 


d 2 yd 2 hy d 2 zd 2 hz x 
1 ? dx 2 + d? ds 2 

1 dydhy 1 dzdbz 
p ds ds p ds ds 


+ p ds*"d? +p ds* d? 


d 2 ud 2 by d 2 zd 2 bz 1 . 

+p i?d?y*- 


(*) 


(o 


To find the variation of the angle between two consecutive oscu- 
lating planes of any tortuous curve . 

[A tortuous curve , called also a ‘ curve of double curvature/ is 
one whose osculating plane varies from point to point.] 

If /, v? y n are the direction-cosines of tho binormal, i. e. the 
perpendicular to the osculating- plane, at any point of tho curve, 

we have 4^/2 „ dzd. 2 ,u 

~ p (ds ds 2 ds ds •) ; m - ; * ’ 


and if d<j) is the angle between two consecutive osculating planes. 
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since the tangent line to the carve is perpendicular to two con- 


.. , . , , dx mdn — ndm 

secutive binormals, we have -=- = • 

ds a (ft 

,ia. _ „ ( ,d 3 x , d 3 y , d*z- 


Hence 


7 » f * . (f/ y *\ 7 


and we shall find that 

7 r dhx dhy „ dbi 

+ _B,w? +C 


. d 2 bx D d 2 b>/ 

+ A *lur +B 

8 u ^ d 3 bz-\ . 


_ d 2 bz d 3 8 .r d 3 by d 3 bz-, 7 .... 

+ c?8 '^ + A * a?' + B * ~d? + ° 3 rf?"] • (C) 

where ^ l5 &c., are certain functions of the differential coefficients 
dx 

~rs &c. 
ds 

For any arbitrary displacement of a surface , z = (ft (x, y ), /o 

^//6 J variations of the partial differential coefficients ( ~f and ~ 

dx ay 

The arbitrary changes in a?, y, z which we have hitherto denoted 
by 6a?, 6y, 6s we shall now find it convenient to denote by 
u, v , w, respectively. 

Let P be any point (a?, y, s) on a given surface — which sur- 
face we may, to fix ideas, imagine to be a thin sheet of india- 
rubber — whose points may receive, or be imagined to receive, 
any small displacements whatever. If these displacements are 
completely unhampered, any small element of area described 
round P on the undisplaced surface will be found on the dis- 
placed surface in a distorted form, and with its area altered 
in magnitude. 

Suppose that Q is any point on the undisplaced surface in- 
definitely close to P, the co-ordinates of Q being (# + £, y + ?/, 
£ + C). Then since z is determined when x and y are given 
(which would not be the case if instead of a surface we had a 
solid to deal with), the displacements n, v , w will each be some 
assigned function of x and y, i. e. 

* =/i (*> y ) ; v =/ 2 (®» y ) ; w =/ s (*» y\ (v) 

Let P r and Q' be the displaced positions of P and Q ; and 
observe that ^ means the increment of z divided by that of x, 
as we pass from a point P to a close point, P, such that P 


1608 
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and H have the same y. Imagine, then, Q to be so chosen that 
Q' and P have the same y, so that the new 

dz __ z of Q' — * of P 
dx # of Q '— xoiP 

Now the x of Q- is x + u + ^+f^x + i;, y + y), according to 
the law expressed by equations (y ) ; and this is 

* j. da dn 

Similarly the z of Q f is 

. jho dw 

z + w + £ + c ~i — h y ; 

dx dij 

and since the y of Q' = the y of P y we have 


. dv 


dVy 


J. f{‘ V /„ (V V X 

f ,¥ + ’(* + ^) = 


( 0 ) 


dz dz 

Denoting, as is usual, * by p and by y, and the values of 

i(X ilU 

these at V l»y p + Ap and <[ + A q, we have 


p + Ap = 




(0 


da d * dy 

Now since on the undisplaced surface dz = pdx 4- qdy, we 
have (~pi; + qy. Substitute this value in ( 1 ), and then for 
£:y put the value given by (0), and we have, by neglecting such 

infinitesimals of the second order as the products (to., 

1 dx dy 


p + Ap =■ 


/, , dv\ dw dv 

dn dv 
dx + dy 


dw dn 


A i , = :iz ~Pj,~i 


dv 


Similarly, 


Aq = 


dtb du dv 


dy P dy q dy 


to 

to 
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Examples. 


1 . Find the conditions to be satisfied by the displacements of all 
points on a perfectly inextensible surface. 

The length of the line PQ must be unaltered whatever point Q 
may be. Now from the preceding we have 

Hence the conditions for perfect inextensibility are 
du dw dv dw 

J^ +P ~dx = 0 ’ cty +q dy =0, 
du dv dtn dw 

Jy + Ji +2 % +q te =0 - 

2. From these conditions find equations for the separate components 
of displacement. 


Ans. The value of w is to be obtained from the partial differential 
equation (Pw d t w d%w 

t — — 2 $ — + r — 5 = 0, 


da? 


dxdy dy ' 1 


where 


__ dp ^ __ dq ^ __ dp __ dq 
~ dx dy dy dx 


In the case of a plane surface, z = ax -f by -j- c, we find 
u -f aw = my + n\ v -f bw = — ihx + n' , 
where m, n t n' are arbitrary constants. 


284 .] Equilibrium of an Inextensible String. We now 
apply the method of Lagrange to determine the equations of 
equilibrium of an inextensible string acted on by any system 
of forces. Let, as previously, m denote the mass per unit length 
at any point of the string, and X, Y } Z the components of the 
external force, per unit mass, at the point. 

Now the equations, L x = 0, = 0, ... of condition are in 

this case (fo x = const., A? 2 = const.,... and the general equation 
of equilibrium of Art. 260 becomes 

m l (X 1 bx 1 + Y 1 by 1 + Z 1 bz 1 )ds 1 + ??i 2 (X 2 bx 2 + Y 2 by 2 + Z 2 bz^ ds 2 + ... 

+ + \ 2 bd& 2 d* • • • =0, (l) 

the string being supposed to have assumed its position of equi- 
librium ; for it is when the equilibrium position is assumed that 
the forces satisfy the above equation of Virtual Work. 
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Now the particles being* infinitely numerous, we may write 
the above equation simply 

fm(Xhx+ Yby + Zhz)d$ — fkbds = 0. (2) 

Reducing all the variations to variations of x, y, z , or, in other 
words, substituting here the value of bds given in equation (/3) 
of Art. 282, we have 

(1 j , 

• di * ' di 


/[** 


(A’8*+ Ybij + Zhz)ch + \(^dhx + ty(lhy = 0. (3) 


Now / x S rf8 ® = ( x S 8 *), - ( x SH -/ s 4( x ^)- ^ 

dx 

by integration by parts, the term (x^8#) being the value of 

^ ... ^ 

X—hx at one of the limits of integration, i.e. at one extremity 
(l s dx 

of the string; and (A— 8#) being its value at the other 
extremity. * 8 0 

If we perform similar, integrations for the other terms, (3) 
becomes 

. dy . , , f1 $ r • 


4[H4(4)| 8 H» y 4(4> 


H4(4*H=°' < 4 > 


Now, as in the equation of Art. 269 we equated to zero the 
coefficients of 8^, by t , 8-Cj,..., so here we have to put the 
coefficients of 8 a?, by, and bz equal to zero for each particle of the 
string ; that is, we put the coefficients of these quantities under 
the sign of integration equal to zero. Hence we have at all 
l> oi nt s _ d / dec, A . 


7)1 




wZ - 


d / dz\ i 

7s ( x jJ = °’ ) 


(A) 


which equations are precisely the same as those of Art. 190 ; 
and it appears either by comparison of both sets of equations, 
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or by the end of Art. 269, that A in these equations is minus 
the tension of the string. 

The conditions of equilibrium, then, as expressed in (4), 
consist of two parts — namely, terms which relate to the ex- 
tremities of the string (which arc the terms outside the sign 
of integration), and terms which relate to every intermediate 
point in the string (which give the general equations of equi- 
librium above). 

Equating to zero the terms outside the integral sign, we have 
v /dx ^ (hi dz _ \ x (dx ^ (hi dz ^ \ , x 

a > u 8 * + * + * **), - " (* 8 * + s 8 -*' + = (> 

Now, if the extremities of the string are fixed, they will be 
fixed in the displaced string, and every term of (5) vanishes, 
since 


hx 1 = hf/ l = Ssq = 


= 8r„ = 0. 


But if each end is perfectly free, since Saq, hy x ... are quite 
arbitrary and independent, we must have 
= 0 and A 0 = 0, 

i. e. each terminal tension must be zero. 

If the extremity (x 1 y x z x ) is constrained to lie on a fixed 
surface, whose equation is u = 0, we have the displacements of 
this extremity connected by the equations 



which give by the method of undetermined multipliers 



the geometrical meaning of which is that the direction of the 
string at this extremity is normal to the surface of constraint. 

If the extremity is constrained to a curve whose equations are 
u = 0, v = 0, we find in the same way that at this extremity 
the direction of the string must be at right angles to the curve. 

The method which we have just employed is the second 
method of Art. 183, and expresses that the variation of the whole 
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potential work of the external forces is 2 ero } consistently with the 
geometrical condition that the distance between every two indefinitely 
close points in the string remains absolutely unchanged in the dis- 
placed position . 

285.] Equilibrium of an Extensible String. In this case 
there are no geometrical conditions to be satisfied in the dis- 
placement (or deformation) of the string. Then the equation 
of equilibrium will simply express the condition that in the 
position of equilibrium the variation of the whole potential work 
of applied and internal forces is zero. 

Now if we consider any elementary mass, ?nds, whose length 
is ds t and whose internal force (the tension) is r l\ the work done 
by this force for a variation hds of the elementary length is 
(see Art. 70) -Tb<h. 

Adding together the similar terms for all the elementary 
masses, we find that the variation of the potential work of the 
applied and internal forces is 

fm(X hx+ Yhy + Zhz)ds-/Thds , 

which differs from (2) only in having — T instead of A. Hence 
the whole discussion is exactly the same as before, and the 
results are those arrived at in Chap. XII. 

There is, however, this distinction between the case of the 
elastic and that of the inelastic string — that in the second case 
the value of w, the density, is known at each point, since it 
can alter only in virtue of extension, and it is therefore the 
same after the position of equilibrium is assumed as it was 
before ; while in the first case the value of m at each point is 
not at once known, since in faking the position of equilibrium 
(to which our equation of Virtual Work always refers) extension 
has taken place at each point. In this case m at each point 
depends on T according to some law which can be known only 
by experiment — e.g. Hooke’s Law, 


as in Art. 197. * 

The equations of the extensible and of the inextensible system 
are therefore the same only in form , since the above constitutes 
a vital distinction between them. 
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286.] 


286.] Property of Minimum. If a uniform, inextensille 
string , in equilibrium under the action of a, given conservative 
system of forces, joins two fixed points , A ami B, the variation of 
the integral fTds 

will be zero token we pass from the curve of the stritig to any in- 
definitely close curve which passes through A and B . 

Let us calculate the variation of this integral. 

bfTds = f(bT.ds+Thds) 

Now, from (6) of Art. 184, taking her, or m , as unity, 
bT = -sr=: -(Jbx+Yby + Zbz). 

Hence by integration by parts (as in Art. 284), we have 

-I\^4 s ( T '>^[ r+ k4^ 

+ ( z+ a(4)] 8 --}'''- 


Now the right-liand side of this equation is zero, since, the 
extreme points of the curve being fixed, the coefficients of T 0 
and 1\ both vanish, and the coefficients of bx, by, bz under the 
sign of integration vanish by the general equations of Art. 284, 
the mass of a unit length of the string being here taken as 
unity. Hence the proposition. 

This theorem leads to a remarkable property of the common 
catenary. \ Of all curves of the same length joining two given points 
in a vertical plane, the common catenary is that whose centre of 
gravity is lowest . For if y is the depth of the centre of gravity 
of this curve, whose length is L , we have 


T J 


— 

= L * 


fTds 

But (Art. 184) T = wgy \ therefore y = > 

the theorem of this article, we have 


therefore, by 


by = 0 . 
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That y is in this case a minimum in the true sense of the 
word does not, of course, appear from this ; the proof that it is 
so depends on the criterion for maxima and minima furnished by 
the Calculus of Variations, for which see Jellett’s Calculus of 
Variations , p. 80. It is there proved, that when the variation of 

y 'Xl 

Udx vanishes (the limits being 

X 0 

fixed) the value will be, in general, an .algebraic maximum or 

d 2 \ rj . 

mimimum according as ? - is continually — or continually + 

^ Vn * 

between the limits of integration, being denoted by p n , and 

U being any function of x % y, p 1 , p 2 , ...p n - In the present case 
V = yds = y V 1 + p* dx, a change of the independent variable 
from s to x being necessary since it is the limits of x that are 
assigned. The application of the criterion is then obvious. 

287.] Observations on the Method of Lagrange. The appli- 
cation of the method of Lagrange is attended by a risk of error, 
which must be guarded against. In applying the equation of 
Virtual Work to any continuous material system — e. g. a string, 
a membrane, a fluid — we imagine every point to receive a small 
displacement from the position which it occupies in the equi- 
librium configuration of the system. These displacements we 
have expressed by increments (bx, by, bz), or (w, v, w) of the 
co-ordinates of the point ; and, according to the nature of the 
system, there will be various relations between the u , v, w belong- 
ing to each point. Thus in the case of an absolutely inextensible 
string, these quantities have to satisfy at each point the equation 


* , 7 v ^ (lx tlu (h) civ 


dzdw __ 
<hVs ~ °' 


In an absolutely free and unconnected system of particles, they 
have to satisfy no condition whatever. 

Suppose that in any case they have to satisfy the condition of 
rendering a certain element — e. g. a length, an area, a volume — 
invariable. Suppose that this element is a function 
(j> (dx, dy , dz, cl 2 x , ...), 

which we may briefly denote by < p. Then Lagra?iges method 
co?isists in reducing the problem to a case in which we may treat 
u, v , w at each point in the system as absolutely independent , so that 
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(as in Art. 284, for example) we may equate their coefficients 
separately to zero . This is done by taking the variation, &<#>, of 
the function which is to remain unaltered in the imagined dis- 
placement, multiplying it by an undetermined multiplier, A, and 
then adding it under the sign of integration to the variation of 
the Potential Work of the system ; so that our equation, in which 
n, v, w (or b x, by, 82 ) are all independent, is 

— fbTI . dm +f\b(f> . dm = 0. (A) 

Now let the case be different. Suppose that the condition 
(/> = constant has not to be satisfied in the displaced configuration, 
but that the alteration of </> is accompanied by internal forces (or 
stresses) in the system. In this case Lagrange makes no change 
in his mode of procedure. True, we have no longer the equation 
5</> = 0, but Lagrange, recognizing the fact that we have in- 
ternal work, or work done by the stresses, due to the displacement 
which alters </>, assumes that the amount of this internal work is 
fully represented by a term of the form 

AS cf>, 

so that our equation of virtual work is still of the form (A). 

It is this last assumption which is so liable to mislead, and 
which is, in more instances than one, a cause of error in La- 
grange’s own investigations. As a marked instance in which 
Lagrange has fallen into an error of this kind, we may cite his 
discussion of the equilibrium of a perfectly flexible surface, which 
may be (1) perfectly inextensible, or (2) extensible, like a sheet 
of indiarubber (see the Meeanique Analytique , p. 140). 

Taking case (1), if dS is the area of the superficial element at 
any point P of the surface, Lagrange assumes that the only 
equation which u, v , w have to satisfy is bdS = 0 ; in other 
words, that perfect inextensibility is fully provided for if every 
element of the area remains unaltered in the (imagined) displaced 
configuration. But it is clear that perfect inextensibility requires 
that there shall be no alteration in the length of any line on the 
surface connecting P with a neighbouring point ; and this 
characteristic is, therefore, expressed by three equations between 
u, v , w instead of one — as in Example 1 , § 74. 

Again, when the condition of inextensibility is removed, and 
the surface is extensible, Lagrange assumes that the interna] 
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work of deformation of the element dS is fully represented by 
A 8 dS, i. e. that the work of deformation is simply proportional 
to the change in the area deformed — an assumption which is 
true for membranes of few known materials. 

On the other hand, the similar treatment of a string, whether 
inextensible or extensible, is perfectly valid, because bds = 0 is 
a perfect expression of inextensibility ; and when the string is 
elastic, the internal work of deformation is perfectly expressed 
by a term of the form kbds. 



CHAPTER XV. 


EQUILIBRIUM OF STRINGS AND SPRINGS. 

297.] Tangential and Normal Resolutions. We now pro- 
pose to complete the discussion of tho equilibrium of flexible 
strings by considering the case in which the external forces are 
not coplanar. 

Reverting to Pig. 221 of Chapter XII, consider the equilibrium 
of the element PQ apart from the rest of the string. Then the 
external force per unit mass at P will be, as before, of the form 
<t> (#> V , *), where (. x , y, z) are the co-ordinates of P ; and the 
external force exerted on PQ will be 

(f> (x, y> z) x kvds, or kcrFils, 

where k and <r are the density and area of normal section at P. 

Now, the element PQ is kept in equilibrium by three forces 
— namely, the tension ( T ) at P, the tension (T+dT) at Q, and 
the external force ( ktrFds ), which acts at the middle point of PQ. 

These three forces must be coplanar and meet in a point. 
Now, the two tensions act along two consecutive tangents to 
the string, and as the plane of two consecutive tangents to any 
curve in space is the osculating plane ) we see that — 

The resultant applied force at any point of a flexible strhig acts 
in the osculating plane of the string at the point. 

If the string is stretched over any smooth surface by means 
of two forces applied at its extremities, the only applied force 
which is continuously distributed throughout the string is the 
reaction of the surface; and as this reaction is everywhere 
normal to the surface, we see that — 

A siring which is stretched along any smooth surface , and acted 
on by no external forces , except the reaction of the surface and two 
terminal tensions , has its osculating plane at every point normal to 
the surface. 
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The string in this case assumes the form of a shortest line, or 
geodesic , on the surface. 

Let Pt be the tangent and Pn the normal at P\ let dd be 
the angle between the tangents at P and Q ; and let 0 be the 
angle between Fdm and Pt . 

Then, resolving along Pt the forces acting on the element, we 
have (f+ ,IT) cos dO + k<rFcos fate-1' =0; 


but cos dO = 1 , if we neglect (d$) 2 ; thereforo this equation gives 


u l 7 ^ 

-~r +^(r^cos(p = 
ds 


0 , 


0 ) 


which asserts that the rate of variation of the tension per unit 
of length along the string is numerically equal to the tangential 
component of the applied force per unit of length. 

Again, resolving the forces along Pn } the normal, we have 
(T+dT)sindO~ kcrFain (juts = 0 , 


ds 


or since />, the radius of curvature at P , is equal to ^ 


T 

/£<ri /T sin 0 = 0 , 

P 


( 2 ) 


which asserts that the curvature of the string at any point is 
equal to the normal force per unit of length divided by the 
tension. 

From ( 1 ) we have T _ C-f/co-Fvos fate, 


where C is an arbitrary constant. Now, cos^Av is the pro- 
jection of ds on the direction of F. Denoting this projection 

'¥> T=C-fkcr Fdf. (3) 

But fleer Fdf is evidently the potential of the applied forces if 
they are a conservative system. Hence, if V and V 0 denote 
the potentials at two points in the string at which the tensions 
are T and T Q , we have f (Y— V 0 \ ( 4 ) 

or the difference of the tensions at any two points is equal to the 
difference of the jwtentials — a result which we shall find to be 
true also in the case in which the string rests on a smooth 
surface. 

298.] Equations of Equilibrium. Let the force F acting on 
the unit mass at any point P whose co-ordinates are x , y, z be 
resolved into three components, X ] 7, Z parallel to three fixed 
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rectangular axes. Then the components acting on the element 
PQ are kcrXds , her Yds, ko-Zds, Also the components of the 
tension acting on the extremity P are 


the components of this tension are affected with negative signs, 
since, when the element PQ is considered apart, the tension at 
P will be directed towards the left-hand side of Pig. 22 i, where 
the origin of co-ordinates is supposed to be. 

These components of the tension will at any point be functions 
of the length of the arc measured from some origin point, A , of 
the string up to the point considered. Thus, if AP = s 9 we 
shall have m dx 

t T> =/<*>• 

and the component of the tension at Q is therefore f (s + ds), or 

t- j. - (t—\. , 1 * 4- — j. 

1 ds + ds U ds> + ch*\ T ds' 1 . 2 + "•* 

Hence, for the equilibrium of PQ , resolving forces parallel to 
the axis of x , we have 

£ + s('s)-*+»('s)-ri+" 

+ kaXds-T <1 4- = o, 

ds 

or, rejecting the terms which cancel, dividing out by ds, and 
diminishing ds indefinitely, and denoting k<r by m , the mass per 
unit length, ,/ (U; 

s (T-) + „X=0. (1) 

StaMy, + 0, (2) 

s( r s) + ^= (3) 

Performing the differentiations, we obtain 

r S + f£ + » x =°- « 

T rht l + " I '=°' (6) 

< 6 > 
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For the future we shall systematically use (a, /3, y) for the 
direction-angles of the tangent at any point P of a curve, the 
positive sense of this tangent being that in which the arc, s, 
measured up to P from some origin point on the curve, receives 
a positive increase. 

Also by (£, £) we shall denote the direction-angles of the 

radius of absolute curvature at P , taken in positive sense from P 
towards the centre of curvature . 

We may suppose these angles to be measured from lines drawn 
at P parallel to the positive directions of the axes of co-ordinates. 

Equations (4), (5), (6) may then be written 


T , dT 

- cos £ 4- cos oc + mX = 0, 

p ds 

( 7 ) 

T dT 

( 8 ) 

- cos i] -f* -j- cos /3 4- m 1=0, 

T dT 

- cos C 4 — r cos y -f mZ = 0. 
p ds 

( 9 ) 


Multiplying these by cos a, cos /3, cos y and adding, we have 

f +»*=»• < io > 


where S = the component of the forces along the positive sense 
of the tangent. This equation gives 

T = C-fSds = C-fm {Xdx + Ydy 4- Zdz\ 
which is obviously the same as (3) of last Article. 

dT 

Again, eliminating T and y- from (7), (8), (9), we have 


or 


cos £, cos of, X 
cos r 7, cos Y = 0, 

COS (y COS y, Z 

X cos 0 4- 1 cos (f> 4- i?cos \f/ = 0 , 


(to 


where (0, </>, \jr) are the direction-angles of the normal to the 
osculating plane. This equation asserts — what is evident from 
first principles — that the resultant external force at any point 
lies in the osculating plane. 

Another form of the value of T is obtained by integrating (1), 
(2), (3) separately, and squaring and adding. Thus 

f 2 _ (A -fmXdsf + (B -fm Yds) 2 + (C-fm Zds)\ (12) 
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A, H, C being constants which must be determined after each 
integration by knowing the values of ... at the point from 


integration by knowing the values of T — > ... at the point from 
which s is measured. ( S 

Again, by multiplying (7), (8), (9) by cosf, cos 77, cos£ and 
adding, m 

— 4- niP = 0, (13) 


where P is the component force along the radius of curvature in 
the positive sense (i. e. towards the centre of curvature). 

The equations of the curve formed by the string are obtained 
from (1), (2), (3) thus, by elimination of T , 

A —fmXds P —f 7)i Yds C~ f mZds 

1- = 'L = i (14) 

dx dtj dz V ' 


From (10) it follows that if at 710 point of the string is there 
any component force along the tangent , the tension will he constant 
throughout . 

299.] String on a Smooth Surface. Now suppose that the 
string, while acted upon continuously by any forces, is placed on 
a smooth surface, which produces at each point a normal reaction, 
equal to lids on the element of length ds at the point, P . 

We shall denote by (/, m, 71 ) the direction-angles of the normal 
to the surface in the sense in which P acts along the normal. 
Then we have simply to add the components jScos /, 11 cos m, 
li cos 71 to X, 7, and Z respectively in equations (1), (2), (3), or 
(?)> (8), (9) of last Article, so that our equations are now 
T . dT 

— cos £ + — cos (X + m X + li cos / = 0, (l ) 

T dT ^ 

— cos rj + — cos ft + m I q li cos m = 0, (2) 

T dT 

— cosf+ -^cosy + mZ+Ecosn = 0. (3) 

If a) is the angle between the radius of curvature and the 
inward drawn normal to the surface at P (i. e. the normal drawn 
in the sense opposite to that of P), we have by multiplying these 
by cos/, cos m, cos ft, and adding, 

T 

P + 7?lN— COSO) = 0, (4) 

9 w 

N being the normal force per unit mass in the sense of P. 
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By multiplying by cos a, cos f), cos y and adding, we have 

(IT 

— +t»S=0, (5) 

just as in the case of a free string*. 

When the applied forces have a potential, P, the integral of 
this equation, as in Art. 195, is 

T=T 0 -(F-F 0 ). (6) 

In the particular case in which the string rests on any smooth 
surface under the influence of gravity, this equation gives 

T= T 0 -»iff(j/-y 0 ), (7) 

the axis o{y being a vertical line. From this it follows that all 

points at which the tension is the same lie in the same horizontal 
plane. 

The curve of equilibrium of the string is found by eliminating 
Pand K from the equations (1), (2), (3). Thus, if we eliminate 
dT 

first * 7 — and P, we have 
ds 


m d ll x _ 

T— z 

ds 1 

(lx 

Tx’ 

dn 

dx 



t% +»r. 

<lv 

t h * 

dn 

dy 

= 0, 

(8) 

,72* 

T * + mZ 
ds 2 ’ 

dz 

7s’ 

dn 

7k 




in which u = 0 is the equation of the given surface, so that 

cos / : cos m : cos n = ~ — : • The value of T derived by in- 

dx : dy dz 

tegrating (5) must be substituted in (8), and we then get a 
differential equation which, with n = 0, determines the curve. 

300.] String on a Rough Surface. If a string, acted on 
by no forces, is stretched over a rough surface it need not, as 
in the case of a smooth surface, assume the form of a geodesic or 
shortest line. One simple case in which it will be a geodesic is 
that in which it is about to slip on the surface at every point in 
the direction of the tangent to the string at this point. 

Geodesic . Consider the equilibrium of an element, PQ, of the 
string, whose length is r/$, and suppose that it is about to slip in 
the direction QP. The element is acted upon by three forces — 
namely, a tension T , at P, a tension T + dT, at Q , and the total 
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resistance of the rough surface, which must pass through the 
intersection of the tangents at P and Q. 

It is evident that we may consider this total resistance as 
acting at P, ultimately, since it is of the form R x ds, R x being 
a finite quantity, and if it 
be assumed to act at any 
point between P and Q , its 
components in any direc- 
tions will differ from those 
of the total resistance sup- 
posed to act at P by in- 
finitesimals of the order of 
(ds) 2 . Resolve the total re- 
sistance at P into a normal 
force, Rds, and a force in the tangent plane, [iRds , p being the 
coefficient of friction between the string and the surface. 

Now the component fiRds must act along the tangent at P f 
since, by hypothesis, slipping is about lo take place along this 
tangent. Hence the three forces T, T+dT , and [xRds being all 
in the osculating plane of the curve at P, the remaining force, 
Rds, must also lie in this plane ; that is, the osculating plane at 
every point of the curve contains the normal to the surface. 
Hence the string assumes the form of a geodesic. 

Denoting the angle between the tangents at P and Q by d 0, 
we have, by resolving along the tangent at P, 

dT + fiRds=zO. (1) 

Again, resolving along the normal at P, 

TdO-Rds^ 0. (2) 

From (1) and (2) we have 

f + ^ = 0, T=Ce -I*, 

C being the constant of integration, and $ the sum of the angles 
of contingence , or angles between successive tangents to the 
string from any chosen point, A , to the point P. Let T 0 be the 
tension at A. Then T = T 0 when 0 = 0 ; therefore 

T=T 0 e-*°. (3) 

General Case . Suppose now that the string is acted upon by 

any forces, and that F is the force of friction per unit length at 
any point P, the direction of this force being in the tangent 

I 
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plane, but otherwise unknown. Let its direction-angles be 
j /)• Then with the same notation as before, 

T <IT 

— cos £ 4- - 7 - cos a 4* mX + 72 cos l 4- F cos a' = 0, (4) 

p (IS 

T (IT 

-—cos 77+ — eos/3 4- jycosw + ^cos/J 7 = 0, (5) 

T dT 

— cos f 4* ^ cos y 4- mZ+R cos w + Thos y' — 0. (6) 

Intrinsic equations, completely equivalent to the above, can 
be obtained by taking the axes of r, ^ and x, respectively, 
parallel to the normal (direction of 7?), the tangent (direction 
of T ), and a line drawn perpendicular to both, so that 


(X = y = 


/3 = 0 ; /=»/ = —> w = 0 ; 


t 77 77 > 

C — 2 0)5 V ~ 2’ C = 

If Q denotes the component force per unit mass at P along 
the new axis of a?, and 0 is the angle which the direction of F 
makes with the tangent, these equations become 
T . 

— sin a) +mQ -f 7 7 sin 0 = 0, (7) 


4* mS + 7 /T cos 0 


T 

cos co 4- wN 4 -72 =0, (9) 

P 

the last of which, therefore, holds both for a rough and for a 
smooth surface. 

Consider the particular case in which there is no continuously 
applied external force, i. e. let N = M = Q = 0, and suppose that 
slipping is about to take place at a point. Then at this point 
7 T = p72, and we have 


dT T 

—r = — VV 4 cos 2 co — sin 2 co. (10) 

ds p r ' 

At a point, therefore, at which the osculating plane is in- 
clined at the angle of friction to the normal to the surface, 
the tension is a maximum or minimum ; and if slipping is 
about to take place at all points, the tension will be constant 
throughout if the osculating plane of the curve in which the 
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string is placed makes throughout the angle of friction with 
the normal. 

If the osculating* plane is everywhere normal to the surface, 
go = 0, and therefore sin 0=0, i. e. the force of friction acts 
along the tangent — as is evident from the fact that of the four 
tlT 

forces, T, 2'+ — fix, 11 , and F, which keep an element in equi- 
librium, the first three are then coplanar, so that F must lie 
in the tangent. 


Example. 


A string whose weight may he neglected is placed along a circular 
section of a rough right cone and is pulled at its extremities by two 
given forces, P and Q; find the relation between these forces when 
the whole string is about to slip, and the direction of slipping at each 
point. 

Ans. If a = semiveitical angle of cone, fj. = coefficient of friction, 
Z = length of string, r = the radius of the circle, and if P is about 

to overcome Q , 

Q— P e ~7.vV iu > 2a -sin 2 a 


and the direction of slipping makes at each point with the tangent 
the angle whose cotangent is V [x 2, cot 2 a — 1 . 


301.] Equilibrium of an Extensible String. With the same 
notation as that employed in Art. 196, the equations of equi- 
librium of a flexible extensible string in the general case will 


wds = 

m 0 ih a , 


(1) 

ds = 

0 + 

T 

( 2 ) 

s( p s)+«* 

= 0, ] 




= 0, 

L 

( 3 ) 


= 0. J 



rls 

= V dx 2 + dy l + dz 2 , 

W 

m 0 

=/(*, 

»)• 

( 5 ) 


In general, then, the two equations of the curve of equilibrium 
are found by eliminating m, m 0 , s, s 0 ,T from these seven equa- 
tions. 
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As before, we take only two cases, viz. that in which is 


fix 


constant, and that in which X, Y } Z are constant. 
Firstly, consider constant. 

Then, multiplying* the left-hand sides of (3) by — , 
and adding, we get 

dT , (hr, rr fh/ r /h^ 

7h + ’< X 7-, +1 i + W = °- 


fh 


(Iz 

T*' 

( 6 ) 




while from (1) and (2) we have m — — ; so that (6) gives 


1 + 


r L\ 


(l + A<lT+m {) (Xdx+ Ythj + Zdz) = 0. 


(?) 


Integrating this and putting V for the potential of the external 
forces, per mass w 0 at the point (#, y, z), viz. 

w 0 f (XJx ~f- Y<ly -f Zdz) y 

we have ^ (l + = A — V (8) 

where A is a constant. 

Ifence by (2) 

7T-T 

which gives s in terms of * 0 , and therefore the extension. 

If V and P are the potentials at two points at which the 
tensions are T and T\ respectively, 

{ t - t ') (1 + = r - r . (10) 



The equations of the curve of equilibrium are obtained by 
substituting the value of T given by (8) in any two of the 
equations y , Ix 

0 + +m » X ~ 0 ’ 

( 1 + x)|( z a) + ”- r = 0 - 

(•+$*('*>+■■*-•• 

Secondly, suppose the external forces X, X, Z to be constant. 
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Then, integrating equations (3), we have 


T^A-Xfr^. 
T'lf s = ]i-Y/ mo ,h 0 , . 

C-Z/m 0 ch 0 , 


(”) 


A, B, G being constants. Squaring and adding these, 

= (A-X/ni 0 ^XHB-Y/w 0 d» 0 f + (C-^/m 0 d go )\ ( 12 ) 

which gives T in terms of « 0 . Suppose 


Hence from (2) 


2' =<#•(*„)• 



(13) 


from which the extension is known. 

The equations of the curve are obtained from equations 
(11) by substituting for dt in terms of t/s 0 . lhus, 

( 1x = (A- X/wJs 0 ) j x - + ^- (4 -j | <K> 

dy = (v-r/», 0 d« 0 )\l + ~J<K, 

(h = {C-Z/m o*o) jx + dis- 


integrating these and eliminating wc obtain the two equa- 
tions of the curve of equilibrium. 

302.] Eq uili brium of a Plane Elastic Rod. The equilibrium 
of a string has been investigated, in A.rt. 297, on the supposition 
that if we take a normal 
section of it at any point, 

P, the action exerted on 
the portion PB by the 
remaining portion PA 
consists simply of a force 
directed along the tan- 
gent. The rod differs from 
the string in this — that 
the internal action exerted on any normal section is much more 
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complicated, being* equivalent to a force, I y acting at some point 
of the section, oblique to the tangent, together with a couple L. 
In the case, now before us, of a rod lying wholly in one plane 
and acted upon by external forces and couples, also confined to 
this plane, the axis of the couple, Z, will at every point be 
perpendicular to the plane of the rod.. Indeed, the remarks in 
Art. 103 on the nature of internal action, or stress, prepare us 
for seeing this. 

In the above figure (Fig. 266), consider the nature of the action 
exerted over the normal section at P on the part PP by the 
part PA. Near the upper, or convex, side the bending has the 
effect of making the part PA try to tear away from PP, so that, 
on the whole, there will be in this neighbourhood forces on PB 
directed towards the left ; while near the lower, or concave, side 
of the rod at P, the bending causes the portion PA to push into 
PP, and consequently the particles of PP in this neighbourhood 
will experience forces directed towards the right of the figure. 

This state of stress is roughly repre- 
sented in Fig. 267. If the arrows in 
it represent the forces experienced by 
the individual molecules of the por- 
tion PP, it is clear how such forces 
might reduce to a single force acting 
below P', perhaps a long way off from 
the rod ; and how this single force, 
again, could (Art. 79) be replaced by the force I (Fig. 266) 
acting at an arbitrary point of the section, together with the 
counter-clockwise couple L. 

A remark may be made with reference to the system of 
stress (Fig. 267) on the section of the rod. It is this — that even 
though the normal section may be extremely small, as in the 
case of a very narrow wire, the forces experienced by the suc- 
cessive molecules lying in the section vary in both magnitude 
and sense with enormous rapidity. On an infinitely small area 
of this normal section — such as the surface of a single atom — the 
stress action consists necessarily of a force simply — without any 
couple ; but the normal sectio'n of even a very thin wire contains 
an infinitely great number of such infinitely small surfaces, and 
therefore furnishes abundant possibility for the enormously rapid 
change in the magnitude and sense of the separate internal forces, 
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and hence for that force and couple to which, if the wire be very 
stiff, these individual forces must reduce. 

The rod, whoso equilibrium wc arc considering*, is supposed, for 
generality, to be acted upon continuously throughout its length 
by an applied force, whose amount per unit length at any point is 

together with an applied couple, whose amount per unit length 
is G. A magnetized spring acted upon, in addition to any other 
forcos, by the earth's magnetic attraction, gives an instance of 
continuously distributed external couple. 

303.] Conditions of the Extremities. Our figure represents 
the rod as kept in equilibrium by continuously distributed force 
(Fih) and couple, together with two terminal forces at A and B . 
These terminal forces may be produced either by direct pulls 
or by fixing smooth pins through the extremities, since (Art. 103) 
the pressures all round the surface of a smooth cylindrical axis 
are equivalent to a single force acting through the centre of 
the axis. 

Another, and essentially different, state of affairs at the ends 
is produced by fixing not only the end itself but also the tangent 
at it. In this case wc shall speak of the end as tangentially fixed. 
It is clear that this mode of fixture could not be produced by 
the application of a single force at the end so fixed ; it would 
require the application of a force and a couple to the end. 
In the case of coplanar forces this force and couple are equi- 
valent to a single force acting at a distance from the end 
(Ait. 79). 

Pivoting at an extremity is, then, productive of a single force 
acting at the extremity ; and tangential fixture is productive of 
a force and a couple acting at it. 

304] Equations of Equilibrium. We now proceed to obtain 
tlie equations connecting the stress with the external forces and 
couples, exactly as in the case of a string. Consider the separate 
equilibrium of the element PQ. The stress which it experiences 
at P has been already described ; over the normal section at Q, 
the stress will consist of a slightly different force, I+dT, and a 
slightly different couple, L + dL\ while the externally applied 
force is Fds, and the externally applied couple is Gds. (The force 
I+dJ and the couple L + dL are exerted by the portion QB on 
QAj and are therefore in the senses represented in the figure.) 

Suppose the arc 6* to be measured from A , so that AP = s ; 
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let Sds and Nds be the components of Fds along the tangent 
IP and the normal Pn drawn towards the convex side of the 
curve ; let 6 be the angle which the tangent at P makes with 
some fixed line (axis of x) which we may, for definiteness, sup- 
pose drawn at the lower side of the figure, so that the radius of 
ds 

curvature, p , at P is — — • Also, let the internal force, I } be 

resolved into components, T, along the tangent, and U, along the 
normal. The second component is called the shearing stress at 
P ; the first is, of course, the tension of the rod. Let the tension 
and shearing stress at Q be T+dT and U+dU , respectively. 

Then, for the equilibrium of PQ, resolving along the tangent, 
we have _ T+ T+ l1T _ ( U+ , W ) <U + Sth = 0, 

observing that d6 is negative. Hence, proceeding to the limit, 


(IT 

Ts 


+ 


U 


+ 5=0. 


( 1 ) 


Similarly, by resolving along the normal, 


U + dU-U+(T+ dT) dO + Nds = 0. 


dU 

ds 


T 

+A= o. 

P 


( 2 ) 


Finally, taking moments about an axis through P perpen- 
dicular to the plane of the figure, and observing that the 
moment of the external force would give a term of the order 
ds 2 , we have 

Jj—Ij—dfy+(U+dU) ds + Gds = 0, 


dL 

ds 


U-G 


0 . 


(3) 


From this last we see that when there is no continuously dis- 
tributed external couple, the shearing stress at any point is equal to 
the differential coefficient of the stress couple with respect to the arc . 

With regard to the sense of the stress couple L , observe, in 
general, that the couple exerted on any portion PA by the 
remaining portion PB is in the sense in which the tangent 
at P revolves as we move from P along PB ; and in (3) the 
shearing stress exerted on PA by PB is measured along the 
normal drawn towards the convex side of the curve. If U is 
measured towards the centre of curvature we have simply to 
change its sign in the equations. 
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Sometimes it is of more advantage to obtain equations from 
the consideration of the equilibrium of a portion of finite length 
of the curve. 

Thus, consider the equilibrium of the whole length AP. Take 
any two fixed axes of x and y ; let Xrls and Yds be the com- 
ponents of the external force, Fds , parallel to these axes; let 

oc and ft be the components of the force (arising from any such 

cause as fixture) at A , and let A be the special couple (if any) 
applied at A. Then, by resolution, we have 

Tcos 0 — Z7sin 0 = oc —fXds y (4) 

Tain $ -f ?7cos 9 = ft + f Yds y (5) 

which give T and U at once. 

Also, by taking moments about P , and denoting the co-ordinates 
of A by a and 6, while, to avoid confusion, we denote the co- 
ordinates of any point on the curve between A and P by f and 
? 7 , we have 

‘ P = \ + oc(y^/j)^ft(x^a)+/{X(y^rj)^Y(x^i) + G}d^ ( 6 ) 

Or the value of L may often bo better obtained from (3), U 
having been determined from (4) and (5). 

305.] Particular Case of Plane Spring. Suppose that there 
are no forces or couples continuously distributed along the rod, or 
spring, but merely a force, II , at one end, B y the other being 
either simply or tangentially fixed ; and suppose that before 
strain the spring had the form of any plane curve, of which the 
radius of curvature at any point was r . Considering the equi- 
librium of any portion PB y we see that stress at P (force and 
couple) must reduce to a force equal to the force 11 and directly 
opposed to it in its line of action. 

Hence at all points the internal force 1 is constant in magni- 
tude and direction, being equal to H. 

Again, by moments about P } if we take the line of action of 11 
as axis of we have _ II. y. (1) 

Now the magnitude of L is assumed to be equal to the change 
in curvature at P produced by strain, multiplied by a certain 
constant, A t whose magnitude depends on the stiffness of the 
material of the spring ; so that 



( 2 ) 
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The constant A is called a flexural rigidity , and it is evidently 
of the nature of a force multiplied by the square of a line. 

We may therefore put ~ = a 2 = a constant, and then we have 


1 

P 



(3) 


which is the equation determining the form of the curve. 

If the spring when free from strain was straight, -- is zero, 
and the equation becomes 

1 V 


If the rod was in the form of a circular arc when unstrained, 
(3) could be put into the form (4) by taking the axis of x parallel 

oft 

to the line of action of II at a distance — from it. 

r 

The force, ZZ, may be applied either directly to the end, B , of 
the rod itself or to a rigid arm attached to B . 

The latter case is the same as if II were directly applied to B 
and accompanied by a couple whose moment is the moment of 
H about B — in fact, a rigid arm at the extremity of which H is 
applied may be regarded as a means of applying a force and a 
couple at the end, B, of the rod (see Art. 202). 

306.] Elastic Curves and Elliptic Functions. Let ABB 
(Fig. 268) represent the rod, with two rigid arms, Aa , Bb , 


D 



attached to its ends, two equal and directly opposed forces, H 3 
being applied perpendicularly to these arms. We assume that 
the rod was straight when unstrained. 

Taking the line ah as axis of x 3 the equation of the bent rod 

is P y = d \ (1) 
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We shall express p in terms of the element of arc, ds, and the 
angle, d 0 , between the tangents at its extremities ; and for 
definiteness we shall assume s to be measured from a point, D, 
at which the tangent is parallel to the line, ab , of action of the 
force II, and the angle 0 made with the tangent at 1) by the 
tangent at any point, P, on the curve to be measured positively 
in the sense of clockwise rotation. 

The curve of equilibrium may be concave at some points and 
convex at others to the line of action of the terminal forces ; and 
if at any point it intersects this line, its curvature vanishes at 
the point. It may, again, never intersect this line at all. 

If P and Q are any two very close points on the curve, the 
extremity of the curve, which we should reach by travelling 
from P to Q and then continuously along the curve, may be 
called the extremity adjacent to Q, while the other extremity may 
be called the extremity adjacent to P. 

The terminal forces, //, may act along ab either towards each 
other, as represented in Fig. 268, or from each other, and the 
sense of the bending (or concavity) at any point will depend on 
the senses of the terminal forces. In every case, of course, the 
sense of the bending at any point P is such that *the moment 
about P of the terminal force at either extremity is opposed by 
the stress couple exerted at P by the remaining portion of the 
rod ; or, in other words, for all the figures which the curve can 
assume we have the following rule — the sense in which the tangent 
revolves in passing from P to a consecutive point Q is the sense of 
the moment about P of the force at the end adjacent to Q. 


If in (1) we put p = ~~ ; and — = — sin 0 , we have 


»d*0 . . 

5 ? = 


( 2 ) 


,2 (^)’ = C + 2 “ S «. 


where C is a constant. Let 1) (Fig. 268) be a vertex, or point 
at which the tangent is parallel to ab, and let the ordinate 
DC = h ; then from the last equation we have 


y 2 == h 2 — 4 a 2 sin 2 \ 0. (3) 

Now different eases arise according as h is < 2 a, = 2 a, or 
> 2a . 
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Case 1 ; h<2a . Let h = 2 ak, where k is a fraction. Then 
y = 2a Vk 2 — sin 2 ^0. (4) 

Let sin ^ 6 = £ sin </> ; then 

y = h cos cj > . (5) 

The angle can be easily exhibited ; with G ) the foot of the 
oidinate from P, as centre, describe a circle of radius h ; from P, 
which is any point on the curve, draw Fll parallel to ab , meeting 
the circle in p. Then the angle DCp is obviously (p. 

tly 

ds 


To find the length of the arc PP, or s , we have — - = — -sin 0 ; 


but from (5),— = — h sin (p — ; hence 


'ds " ^ ds 

ds _ If sin (/> 
d cp sin 6 

a 


V l — k 2 sin- cp 

r * d<p 

s — a j — -- - 

Jo ^1— p-sin 2 </> 

= . F(t, </>), 

according to the notation for an elliptic integral of the first kind, 
To express the abscissa, CM , of P. If CM = a?, we have 


( 6 ) 

( 7 ) 


—■ = cos 0 , 


rte 1 — 2 k' 1 sin 2 <p 

= h sin (p cot 0 = a — ~ : 


where A</> = 1 — k 2 sin‘^ </>. Hence 

d OR a i a /o\ 

( 8 ) 

# = 2a.E(k, </>) — a.F(k, </>), (9) 

+ = 2a.E(k, <p), (10) 

where, as usual, E denotes the elliptic integral of the second 
kind. 


Examples. 

1. If the ends A and B are fixed by smooth pins at a given dis- 
tance apart, and the rod is placed in the form of n hays, or spans, 
between the pins, find the pressures exerted by the pins. 

The pressures exerted by the pins will be directly opposed in the 
line ;17i. Let AB = c, and let l = whole length of the rod. Then 
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the length of the arc in one span is obtained from (7) by putting 
2 l = 2naF (Jc, ^7r). (11) 

Similarly, from (10), we have 

c + Z = 4 naE {k, ^tt) ; (12) 

so that k is determined from the equation 

21. E(k,^) = {c + l).F (13) 


which is independent of the number of bays . 

Now there is only one value of k which satisfies this equation, 
as we can see graphically thus. The values of k range from 0 to 1. 
Draw two rectangular axes, Ox and Oy ) and let abscissae (along Ox) 
represent values of k while ordinates represent the corresponding 
values of E . 

When k = 0, E = ^7r, and when k = 1, = I. Also, we easily 

find by differentiation that 


dE _ E-F 
dk ~ k 

dF _ I E 
dk ~ k W 


n 


(14) 

(15) 


in which we use E and F, for shortness, instead of E(k,^i r) and 
F(k, %tt); and also k' 2 for 1 —k 2 . 

Measure off OV -=.\ tt along Oy, and OT = 1 along Ox, and at T 
draw an ordinate TR = 1 . Then the curve representing the values 
of E passes through V and R , touching TR at R, and touching at 

V a line parallel to Ox. (Tho value of ?J - at V assumes the form ~ j 

dfc u 

but it is easy to find, by the help of (15), that it is equal to zero.) 
This curve is continuously concave towards the axis of x . 

Again, the curve whose ordinates represent the values of F passes 
through V, touching the previous curve at this point, its ordinate 
being thenceforth always > OV, until when k = 1, the ordinate =00 . 
This curve, therefore, approaches the line TR asymptotically. An in- 
spection of the figure shows that if the ordinates of these curves have 
a given ratio, there is only one value of k which will answer, since 
the second curve is continuously convex towards the axis of x , E being 
always > k' 2 F, except at the point V. 

The value of k, then, must be found empirically from (13), and if 
the corresponding value of i^is fx y equation (11) gives 

U = 4w 2 /jl 2 A/Z 2 (16) 

for the pressure exerted by each pin. 

Hence the pressure is proportional to the square of the number 
of bays. 
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If a is the angle made with the line AB by the tangent at either 
extremity of the rod, since, in general, sin ^ 0 = &sin <f>, we have 

sin^a = &, (17) 

for any figure which crosses the line of force, since for all such curves 
</> = ^ 7r for the point of crossing. 

In the present case, therefore, whatever be the number of bays, 
their terminal tangents are all equally inclined to the line AB. 

The particular case in which the ends A and B are brought to- 
gether deserves to be noticed. One form of equilibrium is, of course, 
that of a single loop starting from A and coining round to A again, 
there being two distinct tangents to the curve at A . 

For this case put c = 0 in (13), and the value of k is obtained from 
the equation ^ *,) = F(k, *»), (18) 

and the inclination of each tangent is given by (17). 

Another form of equilibrium in this case is that of a figure of 8, 
the two tangents at the double point making with the axis of the 
curve the same angles as those just found for the case of a single 
loop. 

2. Show that if a rod is slightly bent between its extremities, its 
figure is that of the curve of sines, y = h sin#/#* 

Case 2 ; h = 2 a. In general, the radius of curvature at the 

vertex D is equal to a 2 /h, so that when Ji >a } the curve on leaving 

1 ) comes inside the circle Dp (Fig. 368). Such happens, then, in 
the present case ; and we easily find from (7) and (10) 

s = a log tan + (19) 

x = 2 a sin <£ — a log tan (^7r-f -|</>). (20) 

Also </> = J0, and y = 2acos|0. On leaving the vertex, D, 
the value of x begins by increasing ; but the logarithmic term 
in (20) must soon destroy the term 2#sin</>, so that x = 0, or 
the curve cuts the axis of y at some such point as J (Fig. 269). 

The course of the curve from 
D is DPJB ; and there is 
obviously a similar and 
equal portion represented by 
DQJA ; and the productions 
of the curve beyond the arms, 
at the extremities of which 
the forces II are applied, 
are asymptotic to the line 
of force. 

Case 3; 7i>2a. In this case put 2a=z i./t, where k is, of 
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course, < 1. Hence y = h V 1—Fsin and if we put 
h sin \ 0 = sin </>, we have y = // cos <£, so that we have the same 
geometrical representation of </> as before. But in this case the 
curve can never cross the line of force, since sin cannot be equal 
to 1 /k, and, consequently, y cannot vanish. 

The following results are easily found : 

* = • *(*> 10 ; * = ^ • n (*, 10) - 2 -^~ a e). 

The form of the curve is that represented in Fig. % 70, in 
which ab is the line of action of the terminal forces. This figure 
represents al so the curve 
of what is called the 
Hydrostatic Arch (omit- 
ting, of course, the 
looped portions). 

The idea in the con- 
struction of this arch 
is as follows : If a per- 
fectly flexible string with fixed ends is in equilibrium under the 
action of continuously applied external force, which is everywhere 
normal to the string, the tension, T 7 , is constant, and at each 
point it = A T p, where iVis the normal force per unit length and 
p the radius of curvature at the point (Art. 183). In such a 
system there is no shearing force and no stress couple at any 
point. Now, if we imagine the sense of every force to be 
reversed, i. e. let the normal force, N , be converted into pressure 
towards the centre of curvature, and the tension, r l\ to be con- 
verted into thrust, while the string becomes a body capable 
of resisting tangential thrust (i. e. a body of the nature of a 
wire), no shear and no bending couple would be called into play in 
the new body . But these are the objects to be desired in an arch, 
DP , supporting water, since with no shear or bending couple, 
there will be no tendency in the joints to separate. The stress 
in the arch will then consist of direct tangential thrust between 
stone and stone. 

Now if P is any point on the arch, and ab the level of the 
superincumbent water, the pressure per unit area at P is wy, 
where to is the weight of the water per unit volume, and y the 
depth of P below ab. If, then, the arch is merely a rigidified 




128 EQUILIBRIUM OF STRINGS AND SPRINGS. [ 306 . 

string* devoid of shear and bending stress, T = constant, and 
T 

- = wy y therefore py = constant, where T is the thrust in the 

arch per unit of breadth (i. e. per unit distance perpendicular to 
the plane of the figure). 

Practically the elastic curve py = a 2 can be constructed as an 
assemblage of small circular arcs thus. Take any axis of abscissae, 
ah (Fig. 268 ), and, starting with a point D, describe a small 
circular arc, Dl)\ whose centre is on the ordinate DC, Let this 
centre be 0, and let y be the ordinate of 1 Then on the line 

If 0 take a point 0' such that O' If = 01) where y is the 

ordinate, DC y of I) y and with 0 f as centre draw the small circular 
arc 1)'D " ; continue by a small circular arc from 1)" to I)"\ and 
so on, and we get an approximate figure of an elastic curve. 

A plane flexible string, every element of which is acted upon 
by a normal external force only, whose magnitude is proportional 
to the distance of the element from a fixed line in the plane of 
the string, assumes the form of one of the elastic curves, since by 
equation ( 2 ) of Art. 183, wo have 

py — constant. 

This would be the case of a flexible cylindrical sheet filled with 
water. A section of the surface perpendicular to the axis of the 
cylinder would — at least in places not near the ends of the 
cylinder — be a curve satisfying the equation py = constant, 
since each element is acted upon by a normal force (the water 
pressure) whose magnitude is proportional to the depth, y, of the 
element below the free surface of the water — the lateral tensions 
proceeding from the elements of the sheet outside the plane 
of the section contributing no component tension in the plane of 
the section. 

For information as to twisted wires, Thomson and Tait, Natural 
Philosophy , vol. ii, may be consulted. 
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THEORY OF ATTRACTION. 

Section 1, — Direct Calculation of Attraction. 

315.] Newtonian Law of Attraction. The motions of the 
planets and comets of the solar system can he explained com- 
pletely on the hypothesis that each body of this system attracts 
every other body of the system with a force which in any 
position of the two bodies is directly proportional to the product 
of the masses of the bodies, and which in different positions is 
inversely proportional to the square of the distance between 
them. The fact that the positions which will be occupied by 
comets can be predicted with certainty, that the existence of 
Neptune Avas mathematically deduced from the assumption 
that certain disturbances in the motion of Uranus were due 
to the attraction of an unknown planet according- to the above 
law, and several other facts of the same kind, all prove that the 
law holds with all the accuracy that human observation is 
capable of testing, so far as the action upon each other of large 
masses separated by distances which are great compared with 
their linear dimensions is concerned. 

As to the cause, or mechanism, to which this attraction is due, 
nothing is known. Newton says in the Scholium at tho end 
of Book III of The Vrincipia , ‘ To us it is enough that gravity 
does really exist and act according to the laws which we have 
explained, and abundantly serves to account for all the motions 
of the celestial bodies and of our sea/ A little before this in 
the samo Scholium he says, ‘ But hitherto I have not been able 
to discover the cause of those properties of gravity from phe- 
nomena, and I frame no hypothesis [hypotheses non fingo ).’ 

K 


1695 
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Although Newton framed no hypothesis on the mode by 
which gravitation is propagated through space, he mentions 
certain speculations which were current in his time, and which 
have been brought into great prominence in our days. Thus, 
at the end of section xi of Book I he says, e I here use the word 
attraction in general for any endeavour, of whatever kind, made 
by bodies to approach each other ; whether that endeavour arise 
from the action of the bodies themselves, as tending mutually 
to or agitating each other by spirits emitted; or whether it 
arises from the action of the aether or of the air, or of any 
medium whatsoever, whether corporeal or incorporeal, anyhow 
impelling bodies placed therein towards each other.* 

By far the most promising step that has been taken towards 
a solution of this great difficulty is the discovery by Faraday 
that the attraction between two electrified bodies is influenced 
by the insulating medium in which they arc placed, inasmuch 
as this discovery renders it highly improbable that any force 
produced by one body on another is a direct action at a distance. 
This discovery has been worked by Clerk Maxwell into a con- 
sistent mathematical theory of the mechanism by which mag- 
netic and electromagnetic actions are propagated by a rare 
medium filling space. 

Newton does not, however, confine the law of attraction 
according to the inverse square of distance to large masses 
like the planets; for he investigates the attraction of a solid 
on a particle, even when the particle is within the matter forming 
the body, on the supposition that this particle is attracted 
by every elementary particle of the body — however close to the 
attracted particle — with a force expressed by this law. 

The assumption that every indefinitely small particle of matter 
attracts every other particle with a force which acts in the right 
line joining the particles and whose magnitude is directly pro- 
portional to the product of the quantities of matter in the particles 
and inversely proportio?ial to the square of the distance between 
them is the formula of what is called the Laiv of Universal 
Gravitation. 

The terms of the enunciation render it clear that the linear 
dimensions of the particles must be infinitely small compared with 
the distance betioeen them — otherwise, indeed, the term * distance 
between them* would be unmeaning. We shall soon prove. 
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however, that if the particles are homogeneous and spherical, 
this limitation may be removed, and the ‘ distance between 
them ’ is the distance between their centres. 

But it is just at this point — i. e. when dealing with forces 
exerted on each other by indefinitely close molecules — that our 
ignorance of the cause or mechanism of this attraction introduces 
a most unsatisfactory dualism — or rather multiplicity of laws — 
into physical science.* For we are often presented with repul- 
sions instead of attractions, and the phenomena of Elasticity 
and Capillarity have hitherto compelled physicists to assume 
other laws of force between molecules than the Newtonian law 
of the inverse square of distance, or the law of nature , as it is 
often called. 

Electrical and magnetic attractions and repulsions are proved 
by experiment to obey this law, and therefore the theory of 
attraction is almost wholly a discussion of its consequences. 

The quantitative expression of the Newtonian law is as 
follows. Suppose two very small particles whose masses arc 
m grammes and in grammes to be placed at a distance of r 
centimetres apart — this distance being, as before said, very 
great compared with the linear dimensions of either particle ; 
then each will attract the other with a force equal to 


y 


mm , 

—i - dynes, 


(a) 


in which expression y is an absolute constant, i. e. one whose 
magnitude is independent of the magnitudes of the masses and 
their distance. 

We shall subsequently calculate the value of y, which is called 
the absolute constant of gravitation. With the units of mass and 
distance chosen as above, y is evidently the number of dynes in 
the force with which a mass of one gramme condensed into an in- 
finitely small volume attracts an equal mass similarly condensed 


* For example, Clerk Maxwell, in his article on Capillary Action ( Encyclop . 
Brit.) says : * The forces which are concerned in these phenomena are those 
which act between neighbouring parts of the same substance, and which are 
called forces of cohesion, and those which act between portions of matter of 
different kinds, which are called forces of adhesion. These forces are quite 
insensible between two portions of matter separated by any distance which we 
can directly measure. It is only when the distance becomes exceedingly small 
that these forces become perceptible. 1 

Clearly science still needs a vigorous application of Occam’s Razor. 
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at a distance of one centimetre ; or, as we shall see, the force of 
attraction between two homogeneous spherical grammes with 
a distance of one centimetre between their centres. 

316.] Conical Angles. Let ABODE (Fig. 273) be any closed 
curve, plane or tortuous, and 0 any point. If from 0 lines OA i 

OB , &c., are drawn 1o every 
point on the curve, we obtain 
a cone. If round 0 a sphere 
of 1 centimetre radius is de- 
scribed, the rays OA , OB , &c., 
constituting the cone will 
intersect the spherical surface 
in a curve abode ; and the 
number of square centimetres 
in the area of the spherical 
surface contained within this 
curve is called the solid angle 
subtended at 0 by the given 
curve ABODE. Instead of this term (which is in no w^ay ex- 
pressive) we shall use the term Conical Angle. If the sphere 
described round 0 has a radius of 1 mile instead of 1 cm., the 
number of square miles of the spherical surface enclosed by abode 
w ill be the conical angle, and this number will be the same as that 
of square centimetres on a sphere of radius 1 cm. Generally, 
if a sphere of any radius, r, be described round 0, and the curve 
ABODE conically projected, as above, on its surface, the ratio 
of the area of abode to the square of the radius r is the measure 
of the conical angle subtended at 0 by the given curve — -just as 
the plane angle subtended at 0 by any two points, B, is the 
ratio of the length of the arc of any circle, with 0 as centre 
in the plane DOQ , intercepted by the rays OB and OQ, to the 
length of the radius. 

A conical angle is thus a mere number , like the circular 
measure of a plane angle. 

The sum of all the conical angles round any point is 47 r, 
because it is the wdiole area, in square centimetres, of a sphere 
of 1 cm. radius described round the point. 

The conical angle subtended by any closed plane curve at any 
point which is in the plane of the curve and inside its area is 
2 7 t ; since the rays 0A } OB , &c., from 0 to the different points 
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on the curve intersect a spherical surface described round 0 as 
centre in a great circle of the sphere. 

Let any closed surface be broken up into an indefinitely great 
number of small elements of area ; then the sum of all the 
conical angles subtended by the contours of these elements at 
any point, 0 , inside the given closed surface is obviously 47 r. 

If 0 is anywhere on the surface itself, the sum of all the conical 
angles subtended at 0 by the elements of ai'ea of the surface is 
2 7 t, since the slender cones revolving round 0 lie all on one side 
of the tangent plane at 0 , and they will cut off only the area 
of half the spheie described round 0. 

If 0 is anywhere outside the given closed surface, the sum of 
all the conical angles subtended at 0 by the elements of area on 
the surface is zero. This case requires a little explanation. 

Let any line drawn through 0 meet the given closed surtace 
in points P Xi 7 2 , J 3 , 7] (Fig. 274 ), of which there must be an 
even number ; and 
let a very slender 

cone of rays drawn ylZ ^ . ^4 

through 0 intersect ^ Q 

the surface in the 0 - — "mI 3 J 

small elements of ^ / 

area represented at 2 74 ^ 

these points. Then 
although numerically 

the conical angles subtended at 0 by these elements of area are 
all the same, distinctions of sign must be made between them. 
These distinctions can easily be made thus. At P x it is the 
outside of the surface that is turned towards 0 ; at 7 2 it is the 
inside ; at 1\ the outside ; and at 7£ the inside. Hence if 7co is 
the magnitude of the conical angle subtended at 0 by these 
elements, we may agree to make it plus for the inside aspects, 
7^ and 7£, and minus for the outside aspects, P x and 7 3 ; so that 
the sum of the conical angles subtended at 0 by these four 
elements of the given surface is zero. 

For the purpose of projecting any element of area — as that at 
1 \ — on any plane, we may adopt the convenient and consistent 
plan of drawing at the point the normal I x u X) outwards from 
the surface proportional in length to the element of area, 
marking its extremity with an arrowhead, thus treating it as 
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a directed magnitude, like a force, and taking its component along 
the normal to the plane as representing in magnitude and sign 
the projection of the element of area at 1[ along the plane in 
question. 

Thus, the conical angle subtended at 0 by the element, 
dS A , of area at 7] is represented by the projection of JPn 1 along 
the line OQ which is the normal to the surface of the sphere 
of projection; this gives the conical angle = dS^ X cos n 1 P l Q, 
which is negative. Similarly for the other points, i 2 , if,, 1\. 

If dS is any element of area of a surface at a point P, and d co 
is the conical angle subtended at any point 0 by this element, 
while y\r is the angle between OP and the outward-drawn normal 

at P, we have np 2 

dS= — T -d a). (a) 

cos ^ 

Tor, if a sphere is described through P having 0 for centre, 
the cone of rays which intercepts the area dco square centimetres 
on the sphere of 1 cm. radius will intercept on this sphere an 
area of OP 2 , dco square centimetres (if OP is measured in centi- 
metres) ; and since this is the projection of dS on the surface 
of the sphere, we have the result (a). 

The locus of the point 0 at which a given closed curve, or circuity 
subtends a constant conical angle is a surface which contains the 
given curve as an edge — just as in piano the locus of a point 0 at 
which two fixed points, A, P, subtend a constant angle is a curve 
(circle) passing through A and B. The constant angle belonging 
to any one of a series of circles passing through A and B may be 
found by joining any point on the circle to A and B\ but if the 
point selected on the circle is either A or B itself, an indeterminate- 
ness naturally arises, since the line joining B to itself is indeterminate. 
However, for any one circle if we take a point on the curve infinitely 
close to By the direction of the line joining it to B is the tangent 
to the circle at B ; so that the angle pertaining to that circle is 
the angle between AB and the tangent to the circle at B . 

Similarly when the point 0 is taken on the given circuit, the 
conical angle subtended at it by the curve is naturally indeterminate ; 
and to determine the angle pertaining to any one surface of the series 
of surfaces of constant conical angle having the given circuit for an 
edge, we must take a point, O', infinitely close to 0 in the tangent 
plane to the particular surface . The rays joining O' to the various 
points on the neighbouring part of the circuit form a semicircular 
fan of rays in the tangent plane, and they will intersect the sphere 
of unit radius described round 0 as centre in a semicircle ; thus the 
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projection of the given circuit (which projection answers to the curve 
abcde in Fig. 273 ) on the unit sphere at 0 consists of a great semi- 
circle and some irregular curve, U (suppose), completing this semi- 
circle into a closed curve on the sphere ; and the area of the spheie 
inside this closed curve is the conical angle belonging to the selected 
surface locus. 

To find the angle at which two surfaces of constant conical angles, 
a)! and a > 2 , cut each other at any point, 0 , on their common edge 
of intersection, describe the unit sphere round 0 as centre. Then 
we have just seen that the conical angle belonging to the surface 
aq is the area of the sphere included by a closed curve on its surface 
consisting of a great semicircle S x and an iriegular curve U ; and the 
conical angle to 2 belonging to the other surface is the area of the 
sphere included between a great semicircle *S 2 (having the same 
diameter as k\) and the same imgular curve U. Hence is 

the area of the lune included between S x and S 2 ; but S x and S 2 lie 
in the tangent planes to the surfaces oq and w 2 , respectively, so that 
the angle, 0 , between them is the angle at which the two surfaces 
intersect ; and the area of the lune = 20 square centimetres, if the 
radius of the unit sphere is 1 cm. 

Hence two surface-loci of constant conical angles oq, u > 2 for a 
given circuit intersect at a constant angle at all points on this 
circuit , the angle between them being 

316, a. Line-Integrals and Surface-Integrals. The discussion 
of the Conical Angles subtended at various points in space by a 
given circuit depends on certain theorems of integration with 
reference to unclosed surfaces and their bounding edges, and as 
the whole subject is of much importance, paitieularly in the 
theory of Electromagnetism, it is considered advisable to devote 
special consideration to it here. 

Let cj) (#, g, r), which we shall briefly denote by </), be any 
function of the co-ordinates of a point in space ; then if any 
surface (closed or unclosed) be broken up into infinitesimal 
elements of area and the element, dS, of area at any point be 
multiplied by the value of <p which belongs to that point, the 
sum of all such products, viz. 

f*M, 

taken all over the surface, is called the Surface-Integral of <f> over 
the given surface. 

In the same way, if any curve (closed or unclosed) be taken in 
space, and if it is broken up into infinitesimal elements of length, 
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and the element of length, ds, at any point be multiplied by the 
value of (f) which belongs to that point, the sum of all such 
products, viz. /<£*, 

taken all over the curve, is called the Line-Integral of <J> over the 


Tueokem 1 . If ij) and \j/ are any Leo functions of a\ y (only), and 
if any closed plane curve he described in the plane ay, the double 

integral r , . ,]$ 

<“> 

taken over the area of the curve , is equal to the integral 

f ( 4 > (lx + y\rdy) (ft) 

taken along the perimeter of the curve in the sense in which the 
positive axis of x should rotate in order to coincide with the positive 
axis of y. 

Let rpq ..., Fig. 275, represent the given curve. Take the 

term JJ ^ dxdy first. Now, 

to find this, we may first in- 
tegrate with respect to x, con- 
sidering y constant. 

Let r be any point on the 
contour and r/ a line parallel 
to the axis of x ; let s be a 
point on the curve infinitely 
near r , and ss' a line parallel 
to the axis of x ; and let / n 
and rn be perpendiculars on ss'. 
Taking y, then, as constant, 

we are to sum ( ~-dxd?/ over 
dx J 



The 


sum is 


the narrow strip srr's'. 

r " ‘ / or 


M 


if \j/' and \j/ are the values of \j/ at r and r, respectively. 

Now observe that if we travel over the contour in the sense 
of the arrow, taking at eacli point the value of the product 

y\rdy, 

where, of course, dy is the algebraic increment of y in each 
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infinitesimal step, we should have in travelling 1 from / to s' the 
term f'xr'u', 

and in travelling* from s to r the term 

\j/ x (— rn ), 

since the value of \fr at s may obviously bo taken the same as at r. 
These two terms, therefore, give the sum (y), so tliat the 
summation of \j/dy over the contour will correctly give the result 
of the integration of the strip rr'/ s, and over all other similar 
strips. 

In the same way, the term — ff' l ( ^ x< ^ * s ^ onnc * 

integrating first with respect to y , considering x constant. Let, 
then, pp' and qf be two indefinitely close parallels to the axis of 
enclosing a narrow strip. The summation is to be performed 
over this strip from p to p\ so that if c// and (/> are the values of 
< f > at p' and p, respectively, we have 


(lx 


dj/ = pm to - ^ ; 


0 ) 


and in travelling over the contour in the sense of the arrow, 
while faking at each point the value of the product 

(j) dx, 

we should have at p the term </> X pm, and at q the term 
<// X (— ///«'), the sum of which is pm ((/> — </>'), which is pre- 
cisely (6). 

lienee, then, the area-integral (a) is equal to the contour- 
integral (/3), which can, of course, be expressed in the form of the 


line-integral 




w 


where ds is the element of length at any point of the curve. 

Theorem 2. If $ is any function of x , y, r, the co-ordinates of 
a point in space, and l , w, n the direction-cosines of the outward 
normal at any point of an unclosed surface , the integral 

( ° 

taken over the surface , is equal to the integral 

J'¥ z (v) 


/(' 
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taken along the hounding edge of the surface by a motion whose 
projection on the plane of xy is in the sense in which the positive axis 
of x should rotate in order to coincide with the positive axis of y. 

It must be observed that and are the partial differential 

dx dy r 

coefficients of </> with respect to x and y , and that they take no 
account of any variation of 2 — belonging, as they are supposed 
to do, indifferently to all points in space, and not being restricted 
to the (related) points which lie on the given surface. 

Suppose that the co-ordinates of points on the given surface 
are related by the equation 

* =/(*. y)> 

or dz = pdx + qdy, (1) 

as is usual, where p and q are functions of x and y only. 

- v —q 1 


Then t = 


- j m = 


Vl + /J 2 + (f Vl+ P l + q 2 

and dS = Vl +p 2 + (/dxdy. 


3 n — 


Vl +p 2 + q* 


Then the given integral (f) can be expressed in the form 
d(b d(b x 

viZ-p 


//& 


-) fadjh 


( 2 ) 


dx 1 dy> 

which is a double integral over the area of the projection, srpq 
of tlie given surface 8 on the plane xy. 

Now, of course, a passage from point to point of the area of 
this projection will correspond to a motion from one point to 
another on the given surface S f and will necessarily involve a 

variation of £ in both ^ and • 
dx dy 

Denote by C ~ the total differential coefficient of <J> with respect 

to x in the passage from one point on S to a neighbouring point 
when y remains constant but z is altered with x . Then 
<) (p d(f) d(j) 

<)x dx ^ dz 

7>(j) 


Similarly 

Hence (2) becomes 


dd) d(b 

dy dz 




w 
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Taking the terms of this double integral separately, we have 

first to integrate q with respect to x y considering y constant, 
o x 

i. e. to perform a summation along the strip r/. Denote, as 
usual, by s. 

(IX J 

Now f q ^ dx = (q^y — (<?</>) — 

J 0 X 

where (qtf))' is the value of qcj) at /, and (q(j)) its value at r. 

In a motion round the curve srpq ... in the sense of the arrow, 
the term [(qfj))' — (qty)] X / V is the same as the sum of the values 

of q<t> ■ dy 

at r and r , as explained in Theorem 1. Hence 


//■ 


7 ^/* 4/ =/ q ip dy —ff s <[> dxdy, 


O) 


(«) 


in which the single integral is one along the contour srpq.„ 
Similarly rr 

the single integral on the right side being taken round srpq... 
in the sense of the arrow. Hence (3) becomes simply 

f<t>(pdx + qdy). (G) 

But, if x, y are the co-ordinates of any point, p, on the curve 
srpq..., the point P on the edge of S , of which jj is the. projection, 
will have the same x and y, and by (1) the increment of z in 
passing from P to Q (of which q is the projection) is the multiplier 
of (f> in (6), so that (6) is the value of 

f<\>(lz 

in a motion round the bounding edge PQll ..., in the sense of 
the arrow, which was to bo proved. 

In the same way, of course, j'fyi — l dS = the line- 

integral f $dy taken along the bounding edge. 

We shall find it convenient to denote the operations 


d d 

m —n-y-9 

dz dy 


(l 7 d d (l 

n- l-j-i ( . m —9 

dx dz dy dx 


with regard to any surface the direction -cosines of whose normal 
are l y m , n y by the symbols 

‘'l. <>2> ‘’a* 
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Theorem 3. If u, v, w are any functions of x, y, z the co-ordinates 
of a point in space , and /, m, n the direction-cosines of the normal at 
any point on an unclosed surface , the integral 

C\j(dw dr, ( dn du\ ,dv dal) 70 

J \ l (r, -If-)* “ (* - s) + * (* - , 7 ,)! " 

taken over the surface , is equal to the integral 
f (11 dx + v dy + wdz) 

taken over the bounding edge of the surface by a motion which 
projects on the co-ordinate planes in the senses of positive rotation of 
these planes . 

This follows at once from the last Theorem. For, taking* the 


K i t 




we have found that it is simply f wdz taken along* the edge. 
Similarly f , lu (/ 

Jv"^-\f s=/udx ' 

taken along this edge ; &c. 

This is the result that the line-integral of any vector taken along 
any circuit is equal to twice the surface-integral of the normal 
component of its ‘ rotation / or ‘ curl/ taken over any surface having 
the given circuit for a bounding edge . 

Another discussion of this Theorem will he found in Clerk 
Maxwell’s Electricity and Magnetism , vol. i, Art. 24. 

The result in this Theorem gives the solution of the following 
inverse problem : — (tiven the components, (/, /’, W , of a vector, 
/>, which satisfy at all points in space the equation 


dir dv 

dx ^ dy 


dW 

+ ^ = 0 ’ 


to determine the components of another vector, o-, such that the 
surface-integral of the normal component of p over any unclosed 
surface shall be equal to the line-integral of the tangential 
component of <r taken along the bounding edge of the given 
surface. 

For, in order to transform the given surface-integral into a 
line-integral along the edge, we must have 

IU m J -p n //^ — \ u *4“ ^2 ^ "h ^3 
that is g w g v ( i l(j dv dn 


du d: dz dx ^ 9 dx < 
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316, £.] Calculation of Conical Angles. Let be the conical 
angle subtended by a given circuit, PQli ..., at any point A 
whose co-ordinates arc a, ft, y. Then by (a), Art. 316, if P is any 
point on any surface having the circuit for edge, and dS an 
element of area of this surface at P, 


d 


a) = -geos \jrdS, 


(i) 


where r = AP , da> = conical angle subtended by dS at A, and \j/ 
is the angle between AP and the normal to the surface at P . 

Now if x , ;?/, z are the co-ordinates of P, and l, ?//, n the 
dircction-cosines of the normal, 

cos \// = * {f(a?-a) + + (2) 

Hence 

<o = fjr.il (X - a) + - ft) + n(z- y) ) dS. (3) 

But since r 8 = a) 2 + (y — /9) 2 -f (~ — y) 2 , we have 

# — a __ d /h 


// /j £ y 

with similar values of — - and ~ -, r • Hence (3) can be written 
r r ' 

* =/{4 C 1 ) + “;;y01' w <4) 

But since a, /3, y are completely independent of all co-ordinates 
on the surface 5, and therefore have nothing to do with the 
limits of integration, the symbols of differentiation with respect 
to them can be taken outside the integrals, and we have 


d Cl 7D (IT m 1C1 d 

“=rjy ,s+ rjr <>s+ 




dftj r ' dy 

Differentiate both, sides with respect to a, and observe that 
( (P_ 


(5) 


rfa> 

da 


da 2 dft 2 ' dy 2 

/j8 s + ^y 2 

^drdfm (ls _d ri ^ _ rf £ £ ft dS -± ft dS]. (6) 
dB'-dotJ r dtij r J dy'-dyj r doLJ r 


„ d 2 t d* d*s rlM 

so that for ^ we may write - ( • then 
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Now obviously A (i) = - ^(i) ; * (!) = * (I) ; to. 


__ _ _ ^ / l \ (l / l > 

da^t-f ~ (lx V »•) ’ ,7/j V/ ~~dy 
Hence, first bringing tbc symbols of differentiation which are 
within the square brackets under the integral signs, (6) can be 
written 


dm ( l f, P r ^ r \ ,c d f, ^ r d r N 

doc ~ dfiji 1 dy ~ m dad <?S ~(Tyf( u JJ ~ l Tz) dS ' (7) 


d- 


Now, by Theorem 2 of the last Article, the surface-integral on 

which dfp °P cra ^ es J " taken along the givon circuit, while 

that on which — 0|)erates is J — dy taken along the circuit ; so 

day __ d rdz d rdf/ 
dot “ dpj r ~ dyj r ’ (8) 


that 


day 


dot 


similar values holding* for ~ and ~ - 

* dp dy 

Denoting the line-integrals J~, J J-~ along the given 

circuit by 7 y , 0, 7/, respectively, as in Example 42, Art. 241, we 
have for the differential coefficients of the conical angle subtended 
by the given circuit at any point (a, p, y) the equations 

do) __ dll dO 
doc ~~ dp ~~ ~dy * 
day _ flF dll 
dp ~ dy doc 
day _ (W _ dV I 
dy doc dp ' 

It is evident that the conical angle subtended by a given 
circuit at any point (a, p , y) satisfies the differential equation 


(9) 


/ d 2 A 2 a* \ 

fe* + dW* + dV^ M = 0. = °* 


(P 


W " d(i 2 ' dy 


( 10 ) 


Again, the quantities F, G, II which have reference to a given 
circuit and any point (a, f3, y) satisfy the equations 


dF dG dll _ 
da. d/3 "** dy ~ 

V 2 F= 0, V 2 G = 0, V 2 11= 0. 


( 11 ) 

( 12 ) 
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which, being taken along a closed curve, is zero. Hence if space 
were imagined to be filled with a fluid in motion, or a substance 
in a state of strain, its velocity components, or components of 
strain, at each point, A ) being F y (J, H, the cubical compression 
at every point would be zero, and the axis of resultant vortical 
spin at the point would be the direction in which the conical 
angle subtended by the circuit increases most rapidly. 

Another method of calculat ing the conical angle subtended at 
a point by a circuit is the following. Let ABODE (Fig. 273) 
be the circuit, and 0 the point at which the conical angle is 
subtended. Then if a is the radius of the sphere described round 
0, the conical angle is the area of the spherical curve abode 
divided by a 2 . Through 0 draw any line, Oz, meeting the 
surface of the sphere in z (not represented in the figure). For 
definiteness, suppose z to be within the part of the spherical 
surface which we regard as the area of abode . Then the position 
of any point, p, within abode may be expressed by its angular 
distance, 0 \ from z, and the angle, </>, which the plane pzO makes 
with any fixed plane through Oz. These angles are the co- 
latitude and the longitude of p. An element of spherical area 
at p is a 2 sin 0 ' d O' d <\ >, so that the strip of area of abode contained 
between two longitude planes including an angle d (j> is 

r e 

a 2 d </> J sin 0 ' d O', 

where 0 is the colatitude of the point in which the arc zp 
intersects the contour of abode . 

Hence the conical angle is given by the equation 

<0 = / (1 — cos 0 )d(f> ( 13 ) 

since <#> runs from 0 to 27 r round z. 

It is, of course, quite indifferent which portion of the spherical 
surface (the upper or the lower) we regard as being the area of 
any curve traced on the sphere. If Oz is drawn so that z is in 
that portion of the surface which is regarded as outside the area, 
the longitude, </>, of a point within the area will not run from 0 
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to 27 r, but from its initial value it will, after increasing and 
diminishing, return to this initial value, so that fd<f> = 0, With 
an axis Oz so chosen, we should have 


o) = f cos Odtf), (14) 

the upper and lower limits of $ being identical. 

In the case of any plane circuit we obtain another expression 
for the conical angle subtended at any point in space. Taking 
the plane of the circuit as that of x, y, let (a, ft , y) be the co- 
ordinates of the point, A , at which the conical angle is required. 
At any point, P, in the area of the curve let the element of area 
be dS } and let AP = r. Then in (a), Art. 31G, we have 


cos \jr 
therefore 


y 

~ 3 

r 


<lo* = ?-dS. But — = 

r i r i 


to 


d nlS 

'tyj 




(15) 


The method of calculating co from this equation will be under- 
stood when we come to the treatment of Potential ; and it will 
then be seen that (15) expresses the fact that the conical angle 
subtended at any point by a plane curve is the same (to a factor 
prex) as the component of the attraction-intensity normal to the 
plane of the curve exerted at the point by a uniform plane lamina 
bounded by the curve. 

Thus for a circular curve of radius a , if It = \/od + y 2 is the 
distance of A from the centre, and /3 == 0, 

- _ >'d$dr 

dyjo Jo \//£ 2 ~2arcos<£ + y 2 
which reduces to Elliptic Integrals, 


Examples. 


1. Find the conical angle subtended at any point on a sphere by a 
given circle lying on the sphere. 

Ans. Let r be the angular radius of the given circle, Ot = angular 
distance of the point considered from the pole of the circle, 


r-f-a = 2 (T } r—OL = 25, h 2 = 


sin a sin r 
sin 2 it 3 


and n 


sin (X si 11 r 
cos 2 O' 5 


then 


= 2 7r — cosr. P(^) + ^^n(yj, k)\, 

Sill <T ( v 1 COS 0* V ') 
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where F{k) is the complete elliptic integral of the first kind with 
modulus % , and IT (», k) the complete integral of the third kind with 
modulus k and parameter n. 

The complete integral of the third kind is expressible in terms of 
integrals of the first and second kinds ; thus 

cosS - n (», k) 

rr ' 7 


Sill O' cos O' 


__ 7T Ccot (T 

2 ^ (cos b 


\-E{k', /3)J F(t)- <F(k)-F(k)}F(k', /3), 


where 


V 


sin b . , cos a 

— j and sin a = 

Sill (T COsti 


2. Show that the conical angle subtended at any 2 >oint, A, by a 
circuit is the line-integral along the circuit of the tangential com- 
ponent of a vector whose magnitude at each point, P, of the circuit is 

1 cos0cosA 
r "l\n*0 3 


the vector being perpendicular to A P in the plane of AP and the 
tangent at P t r = AP, 0 is the angle made by AP with a Axed line, 
and \ the angle made with this line by the normal to the plane of AP 
and the tangent at P. 

3, Find the conical angle subtended at any point, P , in space by 
two intersecting right lines OA , OB, their extremities A and B being 
both at in Ani ty. 

Ans. If 0 and 0' arc the angles between the plane A OB and the 
planes containing P and the lines OA , OB, and a = Z AOB 

= 7t— cos -1 (sin 0 sin 0' cos a — cos 0 cos 0'). (1) 

When (X = 0, the plane from which 0 and 0' are reckoned is inde- 
terminate, but in this case 0 + 0' is 7 r, so that co is constant whatever 
be the position of P. When a = it, 0 = 0', and co = 277—20, which 
is indeterminate and may be taken ns 20 simply, where 0 is the longi- 
tude of P with reference to any Axed plane through the inAnite lined OB. 

If t = tan 0, t' = tan 0', the equation of the surface locus of con- 
stant conical angle is 

(t + 1 ') sin co -f- tt f (cos co — cos a) + 2 sin 2 i co = 0. (2) 

To all points on the same light line OP through 0 belongs the 
same value of co; moreover, this equation shows that the planes deter- 
mining any given angle co can be represented in pairs by the points 
of an involution system. 

The surfaces of constant conical angles are cones of the second degree 
whose equations are easily found from (2). For, if OA is taken as 
axis of x, and the plane AOB as that of xy, we And for the locus 

2 y (x sin ot — y cos oc) sin 2 \ co 4 - z (x sin (X 4 - 2 y sin 2 \ a) sin co 

-f- £ 2 (cos co — cos (X) = 0 ; (3) 


1695 
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or, taking the internal and external bisectors of the angle AOB as 
axes of x and y , 

Bill 2 -(iK 2 sin 2 - — 2/ 2 cos 2 2 ) + - 2 (sm 2 2 — sill 2 2 ) -I- xz sin - sm co = 0. (4) 

The conical angle is a measure of the Magnetic Potential at any point 
due to a current in the given circuit ; lienee the case a = 0 corresponds 
to a current returning on itself, which, of course, produces no effect at 
any point ; while (X = 7T corresponds to a straight current of (practically) 
infinite length. 

4. In tho case of any plane triangular circuit whose angles arc 
A, B y C, prove the following construction for points on the surface- 
locus of constant conical angle, co : — 

From any point, 0, on a sphere draw arcs, 0L } OM, ON, of three 
great circles including between them angles equal to 7 r — 0, 7r— A, 
tt—B; then describe any spherical triangle, LMN 9 whose vertices lie 
on these arcs, such that the sum of its sides = 2 7r — co ; the angles sub- 
tended at the centre of the sphere by the arcs OL , OM , ON will be the 
inclinations to the plane of the triangle ABC of planes drawn through its 
sides BCyCAyAB intersecting in a point, T^at which thcoonical angle is co. 

Thus, then, to find the point on any given line, AP, drawn through 
A at which the triangle subtends co, we take two given points My N 
on two of the arcs and find the point, L , on the third such that 
LM + LN is a given quantity. There are two solutions, since, given 
base and sum of sides of a spherical triangle, the locus of the vertex is 
a sphero-conic. 

5. Show that the complete solution of equations (7), Art. 316 (a), 

from Uy v, w will necessarily he indeterminate. ^ ^ 

(To any values found for u, v, w may be added terms -7-3 Vj t- j 

ax ay dz 

where P is any function of x, y, z which has a single (unambiguous) 
value for given values of x, y , z.) 

6. For the conical angle subtended by a given plane ciicle at any 
point in space, show that the angles (X, r, a, b in Example 1 can be 
exhibited by a plane construction. 

317.] Attraction of a Thin Uniform Straight Bar. Let the 
line AB (Fig. 276), represent a straight bar the area of whose 

transverse section is k square cenii- 
metres, this area being very small ; 
s’ ! j \ let the mass of the bar be p grammes 

/ / j \ per cubic centimetre of substance ; let 

/ / I \ P be the position of a mass of 1 gramme 

^ supposed to be condensed into an in- 
Pig. 276. finitely small volume. It is required 

to find the magnitude and direction of 
the attraction of the bar on the particle at P . 
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Draw PO perpendicular to AB\ take any point, M, on AB\ 
let OAT •=. s, and consider tlie attraction on P of the elementary 
length (Is at M. The mass at P being* 1 gramme, and the mass 
of (Is being p . Ms, if y is the constant of gravitation (Ait. 315), 
bhc attraction of ds on P is, in dynes, 


Jc p (Is 
7 PAL 2 * 


0 ) 


Tliis force acts in the lino PM. Itosolvo it into a component 
along PO and a component perpendicular to PO. Let 
</> = LOP AT \ PAT = r ; PO == p ; 
find let these components be d Y and dX, respectively. 

Then ,!X = df sin </> . ,/*, 


clY = 


y J'p 



cos (jy . ds. 


But s = p tan </>, . \ ds = p sec 2 dpd (/>, and r = p sec (jy. Hence 
(IX = 7 ~^~ sin (fyd(fy ; 

dY = cos <j> (1 (/>. 

1 > 

Then, obviously, if LOP A = oc, and LOP B — ft, and if A and 
Y are the total component attractions parallel and perpendicular 
to PA produced by all the elements of the bar, we have 

X = 7 ~- J sin (fyd(fy = 7 ~ (cos ft - cos a), (2) 

Y — cos 4*^ 4* = ~~ (sin ft + s ^ n Of)* (3) 


If the resultant attraction on P makes the angle \jr with PO, 

X oc-ft oc—ft 

we have tan \j/ = -p = tan — — > \// = 


5 which shows 


2 r 2 
that the resultant, 11, bisects the vertical angle APB. Also 

7) 2 ykp . APB 

Jl — - 1 sin — — 

p 2 


' (dynes). 


(4) 


We may also notice the simple fact that the attract ion of the 
bar AB on P is the same in all respects as the attraction of a 
circular arc having P as centre with radius PO, this arc being 
terminated by the lines PA and PB, the density and area of 
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transverse section of this arc being the same as those of the 
given bar. For, if N is the point on AB distant ds from M, and 
if the lines PM and PN meet the circular arc in m and n, the 
attractions of MN and mn on P are exactly the same, because if 
from M a perpendicular MQ is drawn to PN, we have 

MN - _ MQ.PM __ mi. PM* _ mn . PM 2 

sin PM()~~ P() ~~ Pm. VO ~~ Pm 2 ’ 


therefore = ‘pJjyP and ^ ie atti’actions of corresponding 

elements of the bar AP and the circular arc arc the same. 

The attraction of the particle P on the bar is ]l exactly 
reversed. 

For an infinitely tony har } or one so long that the distances of 
P from its extremities are each very great compared with the 
distance, PO } of P fiom the bar, the attraction is 


2 ykp 

-9 


V 


( 5 ) 


since the angle APB is in this case 7 r. 

If the law of attraction is not that of the inverse square of 
distance, let the attraction of the element kpds at M on the unit 
mass at P be expressed by the law 

kpds x A f (/), 


where A is a constant and/'(r) any function of the distance PM. 
Then, if PA = r 2 and PB — r j9 we easily find 

X=Mp[/(r t )-/(r 1 )], ( 6 ) 

f'(r)(/r 


1 


= a r 




(?) 


The expression (5) brings us back to the observation made in 
-Art. 315 with regard to the application of the law of inverse 
square to particles separated by an infinitely small distance ; for 
it would appear from this expression that if p — 0 , or the attracted 
particle is on the surface of the bar, the attraction is oc : a result 
which is obviously absurd. The whole of our investigation 
depends on the assumption that every point in the element ds of 
length at M is at the same distance, r, from P. Now if V is in 
contact with the surface, the particles of the bar in the normal 
section at P are at all distances ranging from zero to the 
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diameter of the bar from P, so that we cannot expect our result 
to hold for this case. In fact, k 3 the area of the normal section, 
ought in this case to be infinitely small, and then the expression 
(5) is indeterminate. To find what is really the intensity of 
attraction at a point on the surface of the bar, we must consider 
this latter as a cylinder of finite radius, a , and break it up into 
slender filaments in such a way that a filament to which P is 
infinitely close is one of infinitely small section. Such a mode 
of breaking up the bar is obtained by a polar resolution. Thus : 
draw the normal section through P ; take any point Q in the 
area of this section, let PQ = r, and take the usual polar element, 
rdrdO , of area at Q. Consider now the attraction at P due to 
the filament of the bar, parallel to its axis, which stands on this 
element of area. It is clear that the filaments are now taken in 
such a way that when the distance of P from one of them 
vanishes, so does the transverse section of the filament. 

For greater generality, let P be assumed outside the bar at 
a distance 0 from its centre, 0 ; let the transverse section be 
circular and the length of the bar practically infinite, i. e. P is so 
close to the surface, that for each filament the angle APB may 
be taken as 77. 

The attraction of the filament at Q, on a unit mass condensed 
at P is — — j or 2ypd0dr ; and since PO is the direction 


of the resultant, we resolve this along PO ; thus we have 
2ypci.$0 dOdr, where 0 ~ /.QPO. Integrating this lirst with 
respect to r between the points at which the line PQ enters and 
leaves the circular section, we have 

4 ypV d h — c z sin 2 0 cos 6d0, 

as the contribution of the wedge of bars corresponding to the 

anode 0. The extreme values of 6 are 4- sin -1 ^* so that a 
^ • c 

further integration gives 2 7r y p d l 


c 


for the attraction of a cylindrical bar at a point near its surface, 
the length of the bar being very great compared with its 
diameter. Now if the position of the attracted point is 011 the 
surface, c = a } and the attraction is 

277 ypa. 
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318.] Uniform Thin Circular Plate. Consider a circular 
plate of uniform density ( p grammes per cubic centimetre of 
substance) and veiy small uniform thickness (r centimetres) ; 
and let 1 gramme mass be condensed into a point P situated on 
the axis of the plate, i. e. a line drawn through 0, the centre of 
the plate, perpendicular to the plane of the plate. It is required 
to find the attraction of the plate on the particle at P, Lot a 
(centimetres) be the radius of the plate, and let OP = z (centi- 
metres). Take any point, Q , in the plane of the plate and 
describe a circle with centre 0 and radius OQ (= r). Concentric 
with this describe another circle of radius r -f dr, so that a narrow 
strip of area is included between these circles. W e may in this 
way break up the plate into an infinitely great number of 
circular strips; the mass of the typical stiip is 2tt prrdr 
grammes, and all points in the strip are at the same distance, 
PQ , or VV 2 + r 2 , from P. Also, if c/> is the angle OPQ , since 
the resultant force exerted on P by the strip is obviously along 
PO, this resultant is 


y 


2 tt prrdr 


cos </> , or 2 tt y p r sin (])d(j), 


since r = rtan </>, y being the constant of gravitation. 

If (X is the semi-angle of the cone whose vertex is P and base 
the rim of the plate, < j ) ranges from 0 to a, so that 

it = 2'nypr (1 — cos oc), (1) 

in dynes. This can be written 2tt ypr (1 — " V 

^ z 1 + cr^ 

Fiom this expression is deduced a result of great importance 
in Electrostatics. Suppose the attracted particle P to be very 
close to the plate, at the same time that the latter is infinitely thin 
compared with the distance of P — this supposition being obviously 
necessary if we are to assume that all the particles in the body 
of the plate and included in a circular strip are equidistant from 
P. Then lines drawn from P to the rim of the plate are practi- 
cally at right angles to OP, so that oc = ^ tt , and 

11 = 27 Typr (dynes), (2) 

and the result is independent of the radius of the plate. Thus, if 
P is at a distance of 1 millimetre from the centre of such a plate, 
the attraction on P is practically the same whether the radius of 
the plate is infinitely great or only 1 decimetre. 
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Again, the expression (1) shows that any two uniform plates 
of the same substance and of the same small thickness will exert 
equal forces on P if they are cut from the cone having P for 
vertex (their planes being parallel). Hence any two frustums 
of equal thickness, A, however great, cut from this cone will 
equally attiact the particle P at its vertex, the magnitude of the 
force being 2*^(1 -cosa). 

The result holds also in the case of an oblique cone standing 
on any plane base whatever, the attracted particle P being at its 
vertex. To prove this geometrically we have merely to show 
that if two plates of the same thickness, each parallel to the base, 
be taken anywhere in the cone, they exert equal attractions on a 
particle at the vertex. Through the vertex P draw an infinite 
number of rays forming a very slender cone which intercepts on 
the two plates two small similar areas, dS and d&', at the points 

3/ and 3/', suppose. Then the attraction of dS on P is 

and that of dS' is ’ these forces being coincident in the 

line PMM\ But since the contours of d/S and dS' are similar 

curves, ^ ; therefore these attractions are equal. Simi- 


dSr PM'*’ 


larly for all other pairs of corresponding elements of the plates. 

This put into the usual form of analysis would be as follows : 
Let (y, 0 , (f >) be the radius vector from P to 3/, the colatitude 
and longitude (Art. 175) of 3/. Then the element of volume at 
3/ may be taken as / 2 sin 0drd0d(p, and the attraction on P of 
the element of mass included is y p sin 9 dr d 9 d (j>, and this 
depends only on dr and not on r (so long as 0 and cf> are con- 
stant) ; hence the attractions of the elements at M and M ' above 
are equal, since these points have obviously the same 0 and </>. 

319.] Uniform Spherical Shell. Suppose a thin shell of 
attracting matter of uniform density, p grammes per cubic centi- 
metre, to be contained between two very close concentric 
spheres. Then this shell exercises no resultant attraction on any 
internal particle . For, let P' be the position of any internal 
particle, and through P' draw a pencil of rays, QP'Q\ llP'Rf > 
&c., forming a very slender cone ; then if a ray HR! meets in 
the inner sphere in r and r\ the lengths Rr and Rfr are 
equal ; hence the spherical surfaces at Q cut olf a frustum 
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whose thickness is equal to that of the frustum cut off at Q\ 
and by Art. 318 the attractions of these frustums on the particle 
P' at their common vertex are equal and opposite. Hence the 

attractions of these elements 

@ of the shell destroy each other 
^ at P\ and similarly all the 

a jy vertically opposite elements 

^ ^ of the shell cut off in the 

same way annul each others* 
u ^ effects at P\ 

Fig. 277. The resultant force on the 

particle is therefore zero. 

Precisely the same result holds for an ellipsoidal shell bounded 
by two very close concentric and similar ellipsoids, since the 
intercepts lb\ It V made by the shell on any line cutting its 
bounding surfaces are equal. This proof is given by Newton, 
Cor, 3, Prop. 91, Book I. These results we shall find useful in 
Electrostatics — in which occurs the general problem : Given the 
outer bounding surface of a shell, find the law of its thickness 
(or, in other words, find its inner bounding surface) so that its 
resultant attraction on every internal paiticle shall be zero. The 
simple result in the case of surfaces of the second degree, that the 
inner surface is 0110 concentric with and similar to the outer, 
is due to the fact that they have diametral planes which bisect 
all parallel chords. 

If the law of attraction is not that of the inverse square, let it 
f(r) 

be expressed by X 3 and consider the narrow belt of the shell 

which is generated by the revolution of the element of arc QR 
about OP\ Let OP f = e, P'Q = r 9 a = radius of shell ; then 


the area of this strip = 27 r-rdr 

= 2 it yds, or 2 na 2 sin OdO, where ( 
1 2 = a 1 ~ 2 av cos 6 + e 2 , 
so that if (IS = area of belt, 


for in the usual notation it 

= Z QOAy and 
\ rdr = ar sin 6(10, 


(IS = 2'n-nlr. 
c 


and the mass of this belt = 27 rpr-rdr, where t = thickness of 
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Every particle of this strip is at the distance r from P\ and 
its resultant attraction on P' (which is in the direction OP) is 


^ v a . f(r) i • , . i:\apT a 2 — c* — r 2 , . 

2 7r Apr -rdr ~ . cos QP P, which is — - a - * — ^ ~ f( r )^ r » 

C T C V 

Hence, if R is tlie resultant attraction at P', 

■p irXapT / Vt +<-a 2 — c 2 — r 2 

5 J a _, • — — /('-)^- (O 

When the law of attraction is that of the inverse square, f{r) 
is constant, and the value of the integral is zero. 

From this expression can he deduced a result which is funda- 
mental in Electrostatics — viz. the law of the inverse square is the 
only laiv of attraction for which a spherical shell of uniform thick- 
ness and density will produce no resultant attraction on any internal 
particle . 

For, whatever a-fc* and a — c may he, i. e. wherever P r is 
situated inside, the definite integral must vanish identically. 
Denote a + c hy m and a — c hy n. Then for all values of m 
and n y f hl wn — r 2 . 7 

J, t — 2~/W^= 0 - 

Differentiating this with regard to m and n t successively, 
n — m . f(r) 

„-/(») 


f(r)(lr. 


:'"/w + »/;^ <*•=»• 


Hence f(m) =/(»), whatever m and n may he; i. e, f(r) 
must he absolutely constant, so that the law of attraction is that 
of the inverse square. 

For a particle placed at any external point , P 3 the attraction 
{for the law of the inverse square) is the same as if the shell were 
condensed into a particle at its centre . 

This may he shown in several ways. Thus, take the inverse 
of P with respect to the spherical surface ; let this point be 
P\ that is, OP x OP' = OQf = a\ From this equation it 
follows that the triangles POQ and QOl y are similar, and 
therefore QP I) 

qf = r (a) 

where D = OP and a = OQ ; that is, the ratio of the distances 
of all points on the sphere from P and P f is constant . Again, 
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from the similarity of these triangles LQPO = AP'QO ; similarly, 
JLQ'PO = LP'QO\ therefore the angle QPQ f is bisected by PO. 

Denote QP by r and QP' by /. Let tl go = the conical angle 
subtended at P f by the elements of surface of the sphere cut 
off at Q and at Q' by a thin cone of rays QP'Q\ RP f R\ .... 
Then (Art. 316) the area of the element of surface at Q is 
r' 2 sec OQP'.dv, and the attraction of the mass of this element 

/a 

on a unit (gramme) mass at P is ypr ^ sec OQP' do> acting in 
PQ (y being the constant of gravitation). This, by (a), is 
yp T jj 2 tiec OQP'.dw. The attraction on P produced by the 
element at Q' is similarly ypr ^sec OQ'P' .do>, and these 

two expressions are identical, i. e. P is equally attracted by 
the corresponding elements at Q and Q'. The resultant of 
these forces acts in PO and is equal to 

a 1 

2 YP T JfP l(a - 

The sum of all such forces is obtained by summing do* from 
0 to 277. Hence the resultant attraction 

7J 47rpr« 2 , ^ 

Ji = y • — jj£- (£) 

mass of shell 
= y- — -jji — ’ 

which is exactly the same as if the shell were condensed into 
an infinitely small particle at its centre. 

To deduce the result analytically, break up the shell, as 
before, into strips formed by the revolution of elements of length, 

QP, ... about OP. The area of such an element = 2 7r~ rdr, 

where r — QP ; and the attraction of the element of mass con- 
tained within this ring on the unit (gramme) mass at P is 


a u r • 

27 TypTjj-- * cos QPU, i.e. 


77 ypr a fi + lP — a 2 


dr ; therefore 


p _ vypTa f I)+a i 2 + 1) 2 — a 2 


4:TTpra 2 



UNIFORM SPHERICAL SHELL. 


155 


If the law is not that of the inverse square, but expressed by 

/<'•) , 


A we have 
r 


TtXpTa / 2 + — 


__ 7tA pra r J)+> 

J J) -a 


f(r)<lr, 


the limiting values of r in these integrals being PA and PH, 
i. e. D — a and B -f a. 

To eld ermine the lawn of attraction for which the attraction of 
a uniform spherical shell on any external particle is the same as 
if the shell were condensed into an infinitely small paiticle at its 
centre . We know from Art. 23 (vol. i) that this is the case 
for any material body if the law of attraction be that of the 
direct distance ; and we have just proved that for a uniform 
spherical shell the result holds for the Newtonian law. We 
shall now prove that these two are the only laws. 

Denoting* l) + a by m, and 1)~ a by n, and observing that 
if the shell may be condensed into a paiticle of mass 4 7 r pra 2 

at its centre, the value of li must be 4 7 tA we have 
from (2) 

r ,i, ? 2 + wn ,m + ti\ /o . 

J — —J O’) = 2 (m - n\f ( — (3) 

Dividing out by />/ — n and differentiating with respect to 
m and n successively, wc have 

»« + « s 1 /’"'m 2 + / 2 - ■«/ + ?/ s 

J tl 

m + u 1 /""‘/// 2 + ? 2 ,,pn + Us 

u (m — u) (m-M)* J„ r 2 ^ ^ * ‘ ( 2 b 


-? + M fin) + __L 
u [m — u) v ' (m — u) 


therefore bv subtraction, 


<»,*-«*, | /W + = f»2±A i 2 '7(,)*. 

L frft ft J J „ V 2 

Differentiating again successively, and eliminating f '^~^i 

i’Oin t.lin Ivvn pnnniinne wa cimulir d n ^ 


from the two equations, we have simply 

/» /W 


which must hold whatever m and n may be. Hence 

/(r) = ft 2 , 
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where C is a constant. If C = 0, f(r) is constant, and wc have 
the law of inverse square, as before. If C is not zero, 

f(r) 


/(') = $ a* 


oc/\ 


and we have the law of the direct distance. These, therefore, 
are the only laws for which the result holds. 

320.] Solid Homogeneous Sphere. Instead of a spherical 
shell, let Fig. 377 represent a solid sphere, and consider its 
attraction on a unit mass condensed at F. Imagine the sphere 
broken up into an infinite number of infinitely thin concentric 
spherical shells. Then each of these attracts F as if it were 
condensed into a particle at 0. Hence the whole sphere may 
be considered as condensed into a particle of mass £ 7 :/) a 3 at 0, 
and if 11 — the resultant force on the unit mass at 1 J , 

4 7T p <z 3 


11 = 


3 IF 


(a) 


If the attracted particle is inside the sphere, at F\ all those 
shells which lie outside the sphere described with centre 0 and 
radius OF ' may be rejected, since none of them produce any 
resultant * effect on F ' ; so that the whole force 

mass of sphere with radius OP' 


y~ 


OF'* 


or 11 = y .$TTf)l)\ ( (3 ) 

where 1/ = OF', i. e. inside a homogeneous solid sphere the attrac- 
tion varies as the distance of the attracted jjarlicle from the 
centre . 

Also any two solid homogeneous spheres attract each other 
as if each were condensed into a single particle at its centre. 
If, then, m and m' are their masses, and if c is the distance 
between their centres, the magnitude of their mutual attraction 

ls mm' 

y-ir' \y) 


321.] Value of the Constant of Gravitation. We are now 


! * To be carefully distinguished from the pressure effect which is produced at 
all internal points, and which is very great at great depths. The whole surface 
of a particle may be subject to great intensity of pressure, while the resultant 
force on the particle may be zero. 
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in a position to find y, the absolute constant of gravitation. 
Let the two attracting spheres be the earth (assumed homo- 
geneous and spherical) and a small particle whose mass is 
1 gramme. The following data * relating to the magnitude 
and density of the earth may be assumed as approximately 
correct: the radius of the earth is 637 x 10° centimetres; the 
mass of the earth is 614 xlO 25 grammes (its mean density, p , 
being 5 *67 grammes per cubic centimetre) ; the weight of 
1 gramme mass at the surface of the earth is 981 dynes. 
Hence, putting R = 981, p = 5*67, I)' = 637 x 10° in (/3), or 
using the expression (y) and making m = 614 x 10 23 , vi = 1, 
c = 637 x 10°, we find 1 <jy ne 

7 = 1543 x 10 4 ' 


Now a dyne being, roughly, the weight of a milligramme, 
we see how extremely small a magnitude is the constant of 
gravitation, at least, in our region of Space ; for it is conceivable 
that in enormously distant portions of the Universe the values of 
y may be different. 

322.] Sudden Change of Attraction through a Shell. Let 
P and Q (Fig. 2178) be two points on the normal to any thin 
shell at opposite sides of the surface. Sup- 
pose a unit (gramme) mass condensed at P, ___ 
and regard the attraction of the shell on " <? " **- 

this particle as produced by a small circular >’ig. 278. 

plate just below P, and the remainder of 
the surface. Consider, similarly, the attraction of the shell on 
a unit mass at Q. Now the attractions at P and Q produced 
by the portion of the shell obtained by omitting the small 
circular plate above-mentioned are sensibly the same in mag- 
nitude and line of action. Each of these attractions may be 
represented by/, regarded as a vector. 

But it has been shown (Art. 318) that the attraction of the 
small plate on the unit mass at P is 

27 Typr dynes, 

acting in the normal from P to Q ; while the attraction of this 
plate on Q is this force exactly reversed in direction. 


* See Everett’s Units and Physical Constants, chap vi. 
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Pcnote this force on Q by the vector n . Then the forces on 
P and Q are, vectorial ly, 

f— n and /'+ tt, 

respectively. 

If the shell is such that it exercises no resultant attraction 
at Qi f+ n — 0 , and the resultant attraction on P is normal 
to the surface and equal to — 2 ii, i. e. to 

— 4 irypr, 

considered as acting 1 in the sense of the outward-drawn normal, 
QP. Numerically, of course, the force on P is -f 47 ry/jr, acting 
in the sense, PQ , of the inward-drawn normal. 

323. ] Force-intensity. To save circumlocution, we shall 
define the force-ini entity exerted by any attracting mass at any 
point P as the force exerted by the given wans on a gramme mass 
condensed into a point at P . 

If instead of having 1 gramme mass at P, we have a particle 
whose mass is dm grammes, and if the given mass attracts it 
with a force of dF dynes, the force-intensity at P is 

dF 

dm 

Thus the force-intensity at P of the small circular plate in 
last Article is 2irypT (inwards), which will be in dynes if p is 
the density of the shell at P in grammes per cubic centimetre, 
t is the thickness of the shell in cms., and y is the constant 
of gravitation as defined in Art. 321. 

324. ] Surface-integral of Normal Force-intensity. If 
round any paitiele, dm , of matter attracting according to the 
law of the inverse square any closed surface whatever be de- 
scribed, the surface-integral of the normal force-intensity pro- 
duced by the particle (the integration being taken over this 
surface) is equal to 47 r y.dm; and if the surface is described 
so that the particle is outside it, the surface-integral is zero. 

Begin with the latter case. Let 0 (Fig. 273 ) be the position 
of the attracting particle of mass dm grammes, and let the 
surface represented be any one whatever. Then the force- 

intensity at 7] is y ; the component of this along the out- 
dm 1 

ward normal is y — - cos OP x n x ; and if dS x is the element of area 
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of the surface at 1 J U we have cos OP 1 n 1 dS 1 for the ele- 

ment of the surface-integral in question. But this is simply 
ydm.d o) ; where <7<o is the conical angle subtended at 0 by dS r 
Hence, if at any point on the given surface N is the magnitude 
of the normal component of the force-intensity and dS is the 
element of area, we have 

f NdS — ydmf don 

= °> ( 1 ) 

since, as explained in Art. 316, the total conical angle sub- 
tended at any external point by the elements of any closed 
surface is zero. 

If 0 is internal to the surface, the whole of the investigation 
remains unaltered, but f do* is now 47 t, so that for any internal 
particle, dm, / NdS = —luydm. (2) 

If instead of a single particle we have any number of them, all 
external to the given closed surface, and forming a mass which 
we may denote by M e , we shall have (1) still holding, N being 
the normal component of the force-intensity due to the attraction 
of the whole mass M e ; and if inside the surface there is any 
mass distributed in any way whatever, we have 

f NdS = - 4777 ^, (3) 

y being the constant of gravitation, having in the C. (I. S. system 
the value given in Art. 321. 

If attracting matter can be spread as an infinitely thin layer 
on the surface, and the total mass thus spread be M 0 , we should 

W /NdS= -2.7yJ/ 0 , (4) 

N being the normal force-intensity at any point due to the action 
of 3/ 0 . This is obvious by Art. 316, since for any point on the 
surface f do* = 27 r. 

The expression f NdS is sometimes described as the normal 
flux of force through the surface outwards. It is to be carefully 
noted that N has been measured at all points on the surface 
along the outward-drawn normal. If at any point it really acts 
inwards, it is to be considered as negative at this point. 

Many results in Electrostatics depend on the theorems ex- 
pressed by (1), (3), (4). These theorems are due to Gauss, and 
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are given in his famous paper on forces varying inversely as the 
square of the distance (Taylor’s Scientific Memoirs , vol. iii, 
Part X). 

325.] General Components of Attraction. Let there be any 
attracting body the matter of which attracts according to any 
law of the distance — suppose </> (r) — and consider its attraction 
on a unit particle condensed into an infinitely small volume at 
any point, P, which may be either inside the attracting mass or 
in void space. 

Let the co-ordinates of P referred to any fixed rectangular 
axes be (x, y, z) ; let P' be any point in the attracting mass, its 
co-ordinates being (&*', y', z f ) ; let p be the density of the matter 
at P', so that in a small parallelepiped cut out in the usual 
manner at P' the mass is pdxdy dd\ let r be the distance PP'. 
(We may, for definiteness, suppose these quantities to be measured 
in the units of the C.G.S. system.) Then the attraction of the 
element at P' on the condensed gramme at P is p $(r) fix'd ?/dz\ 
acting in the sense PP\ and the component of this parallel to 
the axis of x 9 in the positive sense of this axis, is 

— p$(r ) . — y— ilx'di/'ds'. 


Hence, if X , }] Z denote the total components of the 4 attraction- 
intensity’ (sec Art. 323) at P parallel to the axes, in their 
positive senses, 


or simply, 


JJfi P^( r ) dxdy'dz, 

(1) 

■/Vw* 7V 

(2) 


with exactly similar values of T and Z, the integrations being 
extended to all points, P ', of the attracting mass, of which in 
the more succinct form (2) dm is the clement of mass. 

rjfl rjf/ 

When P is within the attracting mass, the term - — assumes 

the form ~ for all the points P' in the immediate vicinity of P, 

and though the distances of P from some points in the mass are 
zero, we must not conclude that the attraction is infinite, because, 
as we have pointed out at the very beginning (Art. 315), a law 
of attraction according to a function of the distance between 
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two particles cannot be logically enunciated, or even conceived, 
except on the supposition that the dimensions of such particles 
are infinitely small compared with the (mean) distance between 
them. 

As a matter of fact — and it is one of considerable importance 
to understand — the law of the inverse square leads to no such 
result as an infinite attraction when the position of the attracted 
particle is within the attracting mass ; but the Cartesian ex- 
pressions (l), (2) do not immediately show this. We shall show 
it by taking the elements, dm, of mass in polar co-ordinates. 

Taking the position of the attracted particle P as pole, let 
( r , 6 } </>) be the usual polar co-ordinates at P'. Then the element 
of mass at P f is pr 2 sin OdrdQdty (Art. 175), so that the 
attraction along PP' is pr 2 </> (r) sin 0 dr dOdcf ) ; hence 

X = ff /() r 2 (f> (?•) sin 2 0 cos </> dr d Od <p, * (3) 

Y = fff p r 2 (j) (r) sin 2 6 sin $ dr d 6 d (/>, (4) 

Z = f ff p r 2 c/> (r) sin 6 cos 6 dr d 6 d c/>, (5) 

Now, for the law of Newton, </> (f) = so that 

X = y fff p sin 2 0 cos dr d 6 d </>, (6) 

with similar values of Y and Z\ and even when r = 0, X contains 
no infinite term. 

If, however, the attraction between two particles increased 
according to a law more rapid than the inverse square, the 
attraction-intensity at any internal point would be infinite. 

For, if </>(>•) = we shall have the term ~ sin 2 6 cos < p dr dOdcf) 

in the value of X, and this becomes oo for the particles P r imme- 
diately in contact with P. This supposes the mass of P fixed 
and finite — 1 gramme, suppose. But if the particle at P is itself 
of infinitely small mass, the infinite value of the attraction (no 
longer attraction-intensity) disappears. 

As explained in the chapter on Centres of Mass, it is not 
necessary to take in all cases infinitesimal elements of the third 
order in breaking up the attracting mass. According to the 
shape and law of density of the attracting body, we may take as 
elements, circular plates, thin bars, rings, &c., as will be illus- 
trated in the following examples. 
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Examples. 

1. Whatever may be the law of attraction, the force-intensity 
exerted by the smaller of two concentric solid homogeneous spheres 
at any point on the surface of the larger is to the force-intensity 
exerted by the larger at any point on the surface of the smaller 
in the ratio (radius of smaller) 2 : (radius of larger) 2 . 

Draw any radius OP meeting the suiface of the larger in P and 
that of the smaller in p, 0 being the common centre. Draw a chord, 
ah, of the smaller parallel to OP ; at a and h take equal and similar 
very small elements of area, each ds ; draw lines from the various 
points of ds at a to the corresponding points of ds at b; we thus 
have a uniform bar of the substance of the smaller sphere lying 
along ah. Draw lines from 0 to all the points on the contour of ds 
at a ; we thus get a slender cone ; produce this cone outwards to 
intersect the surface of the outer sphere — at A, suppose— and let dS 
be the element of surface of the outer intercepted by this cone; 
draw similarly a cone with vertex 0 having ds at h for base, and 
let this intercept at B on the outer an element of area dS. Joining 
the points on the contour of dS at A to the corresponding points 
of dS at B, we have a bar, AB f of the substance of the larger 
sphere, also parallel to OP . 

Now, if r and B are the radii of the smaller and larger spheres, 

it is obvious that C -f = -- • 
d/S A 2 

Consider the force-intensity at P due to the smaller, and at p 
due to the larger, sphere. Each acts in the line PO ; hence to find 
the resultant force at P we may consider only the component at- 
traction parallel to PO due to the bar ah and to all the other parallel 
bars into which the smaller sphere can be broken up. If the law 
of attraction is expressed by A f (r), as in Art. 317, and if c IX' is 
the intensity of attraction of the bar ah at P , we have by equation 

(6), Art. 317, dX , = xt P [f(Pa)-f{Pb)]. 

Similaily, if dX is the intensity of attraction at p due to the 
bar AB 

(LX = A A” p [f{pA ) -f(pB) J, 

Jc and K being the areas of the normal sections of the bars. 

h d* r 2 

Now Pa = pA ; l>b=pB ; a„d£==‘g=^ ; 


v/ — ' Y 


therefore 
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where X' and. X are the resultant intensities of attraction at P and p 
due, respectively, to the smaller and larger spheres. 

2. From the last result deduce a proof of the theorem that the only 
law of attraction for which a uniform spherical shell will exercise 
no resultant force at any internal point is the law of the inverse 
square. [This application is due to Duhamel.] 

If a shell produces no attraction inside it, all the portion of the 
larger sjiherc between the two spheres may be neglected in finding 
the attraction of the larger at p. Hence, however great E may be, 

A r is constant at p, so that X' a however small the inner sphere 

may be. 

3. Calculate the intensity of attraction of a uniform thin rect- 
angular plate at a point on the perpendicular to its plane drawn at 
its centre. 

Let 2 a and 2 b be the lengths of its sides; h the height of the 
attracted particle, P, above 0, the centre of the plate ; p and t the 
density and thickness of the plate. Break up the plate into bars 
parallel to the side 2 a; let y be the distance of one of these bars 
from 0. Then the area of the normal section of this bar is rdy, 
and if the extremities of the bar are A and B and its middle point 
Qt we have for its attraction-intensity at P the expression (Art. 317) 

2 p P J sin Ap Q- d y- 

Let 9 = LQPQ ; then y = h tail 9, PQ = h sec 0, and this ex- 

. , sec 9d0 , 

pressiou becomes 2 ypTOC- -, — — — and since the resultant at- 

vV+/r W0’ 

traction is along PO, wo multiply this expression by cos 6. Thus 
we have 

pa cos 9d9 

li = 4yprOij^ 

where (X is the extreme value of 9, i.e. tan -1 -* Thus 

ft 


ab 


R = 4yprsin JlA 

V(h z + a 2 ) (h 2 + b z ) 

If the plate is of infinite length (a = oo), 

E = 4 yproc. 


4. Given the whole mass of a solid, find its shape so that its at- 
traction, in any direction, on a particle placed at a given point may 
be a maximum. (Solid of maximum attraction.) 

It is clear that the surface of the solid must pass through the given 
point, 0. Let OA be the given direction, and let P and Q he any 
two points on the hounding surface of the solid. Consider an ele- 
ment of mass, dm at P , and an equal element at Q. Then, whatever 


U 2 
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be the law of attraction, the element dm at P and the element 
dm at Q must give the same component attractions on 0 along OA ; 
for if that of Q were the greater, advantage would be gained by 
transferring the element dm from P to Q. 

Hence, if the law of attraction is expressed by (j) (r), and if 
O — LPOA) made with OA by the radius vector from 0 to any 
point on the bounding surface, we must have 

</> (r) . cos 6 = const. (1) 

for all points on this surface. Hence the surface is one of revo- 
lution obtained by causing the curve (1) to revolve round OA . If 



the revolving curve is 


COS0 


-5 = const. 
or 


( 2 ) 


Hence, if li is the resultant intensity of attraction along OA , 

E=:ypf f f sin0cos0c7reZ<|) dO 

J 0 J 0 Jo 

= 2tt ayp 

J 0 


cos 1 6 sin 0 d 0 


= - 'll ayp. 

u 


The value of a must be found from the given mass of the solid, 

4 

AT) and wo easily find AT — — 7iy;>a 3 ; 


R = [ 


48 tt 2 / 5 2 MA 


25 




The attraction-intensity of a sphere of mass M at a point on its 
1 6 7r^ p^ AT § 

surface would be [ ] ,y; so that the former exceeds the 


latter in the ratio (27)^: (25)^. 

The curve (2) which generates the solid by revolution round OA 
may be thus drawn. Describe a circle with 0 as centre and OA as 
radius ; describe another circle with OA as diameter ; draw any 
line, OMN , meeting the second circle in AT and the first in N; then 
take OP , a mean proportional between OAT and ON, and wo have 
a point P on the required curve. 

5. To find the attraction-intensity of an infinite homogeneous 
elliptic cylinder at any external point situated on the major axis 
of a transverse section. 

Let C be the centre of the ellipse which is the transverse section 
of the cylinder through the point 0 at which the intensity of 
attraction is to be found, 0 lying on the major axis of the ellipse 
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at a distance £ from (7. Let P he any point on the circumference 
of the ellipse ; with 0 as centre and OP ( = r) as radius describe 
a circular arc cutting the ellipse again in P* ; take a point Q on 
the ellipse indefinitely close to P, and with 0 as centre and OQ 
(=zr + dr) as radius describe another circular arc cutting the 
ellipse again in Q\ From all points on PP' and QQ f draw lines 
of infinite length perpendicular to the plane of the figure, and we 
shall have a thin cylindrical plate of infinite length cut off from 
the given cylinder. 

It is very easy to prove that the attraction of this plate on a unit 
mass at 0, in the direction OC, is 

4 yp sin 0 dr, 

where 0 = LPOC , y = gravitation constant, p = density of cylinder. 
(Consider this plate as formed of a number of bars.) Hence the 
attraction-intensity at 0 due to the whole cylinder is 

4 ypf sin 0 dr. 

But/ sin 6 dr = — f r coaOd0 f the other portion vanishing at both 
limits, since sin0 = 0 both at the beginning and end of the integra- 
tion. Now if a and b are the semiaxes of the ellipse, 

6 2 (r cos 0 — £) 2 4- a 2 r 2 si n 2 0 = a 2 b 2 ; 

_ / b£cos0± a \/b 2 cos 2 0 - (£ 2 - a 2 ) sin 2 0 
r ~~ IP cos 2 0 + a 2 sin 2 6 

If we denote the values of r by r 2 and r 1 , the integration will 
obviously contain the terms — rjcos OdO and r 2 cos 6 d 0, since after 
the radius vector OP passes the position of the tangent from 0, the 
element d0 changes sign. Hence, if— A" is the intensity of attraction 
towards C, 

X = —8 y pah 


I 


Vb 2 cos 2 0 — (£ 2 — a 2 ) sin 2 0 
6 2 cos 2 0 + a 2 sin 2 0 


cos 0d 0, 


the limits of 0 being 0 and the value for which r 1 = r 2 , i.e. 
b m 

tan“ 1 * Putting v £ 2 — c 2 sin 0 = 6 sin c f >, we have 




X = -8ypabVe-c>J* 


<f> 




(«) 


When the cylinder is circular, the value of this expression is easily 


found to be — 2 Try p 


€ 


G. Draw a diagram representing the weight of a paiticle in its 
different positions as it is brought from the centre of the earth out 
through its surface and to infinity. 
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7. What should be the masses of two small equal homogeneous 
spheres so that when placed with a distance of 1 centimetre between 
their centres their mutual attraction shall be 1 dyne ? 

Ans. The mass of each must be 100 V 1543, or 3928, grammes. 

8. Prove that if there be two homogeneous solids of equal density 
bounded by similar surfaces, their attraction-intensities, for the law 
of inverse square, at two points similarly situated with respect to 
them are in the ratio of the corresponding linear dimensions of the 
solids. (Newton, Prop. 72, Cor. 3.) 

Hence the attraction at any point on a given diameter inside a 
solid homogeneous ellipsoid varies as the distance of the point from 
the centre. 


9. If the intensity of attraction of any body at a point is vastly 
greater when the point is very close to the suiface of the body 
than when it is distant from this surface by a small interval, the 
attraction takes place according to a law more rapid than that of the 
inverse square. (Newton, Prop. 72.) 

10. Find the intensity of the attraction, for the law of inverse square, 
of any portion of a thin uniform spherical shell, cut off by a plane, at 
any point on its axis. 

Ans . Let 0 be the centre of the sphere ; OA the axis of the 
given segment, A being on the surface ; AB the circular arc whose 
revolution round OA generates the given segment; P the position 
of the attracted particle on AO; a = radius of sphere, PO = c, and 
[3 the angle PBO. Then the attraction is 


2'TTa z pyr 


(1 — cos/3). 


If AB is a semicircle and P internal, /3 = 0 ; if P is external, /4 = 7 r. 

11. If P coincides with 0 , find the attraction. 

Ans . 7 r/)yrsin 2 ft, where (X = A BOA. 

12. Find the intensity of attraction of a uniform right cone at 
the middle point of its base. 


Ans . 27ryp/isin a[sina-f cosa — sinacosa [1 +log c cot -cot (~— -)}]> 

2 4 2 

where h and (X are the height and semivertical angle of the cone. 


13. A platinum wire of uniform diameter 1 mm. and 1 metre 
long attracts a gramme mass condensed into a point distant 1 cm. 
from the bar on a perpendicular to the bar at its middle point; 
find the magnitude of the force of attraction (specific gravity of 
platinum = 22*06). 


Ans. 


1 

89075 XlO 3 


dynes, nearly. 


14. If the law of attraction is expressed by any function, <// (r), 
of the distance, prove that the intensity of attraction of any homo- 
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geneous solid, ostimatcd in a given direction, at any point P is 
expressed by the surface-integral 

f (f) (r) cos A dS, 

where r is the distance from P of any point on the surface bounding 
the solid, d>S is the element of surface area, and A the angle made 
by the normal at this point with the given direction. 

Take P as origin and the given direction as axis of x; at any point 
(x, y, z) in the mass let the element of volume dxdydz be taken, 
and let the attraction of this element be </>'(r) dxdydz. The com- 
ponent of this parallel to the axis of x is 


- dxdydz, or dxdydz. 

v* dx 

Integrating this, considering y and s constant, i. e. along a thin bar 
parallel to the axis of x, we have 

where r , and r. 2 are the distances from P of the points in which this 
bar cuts the bounding surface. Now 

dydz = dS 2 . cos A 2 = — . cos A t , 

the normal being at each point drawn outward ; therefore, &c. 

15. Calculate the attraction-intensity of a uniform elliptic plate 
at any point 011 the axis through its centre perpendicular to its 
plane. 

Ans. If «, b are the semi-axes of the plate, c = v^a^—6 2 , 
2 = distance of attracted particle from centre, r = thickness of plate, 

l? = 


a 2 -f- z l 


if _ , , 

: ”2 attraction-intensity is 


<■> 

where n(~7?, k) and F(k) are the complete elliptic functions of the 
third and first kinds for the modulus ]c and parameter —n. 

Again, this can be expressed entirely in terms of functions of the 
first and second kind, since the complete function of the third kind can 
be so expressed. Thus in general 

*)- '<*> = 

ft)}, 

where k' — V \—k\ and sin /d = • Hence (1) becomes 

4 YP ft) . F(k)-[E(k)-F(k)]F(k', ft)}, (2) 


where sin Q = - . 

V z 1 -f 6 2 

This obviously verifies for a circular plate. 
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Section II . — Theory of Potential. 


326.] Potential due to any Attracting Mass. Consider an 
element, dm, of mass occupying- any point, il/, and let a unit 
mass condensed into an infinitely small volume bo brought by 
any agent along any path whatever, plane or tortuous, from a 
position P 0 to a position P ; it is required to calculate the amount 
of work done in this passage of the unit mass by the force exerted 
on it by the fixed particle dm. Suppose the law of attraction to 
be that of the inverse square, and at any point of the path of P let 

ydm 

r be its distance from M. In this position let the force be • 

Then for any small displacement of P — say from P to P ' — 

ydm 

along its path the work done by the attracting force is — dr, 

where dr is HIP’ — MP. Hence the work done by the attraction 
r r dr 

from P Q to P is — ydm / (where MP 0 = r 0 ), i. e. 

J > 0 


c?-f) o 

If r and r 0 are measured in centimetres, dm in grammes, and 
if y is the constant of gravitation (Art. 321 ), this expression for 
the work done is in ergs. 

Now if the field of attraction is produced by several particles 
dm, dm', dm",... at M, M\ M", ... the sum of the works done 
by the attractions of all these on the unit mass in the passage of 
the latter from any initial position P 0 to any final one, P, is 


(- 1 - - — ) y (lw + (.7 - 77) y <iM ' + (yr - -A ,)ydm"+ ..., (2) 
v r r 0 ' / 1 0 • • 0 


or 


( dm dm dm.' 

( v\T + / + V'" 


/dm 


\ /tun dm am \ . . 

+ ... )-y ( — + 77 + + ...)’ ( 3 ) 


dm' 1 


where r, /, r", ... arc the distances of the final position P from 
the several particles, and r 0 , r 0 ', r", ... the distances of the 
initial position from them. 
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If the initial position is infinitely distant from every attracting 
particle, “ = = ... = 0, so that the work becomes 


/dm dm ' dm!' \ 

y(,T+-r+-,r + .")• 


(■') 


The amount of work done in bringing a particle of unit mans and 
infinitely small volume from any position in which the attractions 
exerted by the particles of any given system are zero ( or insensible) 
to any point P in their field of attraction is called the Potential 
of the field at that point . 

It will be seen that since the work done involves merely 
distances of P from the several particles, it is wholly independent 
of the shape and length of the path along which P has been brought ; 
in other words, the attractions exerted by the several particles in 
the field are a system of conservative forces (Art. 272). 

In the above formal definition of the Potential at any point 
produced by a given mass system, instead of saying that the unit 
particle is brought from infinity up to the final position P, we 
have said that it is to be brought from a position in which the 
attractive forces of the mass system are zero, although, in general, 
a position at infinity would satisfy this description. It will be 
shown soon, however, that there are eases 
in which the estimation of the work done 
on the unit particle from infinity up to the 
finite position P leads to infinite constants 
in the integration. If we define the Po- 
tential at P as the amount of work done 
in bringing the particle from infinity to 
this point, we must add the proviso that 
when the particle is at infinity it is also infinitely distant from every 
attracting particle of the mass system — i. e. that none of the 
attracting mass is contemplated as at infinity. 

Throughout the sequel we shall speak of the position in which 
the forces of the field are insensible as the zero position. 

Suppose now that the attracting particles form a continuous 
body of any shape represented in Fig. 37 9 . Then the number 
of terms in (4) becomes infinitely great, and if we denote by V 
the Potential at P, we have 

r-yfi. M 
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where dm is the element of mass at any point, M , and r is its 
distance from P . The integration is, of course, to he extended 
throughout the whole body, the position of P being fixed. 

Thus to each position of P belongs a value, V, of the Potential. 
If P* is any other point at which the Potential is V', the work 
done by the attractions in transferring the unit particle along any 
path whatever from P f to P is 

r~ r, 

since the particle might be brought from the zero position to P 
by passing through P' on the way. 

It is to be remembered, then, that the expression (a) does not 
represent the work done in bringing a unit mass from infinity to 
P if any of the attracting matter is contemplated as being at 
infinity. 

We might take y = 1 by departing, to some extent, from the 
C. G. S. system, i. e. by taking the unit mass to be that which, 
condensed into a small sphere, attracts an equal spherical mass 
with a force of 1 dyne when the distance between the centres of 
the spheres is 1 centimetre ; and this mass would be, by Ex. 7, 
p. 166, about 3028 grammes. We prefer, however, to adopt the 
C. G. S. system pure and simple and to retain y, its value being 
that given in Art. 321. 

It is to be observed that Potential is an undirected or scalar 
magnitude — unlike force, which has direction and is a vector . 
The Potential at P has magnitude but no direction. 

Again, Potential is arithmetically additive; i. e. if V is the 
Potential at P due to any one mass system, and V the Potential 
at P due to any other mass system, the Potential at P due to 
their combined action is simply F+ U. 

327.] Equipotential Surfaces. The Potential produced at 
a point P by the attraction of any fixed masses may evidently 
be expressed as a function of the position of P, i. e. as a function 
of its co-ordinates, x, y> z , with reference to any fixed axes. If, 
then, V = </> (x, y , z\ there must be a surface locus of points at 
each of which V has a given constant value, C ; for tho equation 

4> fa y,z) = c 

denotes a surface. 

Let APB (Fig. 280) represent the surface at every point of 
which the Potential has the same value as that at P. [In the 
figure this surface is represented as closed ; but, except for very 
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simple arrangements of attracting matter, the equipotential 
surfaces are very complicated, each consisting, perhaps, of several 
detached portions closed or unclosed.] Then no work, on the 
whole, is done in transferring a particle from any point P on 
this surface to any other point, A , on the same surface ; the 
attractive forces of the field do as much positive work through- 
out a portion of any path connecting P with A as negative 
throughout the remainder. 

If the particle is transferred from P to A along any path lying 
on the eqnipotential surface , then at no 
instant during the passage are the forces 
doing any work whatever ; for no work 
is done in the passage from any point 
to the next consecutive. 

Hence the resultant attraction at any 
point on the surface acts along the 
normal to the surface at the point ; for, every direction of dis- 
placement for which no work is done must be at right angles to 
the direction of the resultant force, and no work is done by the 
resultant attraction at P for any displacement of a particle at 
P in the tangent plane to the eqnipotential surface at this 
point. 

An eqnipotential surface is often called a level surface (surface 
(le niveau ) from its analogy with a horizontal plane which is an 
equipotential surface for the case of gravity. (In reality, the 
equipotential surfaces for the earth’s attraction are approximately 
spheres concentric with the earth, but a limited portion of one of 
them at any place may be considered a horizontal plane.) The 
horizontal plane is such that the work done by the weight of 
a particle in the descent of the particle, along any path, to the 
ground is the same from whatever point on the plane the par- 
ticle falls ; and, moreover, the particle, if placed on a smooth 
hard substance coinciding with this plane, would not move along 
it. All points on this plane have, therefore, the same Potential 
with reference to the earth’s attraction, and are said to be at the 
same level. Hence the use of the term level surface in general, 
in any field of attraction, gravitational, electrostatic, or magnetic. 

828.] Belation between Force and Potential. At any 
point, P (Pig. 280), construct the equipotential surface PA B ; 
let PQ be an infinitesimal length measured on the normal at P ; 
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and through Q describe another equipotential surface, QCD. Let 
V be the value of the Potential at P , and f+Af its value at Q. 
Now the resultant force at P acts along PQ , either inwards or 
outwards. Let it be 72, and consider the work done in trans- 
ferring a unit mass from P to Q. By definition this work = A V, 
and if B acts from P to Q, it must also be BxPQ , assuming 
that we may consider B as constant at all points between P 
and Q. Hence A y ^ y 

B = or = —5 
PQ, A n 

so that if A / is a positive increase of Potential, the sense of 
B is from P to Q . Similarly at B the magnitude of the 
AT 

force = jjjj j where BD is the normal distance between the two 

surfaces at B. Hence at different points on the same level 
surface the magnitude of the resultant force is inversely pro- 
portional to the normal distance between that surface and 
another level surface whose Potential exceeds that of the given 
one by an infinitesimal amount. An inspection of the figure 
(Fig. 280 ) shows the points at which the resultant forco is most 
intense, and also those at which it is least ; it is most intense 
where the two surfaces are closest together, and least where they 
are farthest apart. The value of B without approximation is to 
be found by diminishing PQ, or A n, and therefore A/ 7 , in- 
definitely ; i. e. 7 rr 

<«> 


which asserts that at any point , P, the resultant force is the rate 
of increase of Potential along the normal to the level surface through 
the point , and it acts in the se?ise in which the Potential increases . 

Again, the component of force in any direction at any point, 
P, is the rate of variation of the Potential in that direction at P. 
For at P draw PP' in the given direction, meeting in P' the 
indefinitely close equipotential surface on which the Potential is 
F+A V. Then if F is the component force along PP\ and 11 
the resultant force at P, 


F 


72 cos QPP' 


AT 

An 


cos QPP r = 


A V 
PP r 
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Hence if PP ' = As, and its length is diminished indefinitely, 

(ft) 


(Is 


If (h lies anywhere in the tangent plane, the component force 
is zero; and the resultant force acts in the direction in which 
the Potential increases most rapidly. 

Con. The components of force at P parallel to three fixed 


rectangular axes arc 


dV dV (IV 
dx 5 dy 5 dz 5 


(y) 


(x, y, z) being the co-ordinates of P, and / being expressed in 
the form V = (f> (x } y , z). 

If V is expressed as a function of the polar co-ordinates (r, 0, </>) 
of P, with reference to any origin, 0 , and axes, the component 


force along the radius vector OP is 

dV 
dr 5 


(») 


and the component along the tangent to the parallel of latitude 
at P is 


dV 


(«) 

while the component 


(O 


rsinfl r/0 

since PP' for this direction = r sin 6 . A</> ; 
along the tangent to the meridian at P is 

1 dT' 

r dO 

In general, V may be expressed in terms of any three inde- 
pendent variables which serve as co-ordinates to define the 
position of a point. 

Starting with the notion of work, we have deduced the force- 
component in any direction from the Potential. In particular, 

dV 

we have proved that X = . But we might have adopted the 

reverse process and shown that X is the differential coefficient 
with respect to a? of a certain function of x , y , r. 

Thus (Art. 325), if </> (r) = — , we have 


X = 


/ x—x 


dm, 
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in which the integration has reference to x , y , z' ; so that we 
can write this in the form 


(i . r dvi A (iv 

~Ta\ y J Tx 

if we denote y J~ by ^ 

For any law of attraction, <//(/*), between elements of mass, 

r x 

the value of A" is (Art. 325) equal to — I </>'(>•) — ~ dm, or 

— J d m ) or ^ if we denote — dm by V. 

Now — f <f)(r)dm is precisely the work done by the attraction 
on a unit mass from a zero position to the point P considered. 
For, the attraction exerted by dm at any distance being* 
<// (r) dm, the element of work done by this for a small displace- 
ment of P is — (f)' (/*) dm . dr, and the whole amount done from 
the zero position is — dmj' (j>'(r)d?\ or — </> (r) dm. Summing the 
works done by all the other elements of attracting mass, we 

W r= -/<t>(r)<hi. ( v ) 


The process, however, of deducing the idea and properties of 
Potential from the components of force is less in accordance with 
the methods of modern Physics than the reverse process, which 
we have here adopted. 

It will be useful to the student to imagine the whole field of 
attraction, due to any arrangement of mass, as mapped out by 
a series of equipotential surfaces, the value of the Potential 
increasing from one surface to the next by a small constant 
amount. 

329.] Differential Equations of Potential. At any point 
P describe the usual small rectangular parallelepiped whose 
edges are parallel to the axes of x, y, z. If in Fig. 228 we put P 
in place of 0, and take the edges infinitely small, equal to 
dx, dy, dz , the parallelepiped there represented is such as we 
contemplate. Now take the surface-integral of normal force- 
intensity over this parallelepiped. The outward normal force- 
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• • (IF 

intensity on the face PBFC is — J or — : sck that the 

tf rv% 7 


dV 

contribution of this face is — < lyilz ; while the contribution 

of the opposite face is 


dx ’ 


dV d dV , , x 7 

— drh+^dud,).**-. 


hence the sum contributed by these two faces is f ~r~ 7 dxdydz. 

(t X 

Similarly the sum contributed by the two faces perpendicular 
(l 2 y 

to the axis of y is —^dxdyd:, and that contributed by the re- 

. (J2j/ 

maining faces is --- dxdydz. The whole surface-integral for the 

elementary volume considered is therefore 

,(PV 

'(77* 


( si, a + 


d*F dH\ 

yz) dxdydz, 


(ff ' dz 
or V 2 T . dxdydz, using the symbol 

T72 c (l2 < 1 * < V1 

v for s? + if + 

Now if there is none of the attracting matter within the 
element of volume at P, this quantity must be zero, by Art. 
324. Hence at every point in space at which none of the 
attracting matter exists 


d 2 F d*F d 2 F 
dx* + a ly 2 + dz* 


== o ; or v 2 r= 


0. 


(«) 


If, on the contrary, P is a point inside the attracting matter, 
and if p is the density, or mass per unit volume (cubic centi- 
metre) at P , the mass contained in the parallelepiped is p dxdyt/z ; 
so that by Art. 324, 

d 2 F <r*V d 2 F 

~d? + dy + dz* = - 4w w or V2J = -4*yp— W 


Equation (a) is known as Laplace* Equation , while (ft) is 
Poissons Equation . 

We now proceed to find the equivalent equations in polar 
co-ordinates. To do this, we take the surface-integral of normal 
force-intensity over the polar element of volume msqt (Fig. 219, 
vol. i). Let <s‘ in this figure represent the point, P, in any 
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field of attraction, and let the co-ordinates of s be (r 9 0, </>), 
let the normal force-intensity on the face msq, measured in the 
sense Os, be R, while the area of this face = s x . Then this face 
will contribute the term — Rs L to the surface-integral, while 


the opposite face will contribute Rs x + 




dr ; therefore these 


d \ it# 

faces give conjointly ^ 1 dr. Let the normal force-intensities 

on the faces mst and tsq be T and 8 , and the areas of these 
faces * a and .? 3 ; then the first and its opposite face will con- 
jointly give 5 and the second with its opposite will 

. <HS» n ) . 


7 (f) t Hence 


» V I 1 

tu p 

tl (^,) /?ii , d(7\) 


dd+'^j*^d<f) = 0, or 
a <p 


= — 47ryp? ,2 sin 0drd0dcj), 

according as there is not, or is, mass inside the element of volume. 

*r 7 >_ <1V l dV 1 

0W 1 dr 5 r (I0 3 rsin0 d </>’ 

s x = r 2 sin 0 dO d(p, s 2 = / sin 0 <//• <7 </>, «s‘ 3 = r d 0 dr, 

so that the equations are 

1 r'J / .a . 1 < l / • /i r?r \ , 1 . 


lrf// „ d T\ 1 r? / . r/Tx 1 d 2 t'\ 

r*l77-v“ # />) + ) + ^0,7^ - °> 

or -4wy/>; (y) 

and it will be useful to note the identity (putting jjl for cos 0) 

v '' s ,*[,?;(’’ *) + + r-7w ] ' (8) 

A result of importance may here be noted — namely, if the 
equation V 2 F = 0 is satisfied by the value Y = r n Y, where Y 
is a function of 0 and only, it will also be satisfied by the 
Y 

value / = ; for, each of these values when substituted in 

(y) gives the equation 

d i. dY) 1 d 2 Y , , xv „ 

+ Hfi? + ”<“ +1 > a 

liquation for V in Cylindrical Co-ordinates . The position of 
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any point, P, in space may be defined in the following manner 
by what are called cylindrical co-ordinates . Take any fixed rect- 
angular co-ordinate axes, Ox , Oy , Oz ; from P draw PM perpen- 
dicular to the plane of xy , meeting this plane in M. Then the 
cylindrical co-ordinates of P are the lengths PM and OM , and 
the angle MOx . Denote these, respectively, by (r, £ <$>) ; then 
V at P must be expressible as a function of these. The corre- 
sponding small element of volume at P is obtained by drawing 
a cylinder passing through P having Oz for axis, and another 
cylinder very close to it (having for radius (+dQ ; a plane 
through P parallel to the plane xy, and another plane parallel 
to this at a distance dz from it ; an ‘ azimuth plane \ PM 0 , con- 
taining P and Oz , and finally a close azimuth plane through 
Oz making the angle d c/> with the previous azimuth plane. The 
volume of this element is (dz d£d<f) } and the areas s lf s 2 , $ 3 of 
its faces through P are s 1 = (d (//</>, s 2 = £dzd<f>, s. 3 = dzd(; and 
the force-intensity perpendicular to the first and measured out - 

dV 

wards from the surface of the element of volume is — ? so 


that this face gives 


and its opposite gives 


dr , d , (U v 

•'T: + 7: ('■*)•* 

to the surface-integral. The sum of these is 

Similarly the other pairs of opposite faces contribute 
d ( df\ d rh dF, IJL 

(K^dC ) ‘ ^ and d<f> ( £v/</>) • d</) ’ 

so that the whole surface-integral over this element of volume 

Hence the equations for V are 

&V 1 d ,.dk\ 1 d 2 V „ „ , , 

** + + = 0> or = _4,ry/,; (e) 

and we have the identity 

~ <fc» + rff-* + c-if fw ' 


1695 
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If the attracting matter is symmetrical, as to shape and density, 
about an axis (that of xr, suppose), equations (e) and (y) become 

j*r 1 (i ; 


(V / ' \ 

«,- + ?,7?(w = 0 ’ or = ~ 4irw 

(l (IV) 

+ = or =- 4 * ,, ' >r ' 


and these are necessarily the same, and can be transformed one 
into the other by the relations r — V z* + C 2 , 0 = tan”" 1 ; , which 


give 


✓7 „ d sin# r/ 

— rr: COS 0 — > 

r/c dr r d 0 


d_ 

d( 


. . d cos 0 d 

sin 0 — + - — — • 

/* r d 6 


330.] Infinite Elliptic Cylinder. In general, to find the 
Potential at any point due to an infinite homogeneous cylinder whose 
transverse section is any plane curve symmetrical with respect to an 
axis , it is sufficient to know the value of the Potential at all points 
on this axis . (Laplace, Mecanique Celeste , Vol. I, Book III, 
Chap. 6.) 

For, if the axis of £ is taken parallel to the axis of the 
cylinder, V will be a function of x and y only, and the equation 
for T will be y f j 2 y 

dx l dy* 


The solution of this partial differential equation is 

V = F(x+g V -l)+f(x-y V -1), 

where F and f are two arbitrary functions. 

Let the axis of x be taken coincident with the axis of 
symmetry of the transverse section; then the above value of / 
must be unaltered if for x and y we put x and — y, since V is 
obviously the same at the point (x y —y) as at the point ( x , y). 

.\ fi=:f(x+yV- \) + F(x-yV 
Hence 2 7^= ( F+f ) (x+y V — 1) -f (F+f) (x—yV— 1), 

= <#>(*’ !) + </> (a?-^/-l), (<*) 

so that at every point on the axis, if U is the Potential, 

V = 4> (#), 
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and, by hypothesis, this is known, i. e. the form of the function 
</> is known. Then if in c/> we put x+yV —1 and#— yV — 1 
for x successively and add the results, we get 2 V, by (a). 

Similarly for the attraction-intensity. Its value at any point 
on the axis of symmetry of the transverse section is </>' (#), while 
if X and Y are its components at any point, 

2X = <j)'(x+yV — + yV — 1), (P) 

27= V-l[(j)'(x+y</-\)-(t)'(x—y'/—lj]i (y) 

which are both known when <j / is known. 

To apply this to the ease of an infinite elliptic cylinder, the 
form of <//has been already found (Example 5, Art. 325). Hence 
we have for the attraction-intensity at any point (x, y), 

— 2X = 47* y^[x+yV — l — \](x—y</ -l) 2 --c 2 ] 

+ 4 Try p ~ [a? — y V — 1 — 'sj (x — y V — 1 ) 2 — 5 

— 2 Y = 47t yp ( ^ V \x+y V — l — \j(x+y V — l) 2 —c 2 ] 

— 47ryp V— l [# — y \/— l — 'sjix—y 1)“— c 2 J ; 

or a — ^ 

X- = 2 7r y p [2# - Aj ar — y 2 - c 2 + 2 t ry 7 - 1 

- aJ &‘ 2 -/ ~ ^ “ 2 ‘ r y ^ 

- 7= 2 7T y p ^ [2 y 

— y 2 — c 2 — 2xy*J —1]. 

These may be put into real forms by observing that if 

we hiive n = •/2 \J A+ V A 2 + B 2 . 

Hence 

X= 2*y/^[2*- V2\p -f-(» + + 4*y]> 

1'= 2iryp~[-2^+ ^2\j V(f -f- c*) 2 + 4 - (x 2 -f - <' 2 ] » 

<T L 

n a 



180 THEORY OF ATTRACTION. [ 331 . 


If the point (os,y) is on the surface of the cylinder, os = a cos </>, 
y = l sin </>, and 

X = -4iryp ~^cos<#>, (() 

v ah . v 

1 = — 4 7T y p ~ ^ sm </>, (»/) 


so that the resultant is constant in magnitude, and it acts in 
a line parallel to the radius of the auxiliary circle of the ellipse. 

331.] Potential Work, or Static Energy, of a Self-Attract- 
ing System. In a system in which forces of attraction are 
exerted between particle and particle, these forces will do an 
amount of (positive or negative) work if the form of the system 
is altered. We propose to find the amount of work thus done in 
a material system self-attracting according to the Newtonian law. 

Consider a system of particles of masses w li w 2 , m 3 , . . . with 
distances r 12 , r 13 ,,.., r 23 ,... between them in any given con- 
figuration, and with distances / 12 , / 13 , ...,/ 23 , ... between them 
in any final configuration. 

First, let m 1 alone be brought into the second configuration, 
all the others being fixed. Then the amount of work done by 
the forces of attraction acting on it is 


y [(~ - £-) + (;r - r) "' a+ -l' 

Pl2 7 12 PlZ M3 


where /) ]2 , /) 13 ,... are the distances between v? 1 and m 2 , w . u ... 
after this change. Now let be brought into the final position, 
w 3 , w 4 , ... being kept fixed. The amount of work thus done is 


r [(7- ~ 7) »i + C - 7) **»+-]• 

7 12 P 12 F23 7 **- 


Bringing w., now into the final position, w 4 , ... being fixed, 
the work is 

y [(;/- - 7) »t + (/ - •-) ^+-]- 

7 13 Pry 7 23 r23 

Repeating this process for all the rest, and adding the works 
done, we have the whole work (multiplied by 

/l 1\ / 1 1\ /I 1\, 

= **1 (/ - - — ) + "'1 *S (77 - — ) + *1 (7- “ H + • • • 


12 


13 


14 


'14 
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+ W 3 



-/■) + ** “4 (/- -7-) + 

y 23 7 24 7 24 


+ w a w 4 




Now rearrange this by taking one-half of the first, second, 
third, ... terms in the first row and putting them, respectively, 
into the succeeding rows, and similarly treating the terms of 
the other rows. We thus find that the expression is the same 

aS - r W- W„ W., t 


or 


+ 4 W 2 [7'“ + 7/- + .. 

y 12 ' 23 

MK'-KK+Mtf- 


w* 

r i2 

Wi 

?*i 


'13 

Wo 


'12 '23 

(a) 


all divided by y, where If' is the value of the potential in the 
final position of m x and If its value in the first position of w 1 , 
with similar meanings of If', If, &c. 

Or we may write the work in the form 

\ (2 Vm )' — ^ (2 Vm), (ft) 

where (2 Vm)' means the sum obtained by multiplying the mass 
of each particle of the system by the value of the potential 
at its position in the final configuration, and 2 Vm the corre- 
sponding quantity in the first configuration. 

If the particles are infinitely numerous and form a continuous 
mass, the work of the forces of attraction in changing the con- 
figuration is x ( fVdm)' - \ (fVdm). ( y ) 

Hence to scatter the particles of a given self-attracting system 
to (practically) infinite distances from each other requires an 
amount of work equal to \fVdm, (6) 

in which expression the integral is taken throughout the system 
in its given configuration. This expression (6) may, therefore, 
be regarded as the Potential Work of the forces of the system, 
or its Static Energy, in this configuration. 

Again, if If, If, ... are the potentials at the positions, of a 
number of particles w/, w 2 ',... produced by a given system of 
particles m l9 w 2 , ..., and if the system w/, w 2 ', ... (which we 
shall denote by M') either is not self-attractive or is absolutely 
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rigid, the work of removing the system M ' completely out of 
the field of attraction of the other system (which we denote 
by 31) is obviously 

+ ...), or Sm'F] 

or, again, f V dm' ^ if the system 3V forms a continuous mass. 

But the work of removing the system 31' out of the field 
of influence of 31 must be exactly the same as the work of 
removing 31 out of the field of influence of 31' — since each is 
the work of separating the two attracting systems, each of which 
is considered as either rigid or not self-attractive. 

But if V x \ Vf , ... be the values of the potential produced by 
the system 31' at the positions of ?n Xi m 2 , ... the expression for 
the work of removing 31 is 

(w 1 Ti' + w 2 K / + ...) or 2 mV', 

or fV'dm. 

Hence we have a useful theorem due to Gauss, viz. 

f Vdm' = fV'dm. (e) 

But this is also evidently true if the elements dm, dm' are 
multiplied by any function of the distance between them, as 

well as when this function is - ; and, moreover, instead of two 

r 

mass systems, 31 and 31' , we may have two volumes of empty 
space, so that if dm and dm are elements of volume, equation (e) 
still holds. The theorem in this case is of course not physical 
but merely analytical. 

We shall find useful applications of this theorem of Gauss 
hereafter. 

3»32.] Magnetic Shell. In the study of Magnetism we have 
to deal Avith a magnetic shell , which behaves like a material shell 
consisting of two layers indefinitely close together, each element 
of one of the layers — the outer, suppose — acting on a given 
material particle, placed anywhere, with a repulsive force follow- 
ing the Newtonian law, while each element of the other layer 
attracts the same particle according to the same law. Let 
Fig. 278 , Art. 322, represent such a shell, and suppose the 
points P and Q to be on the outer and inner layers, respectively. 
The outer layer we may imagine to be composed of positive matter , 
the amount of Avhich per unit area is m at any point P ; while at 
Qy the point directly opposite to P, on the inner shell Ave may 
imagine a quantity of negative matter , equal to —m per unit area. 
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The inner shell is, then, wholly composed of negative matter , and 
the amounts of + and — matter, per unit area, are equal at the 
extremities of the (small) normal distance between the shells at 
all points. The terms ‘ positive ’ and ‘ negative * matter are, of 
course, only provisional ; they stand merely for causes of repulsion 
and attraction . Again, the quantity m may vary from point to 
point on either shell. The product of m and the normal distance, 
A?i , between the shells at any point is called the strength of the 
shell at that point. Denote this product by </> ; so that 

(f> = m A n. 

We shall assume the shell to bo of constant strength at all 
points ; so that if the surface- density, m, of matter varies along 
either layer, the normal distance between the layers will also 
vary — but in such a way that </> remains constant. 

For ordinary gravitating matter, whose constant of gravitation 
has the numerical value of y previously given, such a combination 
of indefinitely close layers of repulsive and attractive matter 
would be almost absolutely nugatory — unproductive of anything 
but an infinitesimal force effect at any point — since, An being at 
all points infinitesimal, the product mAu would be infinitely 
small ; but if a very large quantity of repulsive * matter ’ could be 
concentrated on a small surface, the product mAn might not be 
infinitesimal, and the whole action of such a shell on a unit mass 
might amount to a very considerable force. 

The discussion of the following properties of such a shell as 
we now imagine will not only serve to illustrate the subject of 
the present Chapter but prove a useful study for the student of 
the theory of Magnetism. 

(a) The potential produced by a magnetic shell at any point in 
space is proportional to the conical angle subtended at the point by 
the hounding edge of the shell. 

Let A be tho point at which the value of the potential is to be 
found; let Q be any point on the inner surface, and P the 
opposite point on the outer surface, of the shell; let AQ = r, 
AP = r + At. Also let the constant of gravitation for the kind 
of matter now supposed be k — i. e., the number of dynes in the 
force of repulsion between two positive unit masses at a distance 
of 1 cm. — ; suppose a unit mass placed at A ; take any small 
element of area, dS, of the inner layer at Q, and on the contour 
of this erect a cylinder which will cut off an equal element of 
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area, dS i on the outer at P. 
elements being, respectively, 
potentials at A is 

^-r+x,) 


The quantities of matter on these 
— mdS and mdS , the sum of their 

mdS, or h dS. (1) 


Now if y\r is the angle made by AP with the normal to the 
shell at P , we have A ;• = A n . cos \j >, so that this clement of 
potential becomes ^ cos ^ 


&(/> - 2 — dS , or &(f).d a), 


( 2 ) 


by Art. 316, where do) is the conical angle subtonded at A by 
the olement dS of the surface of the shell. It is usual to assume 
the constant k equal to unity — which amounts to taking the 
unit mass as indicated near the end of Art. 326. On this under- 
standing, then, if V is the potential of the shell at A , we have 


r = 4>. o>, ( 3 ) 

where co is the conical angle subtended by the whole shell at A, 
i. c. the conical angle subtended by its bounding edge. 

Hence if the bounding edge disappears — in other words, if the 
shell is a closed surface — it produces a zero potential, and there- 
fore a null force effect, at all points outside it, and also a uniform 
potential, 47 r</>, and null force effect, at all points inside it. 

Hence also all magnetic shells of the same strength which 
have the same bounding edge produce the same effects at all 
points in space. 

(b) The potential produced by a magnetic shell at any point in 
space is proportional to the normal flux of force through the surface 
of the shell produced by a mil particle at the point . 

This follows at once from Art. 324. 

(c) If a magnetic shell is placed in any field of force which has 
a potential satisfying Laplace s equation , the whole action of the 
field on the shell can be produced by a distribution of force along its 
bounding edge only , according to a simple law . 

Let X, Y y Z be the components of the force-intensity of the 
field (forces exerted on the magnetic unit) at any point. Then we 
assume (UJ d \ j dU 

A = -r-5 I = — > Z = 7 -3 

dx ay dz 

where TJ is the potential of the field at the point. Hence 

dX dY n 
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Calculate now the whole component of force exerted on 

the shell. On the quantity — mdS at any point, Q , on the inner 

layer, the force is — mXdS . If l> n are the direction-cosines of 

the normal at Q, v the thickness of the shell at and #, y, z the 

co-ordinates of Q , the co-ordinates of P are x + lv>y + z -f- nv ; 

so that the value of X at P is 

v / 7 d d d \ 

X + v (l -j- + mi - — |- n — J X, 

' dx dy dz ' 

Hence the resultant ^-component on the corresponding elements 
at P and Q is f d d j 

*J( l T^ m r, +n j) XJS ’ 

and the whole x- force on the shell is 

. r/.dX (IX dX\ ,r. 


, ft /l A (IX (IX, 


Now since V 2 U = 0, we have 

(IX (IY dZ_ Q 

dx ^ dy dz 

Substituting from this the value of and also putting^ for 
dX dZ , dX. , . 

— and - 7 - lor - 7 -- in (4). we have (4) equal to 
dy dx dz 

or </> /(& 2 63 7) (5) 

But by Theorem 2, Art. 316, <2, the first term in this integral 

is equal to the integral </> Jz • ds taken along the bounding 
edge of the shell, while the second term is equal to the integral 


-*/ j 


7 -A ds taken along this edge. Hence the whole #-com- 
ds * & 


ponent, F x , of force on the shell is given by the equation 


Similarly 


r, = *P%~ z >’ 
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where F y , F zi are the components of force, parallel to the other 
axes, exerted by the field on the shell. 

Now if B is the resultant force-intensity of the field at any 
point, P, of the bounding edge, and 0 the angle between B and 
the tangent to the edge at P, the multipliers of ds in equations 
(6) are simply the a?, y, and z components of a force 

B sin 0 (7) 

acting along the line which is at once perpendicular to B and 
to the tangent to the edge at F. This force, B\ may be 

graphically represented thus : at any point, F , on the edge of 

the shell draw a line representing in magnitude and direction 
the resultant force-intensity, B , of the field of foice ; draw also 
at F a unit length in the direction of the tangent to the edge 
at P, and complete the parallelogram determined by these two 
lines ; then at P draw a perpendicular to the plane of this 
parallelogram proportional to its area; this perpendicular will 
represent the magnitude and direction of the force B' to be 

applied to the edge at P, per unit length. As to the sense in 

which the perpendicular to the plane is to be drawn, a watch- 
hand rule similar to that in Art. 200 may be adopted; or we 
may express the result by a quaternion notation thus: let a 
unit vector, r, be drawn along the tangent at V to the edge in 
the sense in which a man walking on the positive side of the 
shell along the edge must travel so as to keep the shell at his 
left hand, and let B be the vector representing the resultant 
force-intensity at P ; then 

B'= VrB . (8) 

We have now to show that the system B' will produce the 
same moment about any axis as the force system (X, T, Z). 

To calculate the moment of the latter about the axis of a?, let 
Q be a point on the inner layer and P on the outer, as before. 
Then the moment of force exerted on the element, — mdS , 
at Q is 

— (Zy — Yz) mdS, 

and therefore the resultant moment given by the masses — mdS 
and mdS at Q and P is 
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But this is easily seen to be the same as 

or 0 rW, 

with the notation of Theorem 2, Art. 316, a; and by this 

Theorem the result is the line-integral 

taken along the edge of the shell. Hence if L denotes this 
moment, TC / y dx v (lff\ / v dz dx\ i 

L = *J W*-jr x 3i> -■ ( A *-**)! *■ <»> 

Now the coefficient of ds is exactly the moment of the force 
Id about the axis ; therefore the system of edge-forces, li\ is 
completely equivalent to the given forces acting on all the 
elements of the shell. 

(d) To express the Static Energy of two magnetic shells 
occupying given positions. 

Let their strengths be 0 and 0'. 

Take any point, Q\ on the inner (supposed negative) surface 
of the second shell. The potential at this point due to the first 
is 0(o by (3) ; and if P' is the point on the outer (positive) surface 
at the extremity of the normal at the potential at P' is 

✓ d , , d d 




where v is the thickness of the shell, l\ m\ ti are the direction- 
cosines of the normal, and (x\ y\ /) the co-ordinates of Q'. 
Hence the potential work of the force of the first shell on the 
masses — mdS' and mdS / at Q' and P f is 

Now by Art. 316, this is the same as 

..A, ( dll dG\ ,IF dlL , aIG dl\\ 

*+ rw ~ d?> - a?)+* - m ,ls ; 

and the integral of this over the surface of the shell is by 
Theorem 3, Art, 316, a, the line- integral 

jljv ff 7>7 dx r,dy -jj-d/Z \ 7 , 
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taken along the edge of the shell. Substituting for Pits value, 
C(f- sc 

I —9 and similar values of G , H, the potential work of the forces 

of the first shell acting on the second is 

. CC\ /dx ( W dy dy dzdz\ 7 7/ 


the edge of the shell. 


,dx dx f dy dy f 
( ~7L Jj “h 


dz dz \ f 


" JJ r V ds cW ’ ds d/ ' * ^ 1 

this double integral being taken over the edges of the two 
shells, (#, y , z) being the co-ordinates of any point, P, on the 
edge of the first, (x\ y\ z') those of any point, P', on the edge of 
the second, r being the distance PP', and ds 9 ds ' elements of 
length of the edges at V and P'. If e is the angle between the 
directions of ds and ds\ and W stands for the Static Energy, 




which is known as Neumanns Formula. 

The Static Energy here expressed is merely the work which 
must be done against their mutual forces in withdrawing either 
shell, considered as a rigid body, to an infinite distance from the 
other. The result depends, then, merely on the shapes and 
positions of the edges and not at all on those of the surfaces of 
the shells. 

(e) Static Energy of a Magnetic Shell and any Field of Force. 
Supposing the field of force to have at each point a potential, the 
static energy, in any position of the shell, is ecpial to the normal 
flux of force of the field through the shell, multiplied by the 
strength of the shell. 

For, taking, as before, any points Q and P, at the extremities 
of the small normal thickness, on the negative and positive faces 
of the shell, if V is the potential of the field at Q> the potential 
work of the forces on the element — mdS at Q is — mVdS ', while 
for the clement mdS at P it is 


m FdS+mvdS(l^ + 


d d \ T t- 
m-y +n T-) V , 

dy dz' 


where v is the thickness of the shell at P. 
whole potential work 


Hence if W is the 


-.Jr ± r r ,dv dV dr, 7D 


which, since * 


dV dr 


are the components of the force-inten- 
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sity of the field at P (or Q), is the normal flux of force-intensity 
of the field through the shell. When V 2 F = 0 , this can be 
expressed as a line-integral of the vector (?/, v , w) along the edge 
of the shell by determining w, i\ w as at the end of Art. 316, a. 


Examples. 

[Throughout these examples it may be assumed that length and mass are 
measured in centimetres and grammes, so that the constant of gravitation, 
1 dyne , T . . . 

7i = 1543 x 1Q 4 » and V 18 m er 9 s P er gramme .] 

1. If the field of attraction is produced by two particles of masses 
m x and m 2 at two points A and S (Fig. 36, vol. i), and if r x and r 2 
are the distances of any point P from them, 



y being the gravitation constant (Art. 321). 

Now m x and m 2 being both essentially positive, very large values 
of V will correspond to points P very near either A or S f while 
small values will correspond to points very distant from both, and 
zero values to points at infinity. The equipotential surfaces are 
evidently all surfaces of revolution round the line NS. If V is a 
very large constant, the equipotential surface will consist approxi- 
mately of a sphere with centre A and radius = together with 
a sj)here with centre S and radius —J^ 2 • As the values of V decrease, 

the equipotential surfaces arc each formed by two oval shaped sur- 
faces surrounding the points A and S ; for a certain value of V these 
ovals join each other at a point between A and S y forming a surface 
generated by a kind of lemniscate revolving round NS ; and for less 
values of V each surface becomes continuous, and is nearly a sphere 
for very distant points. 

For Newtonian gravitation, however, if the masses m x and have 
moderate values — say a few grammes each — large values of V exist 
only at points infinitesimally distant from A or S. Thus if m l — 1 
gramme and m 2 = 2 grammes, and if V is only 1 erg, the radius of 

the sphere round A is y centimetres, i.e. cms., which is 

practically zero. 1543 x 10 

Unless the masses condensed at A and S are comparable with 
1543 xlO 4 grammes, no sensible values of V (i.e. of the work of 
bringing 1 gramme mass from infinity into the neighbourhood of 
NS) will exist, except at infinitesimal distances from the points 
A and S . 

This inconvenience does not exist in Electrostatics and Magnetism, 
because in these domains the analogues of the unit (gramme) mass 
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in Newtonian gravitation act upon each other at small distances 
with forces incomparably greater than that exerted by two condensed 
grammes at a distance of 1 cm. 

If we suppose m x to exercise a repulsive force at P , while m 2 
exerts an attractive force, we shall have 

V=y{ 1 + — 2 , 

r l r 2 

and the surface of zero potential, instead of being wholly at infinity, 
is a sphere, with regard to which N and S are inverse points 
(Art 319). 

The field produced by both particles together may be studied by 
superposing the fields produced by them separately. Thus the 
equipotontial surfaces due to each are spheres. Describe round N 

the spheres for which the potential due to 7 n x are C , C + k, 0- f- 2 Z; 

where h is any small potential magnitude ; and round ft the spheres 
for which V is C', C'—k, C' — 2k,... ; then the curves of intersection 
of these trace out the surface on which the potential is C -f 0 / ’. 


2 . To calculate V at any point for a thin uniform bar (see Fig. 276 , 
Art. 317). 

With the same notation as before, 

F = ykp f -ykp £_ = ylcp log (cot | cot f). («) 


This may be jmt into another form. If PA = r, PB = ?•', A ft 

r + r'-f 2<? 

V-fr'— 2c 
a + c 

r , 

a — G 


V = ykp log 
or T r = ykp log - 


2 c, 


(AO 


where a = semi-axis major of the ellipse described through P with 
A and B for foci. 

The equipotential surfaces are surfaces for which a is constant ; 
they are therefore ellipsoids of revolution having the extremities 
A and B for foci. 

If we assign to V a series of values, the corresponding values of 
a may be graphically represented. Equation (ft) gives 


a 

c 


V V 

gty Lp (> % y A p 

v~ ' 

k p __ e i y l p 


Draw a line Ox and represent a series of values of V by successive 
lengths measured along it from 0. Construct a catenary whose 
equation is 


V = 


ykp 

2 



+ e 


v 

2yk'p\ 


0 being the origin and Ox the horizontal axis of this catenary. 
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Along the other axis draw a lino parallel to Ox at a distance 
c(= \ length of bar) ; then the lengths intercepted on the successive 
tangents to the catenary between these two parallel lines are the 
semi-axes of the corresponding ellipses which generate the equi- 
potential surfaces by revolving rounds/?. 

From the value of V given in (/3) we can deduce the value of 
the force-intensity at P. For, the resultant acts in the bisector 
of the angle APB , and if ds is an element of length of this line 
(IV c dn 

at P — = 2 ykp 5 -—. Now if LAPP = 2d), AP = r, we have 

ds a L — c l ds 

~r- = cos <b. Also r-f r' = 2 a. and since at a point near P on the 
ds 

bisector of APB (tangent to a hyperbola confocal with the ellipse) 

r — r' is constant, we have dr = d/ 9 therefore — = cos (b, and 

ds 

dV 2ykpc 


Again, cos </> 


, by elementary trigonometry, and if 


p is the perpendicular from P on AB, we have 2cp — rr sin 2(j ) ; 

therefore 7Tr 7 . . 

dV _ 2ykp sin q> 

ds p 

which is the value already found ( Art . 317). 

A particular case must now be noted. If the bar is infinitely long, 

the expression (pc) gives V =oo , i.e. the sum J* ^ is really infinite 

in any given position of P . On the other hand, \>e can see that the 
work which would be done by the attraction of the bar in bringing 
the condensed unit mass from infinity up to the finite position P 
is not oo. For if we imagine the bar to be a ciicle ot immense 
diameter 00' , the point 0 being near us and 0' remote, and also 
that the unit mass is brought from 0' up to P , it is quite clear 
that while P is moving from O' up to the centre of the circle, the 
attraction of the circle is doing negative work, the resultant force 
being all through this motion directed towards 0 ' ; and that when P 
leaves the centre and moves towards 0 } the attraction does positive 
work; so that the total amount done in the motion from 0' to the 
final position P is numerically equal to that which would be done 
in bringing the unit simply from 0 to P — w^hich obviously is far 
from being oo . 

But observe that, with some of the attracting mass contemplated 

as existing at infinity, we aie no longer to regard the integral j C m , 

in a given finite position P, extended over the body, as the work 
done by the attraction in bringing the unit mass from infinity to P. 
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That, in the case of an infinitely long bar, the amount of work 
done by the attraction in bringing the unit from a perpendicular 
distance q to a perpendicular distance p is simply 

2 ykf> log, ^ > (y) 

may be seen by taking the resultant force, R f at any distance, a?, viz. 

aiK ^ f Rdx - 

We must bear in mind that (y) will not hold for positions of P 
very close to the surface of the bar, i. e. for very small values of p ; 
because for such points the linear dimensions of the transverse section 
become comparable with the distances of P from the various points 
in the section — as lias been already pointed out in Art. 317. 

3. Without any consideration of force or of work done, show that 
the difference, / fdm\ / fdm\ 

tv 

of the summations over an infinite bar with reference to any two 
finite positions P and Q is finite and, when multiplied by the gravi- 
tation constant, equal to the expression (y). 

Instead of finding each integral separately, perform the summation 
in a different order. Thus, M being any jioint on the bar, and 
OM — s (Fig. 276), take at once the difference of effects at P and Q 
produced by the particle at M. This gives 

+ Vf + s 2 

Integrating this from s = — l to s = + 1 , we get 


yk P \og e ( wi : ^ v . v ,r T!TA 

which assumes an indeterminate form when Z = 00 ; but a simple 

2 i 

binomial development of (1 -f ~ ) 2 shows at once the truo value 
to be (y). ^ 

4. To find the potential at any point on the axis of a thin uniform 
circular plate. 

With the notation of Art. 318, the potential at P due to the ring 
of radius r is y . or y — therefore the poten- 

tial produced by the whole plate is 

2 Ttyprz (sec a — 1), 

or 27rypr (VV^ + a 5 *— z), 

where a = radius of plate. 

5. To find V for a uniform spherical shell. 

Firstly, at an internal point, P f (Fig. 277, Art. 319). Breaking up 


V p l + + 1 V q 2 4- 1 2, — l\ 
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the shell into elements QR, Q'R' which are thin conical frustums, 
as in Art. 319, if da> is the conical angle subtended by either at P' t 

the volume of the frustum is pr . P'Q 2 sec P'QO . dco, or ^ dm • 

P'Q W 

The potential due to this at P' is 2y«/>r- ,c/co. Similarly the 

QQ 

y*'n' 

potential due to the frustum Q'/t' is 2y apr -yysy dM\ and the sum 
of these = 2yaprd(t). Hence 

V = 477ypr . a ; (1) 

which shows that V is constant wherever P' may be inside — a result 
for which we are already prepared, since everywhere inside the 
resultant attraction = 0, and this requires that V is constant. 

Secondly, for an external point, P. This may be deduced from 
the value of V at the inverse point, P'. For, the element con- 
tributed by the frustum QR is y where dm = mass of frustum. 
But PQ = — . P'Q, therefore the element of potential = 
which bears the constant ratio, ^ to the potential of the element 

at 7 >/ . Hence the potential of the whole shell at P is times the 
potential at P\ or . „ 

1 5 JT \Tty[)Ta L 

V=1 D 5 

which is the same as if the shell were condensed into a particle at 
its centre. ( [y 

The resultant attraction-intensity at P — — ( meas ured towards 
0), which gives the same result as before. 

These results can also be easily deduced analytically by breaking 
up the shell into zones, as has been done (Art. 319) in calculating the 
force-intensity at P and P', Thus, the mass of a zone being, as 

in Art. 319, 2irpT~rdr where r = P'Q or PQ, the potential produced 

by the zone is 27T ypr~dr\ and for the internal point the limits of 
c 

r are a + c , while for the external point they are c + a. 

The value of V can also be deduced from the differential equation 
(y), Art. 329. For V depends solely on the distance, r, of the in- 
ternal point from the centre, and not on 6 or </>. Hence (y) reduces 
to 

d. 2 dV\ ^ 

»<’•’*> = »■ 


dV 

therefore r 2 — = C = constant. I 

dV j-y dV 

~ s vanishes, C = 0, — 

dr dr 


constant. But at the centre the force-intensity, 
= 0, y- = 0 everywhere inside, 


V at any point = V at centre = y . 


mass of shell 


1695 


0 
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It follows that for a homogeneous spherical shell contained between 
a sphere of radius a ' and a sphere of radius a, the potential at any 

point inside the inner sphere (a') is 477 ypl rdr; i. e. 

J a ' 

V = 27ryp (a 2 — a' 2 ), 

while at an external point at a distance ]J from the centre 

a 3 — a' 3 

r = I TT yp - . 

At a ]>oint inside the matter of the shell, at a distance c from the 
centre s _ , 3 

V = 2 it yp (a a — c 2 ) + f 7r y/> 

c 

6. To find V at any point for a solid homogeneous sphere. If the 
point is outside the sphere (radius a), 

ir a a 3 

v = s^ypjy 

If it is inside, at a distance c from the centre, add the potential 
due to the shell contained between the surface of the given sphere 
and that of the sphere of radius OP ' to the potential due to the 
solid sphere of radius ()P\ Thus 

V 27Typ(rt 2 — C 2 )-t-A7rypo 2 
= 2 wy pa 2 — sTrypc*. 

Fean iilso lie obtained from tho differential equation (y), Art. 320. 
Thus, at any internal point this equation gives, since V is a function 

ofronl y- i d,jv s 

9 ar 

]^ow — — 0 at the centre, (7 = 0, and V = — ^ 7 r ypr 2 + C\ 

But at the centre Vis easily seen to he 2irypa \ this = C". 

7. lo find V for an infinile homogeneous circular cylinder. If P 
is outside, A" F=0. Use cylindrical co-ordinates. Then Fis simply 
a function of ( (Art. 329), so that 


Therefore by integration ^ 

*rr 

To determine C , suppose P to be very distant from the cylinder, 

so that the. latter may be treated as a thin bar. Then is the 
force-intensity at P, which 

2 yhp 

— (7= —2yJcp = —2 ivy pa 2 , 


dry idv _ 
d ( 2 + (d~(-°' 
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( 2 ) 


if a = radius of cylinder. Hence 

dV ^ 2 tt ypa 2 

c ’ 

which shows that the intensity of attraction at any point outside the 
cylinder varies inversely as the distance from the axis. Integrating, 
F= — 2 7r y p a 2 log e £ -f (7 ; 

and to determine 6', let the point P be supposed so far from the 
cylinder that the latter may be taken as a mere bar, or wire. Now 
in this case V is given in Example (2), and since A and B arc both 
zero, V = oo , therefore C == oo . 

When none of the attracting matter is at infinity, V is, as has 
been explained, the work done in bringing a condensed unit mass 
from infinity to the position P, but it ceases to have this meaning 
when attracting matter is contemplated as existing at infinity. The 
film 

summation / — - for an infinitely long bar is, in every position of P , 

really infinite. But if we are concerned only with the amount of 
work done in bringing the unit mass from one finite position, Q, 
to another, P , wc can easily show that the difference 

C dm\ 




is finite, notwithstanding that each integral itself is of infinite mag- 
nitude (see Example 3). 

Moreover, the supposition itself on which the equation for V is 
(1) falls to the giound ; for it is only for points finitely distant 
from the cylinder that V depends simply on (. 

Hence instead of choosing infinity as the zero position of P we 
must choose some other. We may choose a position on the surface 
of the cylinder, and define the potential at P as the work done by 
the attraction in conveying a gramme mass from P to the surface of 
the cylinder. With this definition, wc have 

o .> r*<K 

7 


v = 


and 


tlV 


= 27ry/m 2 l 0 g e i?, 


now will he the force-intensity in the negative sense of 

If r is inside the substance of the cylinder, (1) must, by Art. 329, 
be replaced by 1 d dV 


dV 

-2vy P ?+c, 


dV 


and since -j. = 0 on the axis, (7 = 0, 


dV 

- c = - 2 * ypC 


V = -TTypP + C' = 7T yp(« 2 -C 2 ). 
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8 . To find the potential and atti action-intensity at any point pro- 
duced by a spherical shell whose thickness (or density) varies inversely 
as the cube of the distance from a given point. 

Let the thickness of the shell at any point Q (Fig. 281 ) vary in- 
versely as the cube of the distance of Q from the given external 
point O f and let the potential at any internal point, i\ be required. 

Produce OP to S' so that OP . OS = OQ . OR = square of tangent 
from 0. Imagine the spherical surface broken up into elements by 

cones described about S. each with 
very small conical angle, do>. One 
of these cones is represented by 
the line RSU f which must be 
understood to stand for a slender 
double cone of rays with vertex 
S, Joining 0 to all points on the 
contours of the small areas at R 
and U by lines represented by 
OR and OU, we obtain small 
elements of area at Q and T\ 
joining the contours of these to S, we obtain two small frustums of 
cones at Q and T. 

It is the sum of the potentials at P produced by these frustums 
that we shall take ; and it is clear that the assemblage of such 
frustums as those at Q and T will exhaust the whole shell. 

Let a be the radius of the sphere. Then (Art. 316) the cone of 

2 a 

rays through S cuts off an area jyj* SR 2 . dco at R. Also, since the 

elements of area at R and Q are equally inclined to the line 0QR y 
they are to each other in the ratio OR * : OQ 2 ; therefore the element 
of urea at Q is 

otfw 8 ** "• 

SR 0 P 

But t y n == (from the similar triangles ROS and POQ ) ; therefore 
1\(J 1 U 2 a 

this element of area = OQ 2 . — ^ • -ztjj Let the thickness at Q be 
!<. 1 O z hu 

OQ 6 ’ w ^ iere & is a constant. Then the potential of this element at 

P is 2 yakp *’ an( ^ similarly the potential at P due to 

PT.da 


RU.OQ.PO 2 5 

5 EU~.OT.PO 2 
2yakpd<t> PQ.OT+PT.OQ 


the element at T is 2 yakpj^—^ — — ; and the sum of these 


2yaJcpd(o QT 


RU.PO 2 OQ.OT RU.PO OQ.OT 

(by Ptolemy’s theorem for the quadrilateral 0QP1\ which is inscribable 
in a circle). But the triangles OQT and OUR are similar, 

QT RU 
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hence the above sum = ‘AlAP'L 0 *, where t 2 = OT . OU — square 
of tangent. t 01 

Now the whole shell is exhausted hy summing do> from 0 to 27 T, 
and as the multiplier of e?co is constant, we have 

4:iryakp 1 


V = 


y;‘ 2 -a 2 or 

where J) is the distance of 0 from the centre. Hence the remarkable 
result that the potential at any internal point varies inversely as its 
distance from 0 . 

We shall call 0 the inducing point . 

The mass of the shell is easily found. For (Art. 319) the area of the 
belt generated hy the revolution of the element of length at Q about 


the line joining 0 to the centre is 27T — n/r, where r = QO . 

the mass of this = ~ , and if M = mass of shell 

J) r l 


M = 

since the limits of r are 1 ) + a. 
Hence from (1) and (2) 


4 itkpa 2 
D{D*-a*? 


Hence 


( 2 ) 


V=y 


D xr 
a 

OP ’ 


(3) 


which shows that the potential at any internal joint is the same as 

if a mass greater than that of the shell in the ratio — were concentrated 
at the inducing point. a 

Of course it follows that the attraction of the shell on a particle at 
P acts in the line PO , and is equal to 

a 

y Ui\’ 

per unit mass at P. 

The inducing point being still external, let the attracted paiticle 
be also external to the shell — at P\ suppose. 

Take the inverse point P 9 which will be internal. Then since 

QP' ]l 

— ~ is constant, = — 3 where R is the distance of P' from the centre, 

Q? a a 

it follows that V at P' — V at P multiplied by 


V=y 

D 


I) 

ft 


M 


OP 


But instead of OP wo can put — O'P, where O' is the inverse of 0, 
on account of similar triangles. Hence at any external point 

F_ AL 

r ~ Y O'P 


( 4 ) 
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so that for an external point the mass of the shell may be concentrated 
at the internal point which is the inverse of the inducing 2 >oint, and 
the attraction is directed towards this inverse point. 

Finally, consider tlie case in which the inducing point is inside. 
This is at once reducible to the case in which the inducing point 
is outside, hy taking the inverse point. Let 0 he the inducing point, 
and 0' its inverse. Let the attracted particle, P, be inside, and let 

Jc 

the thickness at any point, Q, of the shell he ; thus it will also 
kD :i 1 . . 

be — ;; -777 - where 1) is the distance of O' from the centre; so that 
a A 0 (f 

the values of V and M are given by (1) and (2) in which we replace 
kl)* 

k hy 3 ; and we have the result (3), viz. 


which shows that the attraction is directed to O'. 

Let P be external, while 0 is internal. Take the inverses of both, 
so that P' is internal and O' external. 

If V' is the potential at P\ we have hy (3), 


I r ' ]\ 

But if V is the potential at P, we have = - * where 11 is the 

I a 

distance of P from the centre ; also, as we arc finally concerned with 
P and not with P' } wo shall substitute OP for O'P' hy the equation 

O'P' OP __ 

- — T • lienee 


Four different cases may therefore arise, viz. inducing and attracted 
point both on same side of surface, or on opposite sides ; and sum- 
marizing the results, we may say that the effect on the attracted 
particle is always the same as if a certain mass were condensed at 
a point on the opposite side of the surface ; this mass is always equal 
to that of the shell when the attracted particle is outside, and always 
greater than that of the shell when the particle is inside. The point 
at which the shell may lie condensed is always either the given 
inducing point or its inverse. 

The solution of this question hy the ordinary application of the 
Integral Calculus would be very much more difficult than the simple 
and elegant solution here given, which is due to Sir William Thomson. 
(See his Papers on Electrostatics and Magnetism , pp. 60, &c. ; or 
Thomson and Tait’s Eat. Phil., vol. i, part ii.) 
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Newton also made use of the relation between inverse points 
in discussing the attraction of a sphere (see Book I of the Principia , 
Piop. 82 ). 

9 . To find the attraction of a thin circular plate of uniform thick- 
ness and density on a particle in its plane, the law of attraction being 
that of the inverse cube of the distance. 

Let P (Fig. 282) be the position of the attracted paiticle, whose 
mass n.ay be supposed to be one unit. 

From P draw two very close radii 
vcctores intercepting a 11a now stiip 
of the plate between them. / Q 

Let 0 be the centre of the plate, j — 

let 0 be the angle OP A made by one \ J 

of the radii vectorcs, and let 6 + dQ \ J 

be the angle made by the other, with v ^ 

OP, Let Q be a point on PA, and Fig. 282. 

PQ~ r. Then the mass of the ele- 
ment at Q included between circles of radii r andr + dr described 
with P as centre is kprdrdO, 

h and p being the thickness and density of the plate. 

The attraction of this element on P resolved along PO is 

kpdrdO 

y 9 — cosd; 

hence the resultant atti action is 

z Cf dril ° n 

the intcgiations in r being performed from r — PA to r = PB , and 

those in 0 from 0 = —si n" 1 U to 0 = sin 1 -j where a is the radius of 

c c 

the plate and c = OP, the extieme values of 0 corresponding to the 
two tangents that can be drawn fiom P to the circle. 

Now denoting PA by r x and PB by r 2 , and integrating first with 
respect to r , we see that the attraction is 




The values of ?*, and aie given by the equation 
r 2 — 2 or cos 0 + c 2 — a 2 = 0, 

1 1 2 V a 2 — c 2 sin 2 0 


Hence the atti action is 

2 kpy f a / 2 - 2 irkpya 2 

-7*-— sr / Va 2 — t 2 dt, or-~ 

c(c 2 -ft 2 y_ a c(c 2 -« 2 ) 

where t is put for c sin 0 . 
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In this case we might have found the attraction from the potential. 
The latter is easily found by dividing the plate into rings with 0 as 
centre. If r is the radius of one of these rings, we have 

V- ykp [[ rdQdr 

2 J J r 2 — 2 cr cos 0 -f c 2 

Integrating first from 0 = 0 to 6 = tt } and doubling the result, we have 


■=’ ,, w/?=5 


in which r runs from 0 to a. Hence 

2 w c 2 -a 2 

But V may also be easily found from the attraction, thus : 
dV __ irkpya 2 

dc c(c 2 — a 2 )’ 

••• r = 

2 c 2 — a z 

Now, since V = | it is clear that at infinity V = 0, or F' = 0 

when c = oo . This gives the const. = 0, 

" r ~ 2 log c 2 -« 2 ’ 

10. If V n and F ?j _ 2 denote the potentials of an attracting mass when 
the law of attraction is the ri and (w— 2)*h power of the distance, 


respectively, prove that 


r *-2-( w _ 1 )( n + 2 )’ 


d 2 <Z 2 

where V 2 =E — + the co-ordinates of the attracted particle 

dx l dy l dz A 

being cr, y, s. 

We have K, = — fr n+1 dm, 

n n+ \ J 

where A is a constant. Therefore 
dV 

^ ™ = -A/ (,t— a?') r w _1 
cZ 2 F 

and ~ — ~ 1 -f- — 1) (tt? — r w_ 3 } c/m. 

r/ 2 r d 2 V 

Adding to this the similar values of — 0 - and -tit* we have 

dy L dz l 

V*r fl = (n-l)(n + 2)V 2 . 

This equation enables us, generally, to find the potential for the 
(n— 2) tl1 power of the distance when that for the is known ; but 
it fails in two most important cases, namelv, when n = 1 and when 
n = -2. 
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If the attracting mass is a plate, r 2 = (a?— . r ') 2 + (y— y') 2 , and the 
result is easily proved to be 

V*V n - (n 2 -l)r„_ 2 . 

In the last example we find the Potential of a circular plate for the 
inverse third power ; hence we have at once the Potentials, and there- 
fore the attractions for the inverse fifth, seventh, &c., powers of the 
distance. 


11. Calculate the attraction of a uniform spherical shell of small 
thickness on an external particle when the attraction varies as the n^ 1 
power of the distance. 

Using the expression (A), Art. 320, for the element of surface, and 
assuming the law of attraction to he Kr n , we have 


V = 


2 77 A pr a 
n + 

2TT\pra 


i pr a r ]) + a 

• f nJ D - a r 


r n+2 dr 


[(^ + a) n+3 -(^-«) w+3 J, 


(rc-fl)(rc + 3) 1) 

where D is the distance of the point from the centre. 

If we wish to find the attraction of a full sphere of radius r, we 
observe that r is da, and we integrate this expression from a = 0 to 
a — r. 

dV 


In each case the attraction towards the centre is — 


dD 


12. From the theorem of Gauss (Art. 331) deduce the following 
lesult — the mean Potential over a spherical surface due to matter 
entirely outside the sphere is equal to the Potential of this matter at the 
centre of the sphere . (Gauss, Papers on Forces varying inversely as 
the square of the distance, Taylor’s Scientific Memoirs, vol. iii, part x.) 

For, let mass of uniform density, p, and small uniform thickness, r, 
he supposed to be distributed on the sphere ; let dS be an element of 
its surface at any point P , V the Potential at P due to the external 
attracting mass, and a the radius of the sphere. Then, since the 
Potential of a shell at an external point whose distance from the centre 
is r 477 ypra 2 

~~ r 


it follows that if dm is an element of the attracting matter, 
prj J V dS = 47ry/>ra 2 = 47 t/jt« 2 F 0 , 

if V 0 is the Potential at the centre of the sphere. Hence 


/VdS 
"W = F °’ 


which proves the proposition, since f VdS divided by the whole surface 
of the sphere is the mean value of the Potential over its surface. 

More elementary proof. Let there be a particle of mass m outside 
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a spheiical surface of radius a fit a distance D from its centre. The 

mean value of the Potential over the sphere is - wheie 

/ lTTa z J r 

r is the distance from m of the element dS of surface. But (Art. 319) 
dS = 2 7r — rdr, and the limits of r are D + °. Hence this mean 


value is y m 

D 9 

i. e. the Potential at the centre; and the result thciefore holds for 
any assemblage of external pai tides. 

13. Find an approximate value of the Potential of any solid mass 
at a very distant point. 

Let G be the centre of mass of the solid body, P the distant point, 
P r any point in the mass at which the element of mass is dm. Take 
G as origin and GP as axis of x ; let GP = r , GP / = r\ and let the 
x of P f be x\ 


mi 1 ir r dm 1 C n x' r' 2 

y J V^-Zrx' + r' 2 r i li 

1A a/ r' 2 3 rc' 2 . 

-ij {1+ r~ 2^ + 2V )AM ’ 

. r ' 
neglecting all higher powers of - than the second. 

T 

Now fxf dm =; 0, and if we denote by A and A' the radii of gyration 
of the solid about the axes of y and ?, and by k its radius of g) ration 
about GP, we have 


/ 


r' 2 dm = M 


A 2 + V a +A 2 


■ r 


x'Mm = M 


A 2 + A' 2 


Hence 


where M = muss of body. 

k = ^i + x2+x,2_2 ^. 

r K * 2» 2 ’ 

But if A’j, k 2 , k :i are the piincipal radii of gyration at G , we have 
A 2 + A' 2 -f k 2 = Xq 2 + k 2 + k 2 ; therefore 

v _yM kf + k* + k*-3k* 

r V + 2 t a ' ’ 


By differentiating this with respect to x, y , and z separately, we find 
the components of attraction in the directions of the principal axes at 

y M 

G on a unit mass at P . For very distant points V = ' to a high 
degree of accuracy. 

14. If V ==/(#, y, s) be a function satisfying Laplace’s equation, 
V 2 V = 0, show that the function ^ f will also satisfy 

it (where 1 2 = os 2 + y 2 + z 2 ). 
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If 0 is the origin, P the point (x } y } z), Q a point on OP produced 

Let 


(JL^ (C 2 'JG ci 2 7/ (l 2 

such that OQ = - - 5 the co-ordinates of Q arc — v j — ? 

OP r L r L r l 


OQ = p } let (£, ?/, f) he the co-ordinates of Q, and let 


v= : J( 


a /*,a 2 x d l y a 2 z p 


r* 9 


) = £/(£ v, 0 - 


all 


Then — satisfies the equation 


4(4) *aU4) 


, _1 p _ n 

+ sin 0 d?*" - U - 


But p 2 - - = — a 2 : therefore this equation becomes 

ap </r 


. n d 2 (Pr) d,. 1 d 2 U ^ 

ran0 —- + T0 {HmO de^ + ^redV=°- 

d , dll x 


</r 


The first term being the same as sin 6 — (r 2 — ) 5 this equation is, by 

ar «/* 


Art. 329, the equivalent of 

d 2 U d 2 U 


„ _ 

“ 7 r, H T-Tj + .-T, — 0. 

dur dy l dz l 

15. A homogeneous fluid, self-attracting according to the law of 
nature, completely fills the space between two spherical non-concentric 
surfaces one of which entirely surrounds the other; find the resultant 
attraction at any point of the fluid, and also the level surfaces. 

Let 0 be the centre of the larger and O' the centre of the smaller 
sphere ; P any point in the fluid ; 00' = c ; ladius of smaller sphere 
= b ; OP = r, O'P — r'\ p = density of fluid. 

To calculate the resultant force at P, imagine that the place of the 
smaller sphere is occupied with fluid ; then the larger is completely 
full, and theie is a force - 3 irypr in the line PO towards 0 . Now let 
the effect of the fluid which we have introduced be annulled by com- 
bining with the above force the force exercised at P by a repulsive fluid 
of same density filling the smaller sphere. This latter force would be 
4 7 tv pW 

~ — ; and this would act in the line O'P from O'. 

The resultant of these forces is the resultant force at P. If V 
is the Potential at P, 

1 Jrr 4 47 Tpb s , 

~ d F= ~-ti prdr+ -'i dr ’> 

V 2 0 47 rp& 3 

- - 7 T nr- 1 — 

3 


= — „-ir pr‘ 7 T 7 h const. 


y 3 ' 3/ 

This value is otherwise evident, since the Potential at a point due 
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to any attracting bodies is the sum of their separate Potentials at the 
point. If a is the radius of the larger sphere (see Art. 329), 


— = — - irpr* 

y 3 ' 


Sr 


The level surfaces are given by the equation 

2i 3 

r 2 + — = const. 
r 

16. If two different masses have the same external level surfaces, 
the values of their Potentials on any one common surface of level are 
directly proportional to the quantities of the two masses. 

Let M and M' be the two masses ; let V be the Potential of the 
first and V' that of the second at any point P outside both. Then 

V 2 F = 0, V 2 F' = 0. (1) 

Now since when V is constant, V ' is also constant, V' must be some 
function of F. Let V' = <#>(F). Performing the operation V 2 on 
both sides of this equation, we have 

<£>■}• < 2 > 

which (1) reduces to (F) = 0, since the coefficient of r/>" (F) cannot 
vanish. 

Hence <j) (F) = cV + c', .\ F'=cF+c'; but since at infinity 

F = V' = 0 (if none of the attracting matter is at infinity), 

c'=0; .*. V' = cV. 

Again, for very distant points (Example 13), 


T _ M if 

V = y — and V = y — • 
r r 


Hence, finally, 


r 


V 

~M 


17. If X n and X n _ 2 denote the component attractions of a given 
solid at a given point along a given line when the law of attraction is 
that of the w th power, and that of the (n — 2) fcl1 power, of the distance, 
respectively, prove that 

y2 y 

y v 

w - 2 ~ (n-l)(n + 2) 

1 8. Find the attraction of a circular plate of uniform thickness and 
density on an external particle of unit mass in its plane, the law of 
attraction being that of the inverse distance. 

Am. The mass of the plate divided by the distance of the pai tide 
from its centre, multiplied by a constant. 

19. Prove that if a material lamina attract according to the law of 
the inverse distance and if X is its attraction on a unit mass at any 
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point of a closed curve, measured outwards along the normal, we shall 
have j- Mb _ 0> or _ _ 2 wywl ., 

according as there is no mass or mass m i inside the closed curve, and 
hence that V 2 V = 0 or = — 2'nyp. 

20. Prove that the values of V 2 E calculated for external points 
and for internal points do not agree for points on the surface of a 
solid sphere. 

21. Prove that neither Laplace’s nor Poisson’s equation holds for 
points on the hounding surface of an attracting solid. 

22. If a number of uniform bars of the same section and density 
form any closed polygon with no re-entrant angle, prove that they 
produce the same Potential (for the law of the inverse square) at any 
PQint inside the polygon as a polygon of bars formed by joining the 
feet of the perpendiculars from the given point on the sides of the 
given polygon. 

Extend this proposition to any curve. 

(See equation (a), Art. 332, Example 2.) 

23. If a self-attracting sphere of uniform density and radius a 
changes to one of uniform density and radius a', find the amount of 
work done by its mutual attractive forces. 

Ans. ^ yJ / 2 (— — — ,)> 

5 a a 

where M is the mass of the sphere, and y, as usual, the gravitation 
constant. 


24. Two equal uniform bars of given sections and densities are 
placed parallel to each other and at right angles to the lines joining 
their extremities ; find the amount of work done against their mutual 
attraction in drawing them a given distance asunder. 

Ans. If y is the distance between the bars in any position, l the 
length of each, m and m' are their masses, the work done in changing 
the distance fiom y x to y t will be the difference of the values of the 
expression 

-t-p-lv- W 2 +y 2 -Zlog f ). 


when y x and y 2 are successively put for y. 

25. The gravitation Potential of an attracting mass cannot have 
a maximum or minimum value in empty space. 

[Let it have a maximum value at A. Then round A, and in- 
definitely near it, can be described a closed surface, at every point of 
which V is less than it is at A. Therefore if dn is an elementary 

dV 

length along the normal (measured outwards) to this surface, — 

d v 

is negative all over the surface ; but N = — ; hence equation (2), 

( 1 ) 1 / 

Art. 234 is contradicted.] 
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333. ] Earnshaw’s Theorem. If a particle is in equilibrium 
under the action of forces varying according to the law of inverse 
square of distance, its equilibrium is unstable . 

If its equilibrium were stable for all displacements, positive 
work would have to be done against the attractive forces, i. e. 
these forces would for every small displacement do negative' 
work, or, in other words, V must decrease in all directions from 
the point. V is therefore a maximum at the point — which, by 
last example, it cannot be. Therefore, &c# 

334. ] Method of Inversion. Supposing that for any dis- 
tribution of mass forming either a continuous solid body 31 

(Fig. 283 ), or a thin shell 
of any shape, or a series 
of isolated particles, we 
know the value of the 
Potential at any point, A , 
we may by the aid of an 
analytical transformation 
deduce another analogous 
mass, 31', whoso Potential 
at any point, A ', may be 

deduced from the previous Potential. 

Thus, suppose the mass 31' to be deduced from the mass 31 in 
the following way. 

Take any fixed point, 0 ; join it to P, and take the inverse 

point P', so that , 1 > 

r/ = t, (<x) 

where r = OP, r' — OP'. Hound P let any very small closed 
surface be described, and take round P' all the points corre- 
sponding to those on this surface. We shall thus get a very 
small closed surface at P'. Denote the volumes of these elements 
by dil and dil', respectively. Now dil is filled with a quantity 
dm of matter belonging to the mass 31, and it remains with us 
to fill dil' with matter according to any law we please. Fill 
dil' with a quantity dm' bearing to dm the relation 



dm' k 
-r~ = -» or 
dm r 


r 

V 


(P) 


and let this be done for all the elements, dil', of volume in the 
derived body 31', related as above to the corresponding elements 
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(IQ. of M. Given the volume-density, p, at each point, P, of M\ 
we must now find the volume-density, p\ at each derived point P'. 

Now dm = pdQ = pr 2 sin 0 rf/ dQ r/0 = - pr 2 *//- in the 

usual notation of polar formulae. Similarly, dr being* taken 
positively without reference to dr , 

dm' = — p r u dr' dpd $ ; 

and from if dr and dr' are taken connectedly, we have 
rdr -\ r dr = 0 : hence (/3) gives 

j.r> 

/ ^ . V 

p =P/s’ W 


so that if p is constant, p will vary inversely as the fifth power 
of the distance, OP', from 0. 

Let A be any point, at which the Potential of M is V , and 
take the inverse point A'. It is required to find V', the Potential 
of M' at A'. 

lit/} is the Potential at A produced by the element dm at P , 



where y is the gravitation constant. Also if dV’ is the Potential 
at A! due to dm! at P', 


tir 


dm' 


- y A ']>'- 


Hence 


dr 

w 


k AP 
r' A' P r 


But the triangles PAO and A'P'O 


arc similar, .’.if OA = B, 


and this 


AP B , dV B 
A'P' ~ V 5 hence dV ~ ~k ; 
constant relation holds between the Potentials of all correspond- 
ing elements, and therefore between the whole Potentials, so that 

P 

k ' 


r = 


v . 


In this transformation the angle at which any two curves in 
the original system M intersect is equal to that at which the two 
derived curves intersect. For, let Q and n be any two very close 
points in the system M y and let Q' and v! be their inverses. 
Then the quadrilateral Quit' Q' is inscribable in a circle, so that 
Q?i and QV are ultimately tangents to the circle and therefore 
equally inclined to OQ. Similarly, if s and s' are two corre- 
sponding points very close to Q and Q' y the arcs Qs and QV 
are equally inclined to 0 Q ; therefore the angle between the arcs 
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Q/i and Qa is equal to that between Ctfn' and QY. Hence if 
the contour M is the outer surface of a shell whose thickness 
varies in any manner, being* Qh at the point the inverse 
points will trace out the contour M' of another shell, and if n' is 
the inverse of QV will be normal to the new shell, and will, 
of course, be its thickness at Q\ 

By similar triangles = °Q, or = since O' and u 
(£ n On OQ 

are nearly coincident. Hence if r and r are the thicknesses of 
the shells at corresponding points, 


and hence by (y) 


so that if f)T is constant all over the shell Af, pr will vary in- 
versely as the cube of the distance from 0 at every point on the 
derived shell. 

If the mass M forms a spherical shell of uniform thickness and 
density, its Potential at A is at once known. Hence is known 
also the potential at A' (any point) due to a spherical shell in 
which the product p'r (which is the mass per unit area of its 
surface) varies inversely as the cube of the distance from a fixed 
point, 0 — a case which has been already discussed (Art. 332, 
Ex. 8). Supposing M to be a spherical surface whose centre is 
P, the inverse point, P\ is not the centre of the sphere but 
is the inverse of 0 with respect to the sphere M\ For if J and 

/ JP P'J' 

J arc any corresponding points on the contours, = , - « 

PU JO 

and since M is a sphere with centre P, the left-hand side is con- 
stant, therefore the right side is constant, and the two points 0 
and P' arc well known to he inverse with respect to the spherical 
locus of J'. 

Again, (8) gives, since M' = k J ( ~ = k , 

} o») 

which shows that the level surfaces of M' are spheres round P' 
as centre ; and the result (rj) holds both for the case in which M 
is a uniform spherical shell, and therefore M' a spherical shell 
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in which the surface-density, pV, varies inversely as the cube of 
the distance from 0, and for the case in which M is a solid 
uniform sphere, and therefore HI' a solid sphere in which the 
density varies inversely as the fifth power of the distance from 0. 

In this method of transformation we may notice that the mass 
of the derived distribution , M\ is proportional to the Potential of 
the given mass at the origin of inversion . (It is equal to this 

Potential multiplied by -•) 

335. ] Continuity of the Potential. The gravitation Potential 
of any attracting solid mass varies in a continuous manner from 
point to point in space, whether the points chosen be inside any 
portion of the mass or outside it. 

For, if r be the distance of any element of mass, dm, of the 
attracting body from P, the point at which the Potential is 

required, V — y J* — • Let P be taken as origin, and let the 

position of the element dm be defined by the radius vector, r, and 
two angles, 6 and </>, and let p be the density of the element. 
Then dm = p r 2 sin 0 drd 6 d and 

V = y Jffp r sin 0 dr d 6 d c p. 

This form of K shows that even if ;* is zero, i. e. if P is inside 
the mass, the value of the Potential is finite, no infinite term 
being introduced by the infinitely close proximity of P to some 
of the (infinitely small) elements of mass. 

Hence the Potential varies continuously throughout space, and 
diminishes from the vicinity of the attracting mass towards the 
space very remote from it in all directions. 

The field of attraction of any matter, according to the 
Newtonian law, may therefore be compared with a country con- 
sisting of hills and valleys which vary gradually, even though 
they may rise or fall rapidly in certain places, — precipices and 
chasms being wholly absent ; and in the field of attraction the 
Potential at each point is the gravitation level of the point, and is 
the analogue of the height above the sea (or other arbitrary) level 
in the other. 

336. ] Continuity of the First Differential Coefficients of 
Potential. In a field of attraction in which every attracting 
element is one of finite volume-density, there is likewise a complete 
continuity of the first differential coefficients of V from points 

v 


1695 
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within to points without the attracting masses. For these first 

differential coefficients, -j-- 5 are simply the components 

of force-intensity ; and if in (3), (4), (5) of Art. 325, we put 

< p(jj = the elements under the sign of integration never at 

any point contain r in the denominator, and are therefore never 
infinite, even when r = 0, i. c. when P is inside the mass. 
Evidently the case would be different for a law of attraction 
according to a power higher than that of the inverse square. 

And the case is different again, even for the Newtonian law, 
when the attracting matter forms an infinitely thin shell with 
(necessarily) infinitely great vol nine-density. In this case the 
force components in some directions vary abruptly for a small 
change of position of the attracted particle P , although in other 
directions they vary continuously. Of this more hereafter ; but 
the fact is already sufficiently clear in the case (Art. 322) of the 
normal component of a thin shell. 

337.] Discontinuity of its Second Differential Coefficients. 

r<) 

(lx* 

dinates of the point, P 3 at which the Potential is 7 \ being x, y 3 r. 

Now if if , z r ) are the co-ordinates of dm 3 and (x 3 y , z) those 

of P, we have 


Since / 


f dm 

/ = y }-7' 


(PV r V 
we have ^ — y I — dm, the co-or- 


d 2 r 

dj? 


r' ’ 


and since 

1 d 2 V fi 2 , dr n 2 1 d 2 r\ . 

y dx 2 ~ J 1 r* W “ r 2 'dx 2 \ 

(i) 


Similarly 


(2) 



(3) 

If in these expressions we substitute for x — x 3 y —y\ 
and dm 3 as in Article 335, we have 

z — z 3 

1 d 2 V 

y dx l 

= f(3 sin 2 6 cos 2 </> — 1) -^sin 0drd0d<f> ; 
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hence, when r = 0, i. e. when P is inside the attracting mass, 
the expression under the integral sign becomes infinite, and the 

(PV 

value of ceases to be continuous from points inside to points 
outside the mass. 

dV d 2 V 

Fig. 284 represents the values of V, and 3 when the attract- 
ing solid is that contained between two concentric spherical surfaces 
whose radii are Oa' and Oa , and the 
point P occupies positions along a 
fixed diameter. Ox, varying from 0 to 
infinity. The distance of Pfrom 0 is 
here denoted by x, and the values of 
V are given by the ordinates (dis- 
tances from Ox) of the continuous 
curve A BCD , of which the portion 
AB is a right line corresponding to 
the constant potential within the 
inner surface. 

dV 

The values of ^ arc given by the 

ordinates of the continuous curve Ua' be, of which Oa' coi responds to 
the constant zero value within the inner surface. 
d 2 V 

The values of -- ^ arc given by the ordinates of the discontinuous 
curve Oa'nmpq. 

From Ex. 5, Ait. 332, when P is completely outside the mass, we 
i and when P is inside the shell between 



d 2 V 8TTyp(a*-a'Z) 


|UIVC 3ZP 


the two surfaces, 


d 2 V 
dD * 1 


.i£W(i+ 

3 V + D 2 ' 


By putting D = a in the first, of these values we have the value, ap, of 
r /‘i y 

— when V comes to the outer surface from the outside ; and putting 

d 2 V 


dD 2 


D = a in the second wc have the (negative) value, am, of when 
P comes to this surface from the inside. 

The above figure is copied from Thomson and Tait's Nat. Phil . 


338.] Lines and Tubes of Force. If at any point, P, in the 
field of attraction an elementary length is drawn in the direction 
of the resultant attraction at P, and if this is prolonged at each 
point P', P '\ . . . so as to be in the direction of the resultant 
attraction at all points, P', P ", ... along it, we obtain a con- 
tinuous curve which is called a line of force. A line of force, 
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then, is a curve such that its tangent at every point coincides 
with the direction of resultant attraction at that point. 

If the field is mapped out by a series of equipotential surfaces 
(Art. 328), every line of force will cut every equipotential surface 
which it meets at right angles, since (Art. 328) at every point 
on such a surface the resultant force acts in the normal to the 
surface. 

Let P he any point in the field ; at V describe any very small 
closed curve whatsoever ; through each point on this curve draw 
the line of force and prolong it indefinitely. We thus get what 
is called a tube of force. 


These terms are due to Faraday. 

339.] Surface-integral for a Tube of Force. Let PAQP 
represent any portion of a tube of force, P and Q being elements 
of two level surfaces intercepted by the tube. Then 
the attraction on a unit mass at P is normal to the 
section ]\ and the attraction on a unit mass at Q is 
normal to the section Q , while at every point, A or 
II, on every portion of the lateral surface of the tube 
the attraction is wholly tangential to the surface. 

Let F be the force at P, F' that at Q y and <0 and c 0 ' 
the areas of the sections P and Q . Then, supposing 
that the tube contains none of the attracting matter, equation 
(2) of Art. 324 gives Fa>-F f o>' = 0, (1) 



since the only portions of the closed surface PAQ B which con- 
tribute elements to the surface-integral of normal attraction are 
the sections P and Q,. 

Hence, at all point* in empty space on a given line of force the 
resultant attraction-intensities are inversely proportional to the normal 
sections of the same tube of force at these points. 

This simple theorem gives the law of attraction very readily 
in certain cases. For example, let the attracting body be a 
sphere whose density is the same at the same distance from its 
centre. Then the lines of force are obviously right lines drawn 
from its centre ; the tubes are therefore cones whose vertices arc 
the centre, and since the normal sections of these cones are 
directly as the squares of their distances from the centre, the 
attraction of the sphere at any external point is inversely 
proportional to the square of its distance from the centre. 
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Again, let the attracting body be an infinite cylinder whose 
density is the same at the same distance from its axis. Here 
the lines of force are right lines emanating from the axis per- 
pendicularly, the tubes become wedges, and the areas of their 
normal sections are directly proportional to their distances from 
the axis; hence the attraction of an infinite cylinder at an 
external point is inversely proportional to its distance from the 
axis, 

Finally, for an infinite attracting plate, the tubes arc cylinders 
and the attraction is constant at all points in empty space. 

If the tube of force contain within it a quantity of the 
attracting matter whose mass is dq, we have by (2) of Art. 324 
Pa>-i'V = 4 tt ydq. (2) 

This equation can in like manner be employed to find the re- 
sultant force inside a sphere, a cylinder, or a plate. 

In the case of a sphere of uniform density, let the tube be 
contained between the spheres of radii r and r + dr. Then 
dq — p co dr, p being the density at the attracted point, and (2) 
becomes ,// jp, A \ _ a ^ 


d (Fo)) == 4 7T y p <o dr, 
d(Fr % ) = 47 Typr 2 dr, 


since co is proportional to r 2 . Integrating this last equation, 

Ft 2 = — wypr 3 + F. 

4 

Now F is evidently zero at the centre, therefore 0 = 0, and 

v 4 

l 1 = 3 *ypr- 

For a point inside an infinite cylinder at a distance r from the 
axis we have, since co is ultimately a rectangle of breadth pro- 
portional to r, d (ft.) _ 4ir ypr dr , 

F = 2 77 y pr. 

In general, if the tube is terminated by two level surfaces 
whose distance measured along the lines of force forming the 
tube is ds, we have dq = pcocA?, and (2) gives for the deter mina- 

tion of F (l (Fco) = 4 V Y P‘0 

340 .] Unit Tube of Force. If at any point P we draw a 
tube of force such that the product of the force-intensity and the 
area of the normal section is unity, the tube is called a unit tube . 
Thus, in C. G. S. measures, if the product of the force-intensity, 
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expressed in dynes per gramme mass, and the area of the normal 
section, ex]>ressed in square centimetres, is numerically unity, the 
tube is a unit tube. 


Section III. 

The Attraction of Ellipsoids. [. Method of CItasles . ] 

341.] Shell bounded by Similar Surfaces. Let v/j / and rqp 
be two concentric, similar, and similarly situated surfaces whose 

normal distance from 
each other is at all 
points very small. Sup- 
pose the space between 
these surfaces to be filled 
by attracting matter of 
uniform density, and let 
0 be an attracted particle 
in the interior of the 
shell. With 0 as vertex 
let any slender cone be 
described, intercepting on the shell two frustums whose thick- 
nesses measured along the generator pr of the cone arc pp f and 
re. Then, since by the property of similar, similarly situated, 
and concentric surfaces of the second degree, the intercepts pj/ 
and rr are equal whatever be the direction of the line pr , wc 
see by Art. 318 that the attractions of these frustums on 0 are 
equal and opposite. Hence the corresponding frustums of all 
such cones exert equal and opposite attractions on 0 ; and the 
resultant attraction of the shell on any internal particle is there- 
fore zero. 

Hence, if the law of attraction is that of nature, every shell of 
uniform density and small thickness , bounded by similar , similarly 
situated , and concentric ellipsoidal surfaces produces a constant 
Potential at all points in its interior , and exerts , therefore , at these 
points no attraction . 

The same is true for a solid of uniform density and any thick- 
ness bounded by two similar, similarly situated, and concentric 
ellipsoidal surfaces, since the thicknesses of the frustums inter- 
cepted between its bounding surfaces will still be equal. 
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342. ] Corresponding Points on Confocal Ellipsoids. Let 
rpq and PQ (Fig. 286) be two confoeal ellipsoids, let the axes 
of the first be a', //, /, and those of the second a, /3, y, let the 
co-ordinates of a point p on the first be x\ y\ /, and those of 
a point P on the second x 9 y, z . Then, if 

x _ xf if __ y z __ / 

« ~ a ' 5 y ~~ Y\ 

the points P and p are called corresponding points on the ellip- 
soids. Also, let Q and q be two other corresponding points. 
Then it is easy to prove that the distance Pq is equal to the 
distance Qp. (Salmon’s (leometry of Three Dimensions.) 

343. ] External Potential of an Ellipsoidal Shell. Let it be 
required to find the Potential at an external point, P, of a shell 
bounded by the similar, similarly situated, and concentric ellip- 
soids vrp' and rqp . Through the point P describe an ellipsoid, 
PQ , confocal with rqp , and describe also an ellipsoid, msn 9 con- 
focal with vrp and similar to PQ. This latter surface is 
completely determinate, since its axes must be /a a, ja/i, juy, and 
since p?{ol 2 — / 3 2 ) must be equal to f 2 (oc' 2 —fi' 2 ) 9 where f (f , // f , 
fy are the (given) axes of the ellipsoid vr'p ' ; or p = since 
a 2 — j 3 2 = ol' 2 — ft' 2 . 

Now at q draw the normal distance, dn\ which separates the 
surfaces rqp and v/p\ and about q describe on the ellipsoid rqp 
any small closed curve whose area is dS'. Hound Q , on the 
surface QP , describe the small closed curve, of area dS, which 
consists of points corresponding to those forming dS and let 
dn be the normal distance between the surfaces QP and msn. 
We shall now prove that the elements of volume dn . dS and 
dn. dS\ which we may denote by d cd and doa\ respectively, are 
connected by the equation 

don __ dfo . 

(Xj3y Oi'fi'y 

Let x\ y\ z be the co-ordinates of q with reference to the 
principal axes of the ellipsoids, and let dx df be the projection of 
dif on the plane xy . Then, since the cosine of the angle between 

p'z' 

the normal at q and the axis of z is where 7/ is the perpen- 
dicular from C on the tangent plane at <7, we have 

ds' = rld X ’,h\ 

p z 
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Now since the surfaces rqp and v'/// are similar, we have 
(hi 

7 = 

v /2 

. ■ . (hi . dSf = (1 — fx) — dx (If/ 


Similarly 


(hi . (IS = (1 — p) - 


where a?, g, c are the co-ordinates of Q. But since 
dx _ dx (Ilf __ * 7 / 

a - ’cT J~~ 

these equations give (1) at once by division. Moreover the 
Potential at P due to the clement of mass pda' at q is proportional 


; and since Pq = Qp, 


to while the Potential at p due to the clement pda at Q is 

1, 1 0,1 CO 

proportional to ; and since = Qp, 

Potential at P due to element of mass at q _ d c*/ 
Potential at p due to corresponding element at Q da 

_ oi ft' y _ mass of shell rq p 
(XfSy mass of shell PQ 

Now the shell rqp can be broken up into elements of mass 
formed as d a/ has been formed, and the corresponding elements, 
d o), will completely exhaust the shell PQ ; hence, taking all the 
elements of the inner shell, and all the corresponding elements 
of the outer, and thus exhausting both shells, we see that 
the Potential of the inner shell at P _ mass of inner shell 
the Potential of the outer shell at p mass of outer shell 
Now since these shells are bounded each by similar surfaces, the 
Potential of the outer shell is constant at all internal points, and 
(in virtue of the continuity of the Potential) this Potential is the 
same as the Potential of the outer shell at P. 

Hence the Potential of an ellipsoidal shell bounded by similar 
surfaces is constant at all points on the surface of any ellipsoid 
confocal with the surface of the shell — that is, the level surfaces 
of an ellipsoidal shell are confocal ellipsoids, and its attraction at 
any point is therefore normal to the confocal ellipsoid through 
the point* 

Let V and V be the Potentials of the shells PQ and rqp at 

P; then ol'r'V 

r = SLZJ. y. (4 ) 

a/3y v ' 
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We shall show in the next section (Example 4) that these 
shells produce at all points outside both Potentials which are 
proportional simply to the masses of the shells, i. e. related as in 
(4) ; so that at all such points their attraction-intensities also 
bear this relation to each other. Hence at any point outside 
both shells — even though it is just on the outer surface of PQ — 
we have dT_i*ff-/dV 

(lx afiy dx ' 

Pot this reason the calculation of the attraction of an ellipsoidal 
shell at an external point is reduced to that of a shell at a point 
on its surface. 

344.] Attraction of an Ellipsoid at an External Point. 
Let ABJJ (Fig. 286) be a solid homogeneous ellipsoid, and let it 
be required to find its attraction on a unit mass condensed at P . 
Break the ellipsoid up into an infinite number of thin shells 
bounded by ellipsoids similar to each other and to the surface 
ABI) ; let one of these shells be that between the surfaces vr p' 
and rqp. Denote this shell by (*) ; and describe the ellipsoids 
PQ and msn, similar to each other and con focal with the surfaces 
of (a), as in the preceding Articles. Denote this shell by (0-). 

Let the axes of ABB be a , b , c ; let those of rqp be ka , kb, kc , 
and let those of iV p' be (k-\-dk)u, (k + ilk)b, (k + dk)c. Also, let 
the axes of the ellipsoid PQ be kVd A + A 2 , kVb' z -\- A 2 , k V c 2 -f A 2 ; 
then, by the last Art., those of man will be ( k + (Ik) */ d 2 + A 2 , ( k 4- (Ik) 

+ (k + dk) */ c A + A 2 . Now (Art. 322), the attraction of 
the shell (0-) on a unit mass at P is 

iiryp. Pit* 

where Pn is the normal thickness of the shell at P. This at- 
traction acts in the direction of the normal Pn, whose direction 


cosines are px pi/ pz 

k 2 {d A + A 2 )' FJP + . A 2 ) * P^ + A 2 ) 5 
p being the length of the perpendicular from C , the centre of 
flic ellipsoid on the tangent plane at P, and x, y , z the co- 
ordinates of P. Hence the attraction of (0-) on P parallel to the 
axis of x , in the positive direction, is 


4 Tryppx 

#V + A 2 ) 


( 1 ) 


* The curioua compensation of errors involved in the usual proof of this is well 
noticed by Collignon ( Dynamique , p. 403 ). 
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Draw the line CP meeting the inner surface of (a) in s 
Pn p ii . /» , 7j Bs u j Git axis of wm 


Then 3 therefore Pn = p . 

P* CP CP 


II 4 ^ ___ axis °f wsn 
CP axis of PQ 


k + dk ,, r Ps dk pdk 

= — j ' — ; thereiore ^ ^ 5 and ±11 — — —j— • 

Substituting this value in (1), we find the attraction of (<r) 
parallel to the axis of x to be 

litypjpjrdk 

/P(a 2 + A 2 ) 

Multiplying this by the ratio of the mass of (#) to that of (<r), 
we have the component of the attraction of (.v). Denoting this 
latter by dX y we have 

dX = — — 4 7 TypaljcjPxdk , \ 

" “ F(«* + A a )* 1 } 

Now, by the equation of the surface PQ , 

ry> 2 ^y2 zv2 

4. y . " - 7.2 

a 2 + A 2 ^6 2 + A 2 ^ c* + A* * 

Differentiating this, regaining /£■ and A as variables, we have 

p 

—z XdX = — dk, 


by the well-known value of the perpendicular from the centre 
on the tangent plane of an ellipsoid. 

Substituting this value of dk in (2), we have 

47ry pahcxXdX 


dX = - 


{a 2 + A 2 )i V{(P + A 2 ) (c* 2 H-A 2 ) 


To find the limits of A, we observe that when the shell (#) is 
taken at the centre, k = 0 ; but the axes of (a) must be finite ; 
and as they are k Va? + x\ &c., the value of A corresponding to 
a vanishing shell at the centre isco . Again, if k = 1, or ( * ) is 
a shell at the surface ABB, we have a 2 + A 2 = a i 2 , where a x is 
the semi-axis of the ellipsoid confocal with ABB, and passing 
through P . Denote this value of A by A 1 . Then, if M be the 
mass of the solid ellipsoid ABB, we have 


X = 3 y [ — ;= 
' Jla* 


V(a‘ + A 2 ) a (6 2 + A 2 ) (c* 2 + A 2 ) 



345-] 


POTENTIAL OP AN ELLIPSOID. 


219 


and in the same way for the other components, Y and Z, 


kdk 


3 y My L </(d l + A*) (4 2 + A 2 /' (c* + A 2 ) ’ 
# = 3 ylfejf*‘ A ' /X 


IfZ 


=r 

73 


/(a 2 + A 2 ) (4 2 + A 2 ) (e 2 + A 2 )’ 1 ‘ j 
Ar/A 

we have evidently 


(4) 


W + A 2 )(4 2 + A 2 ) (c 2 + A 2 )’ 

The expressions for A", T, ^ may he put into other forms 
which are useful in practice, by putting* 


k = 


? \/l — n z 


Then 


Z = 


ii 1 (In 


3 yiUx r i 

°’ J Jo V\l + e l iPf ( 1 -f e' 2 it*) 

3yM?/ j n ~i u 2 du 

V{l~+t?n*T(l +7*7f*} 5 ’ 

n-ilu 


} ■ = _ r< 

c* J o 

3y ]lf z r <‘ j 

c 3 Jo 


(5) 


^ and - 1 2 


V(1 + ^/< 2 )(l +6 /2 /^) 1 

C 


y the least semi-axis being* c. 


where e 2 = 

6* a <? 

If the attracted particle is on the surface ABB of the attract- 
ing ellipsoid, the limits of u are 0 and 1 , since c x = c. 

If the attracted point is inside the ellipsoid, let an ellipsoid be 
described through it concentric with and similar to the surface 
ABB , and the portion between these two surfaces exerts no 
attraction at the point (Art. 319). 

Equations (5) show that the components along the principal 
axes of the attraction of a homogeneous ellipsoid on a particle 
placed anywhere on its surface or inside its mass are of the 

forms Ax, By, Cz, (6) 

where A , j3, C are constant quantities. 

345.] Potential of an Ellipsoid. Potential of a homogeneous 
Ellipsoid at its centre . Let ABB (Eig. 286 ) be a homogeneous 
Ellipsoid of density p, whose semi-axes are a, S, c. The polar 
element of volume being r 2 sin 6drd0d(f> } the Potential of this 
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at C is ypr sin 0 dr d6d$\ and integrating* this from C to the 
bounding surface, we get %yp/i? sin Odd (1(f), so that 

v _ 1 r* r lir sin 6(10(1$ 

o ~ 2 y P J (j J o sin 2 0 cos 2 (f) sin 2 0 sin 2 <f> cos 2 0 * 

S 5 + P + “c 2 "" 
where V Q is the Potential at C. This, again, is the same as 

f i sin 0d0d<\) 

0 ^io io sin 2 0 cos 2 (/> sin 2 d sin 2 6 cos 2 d’ 


* <f> cos 2 d 
~ + ~ 


Integrating with respect to </>, we liave 

f 3 sin dr / 0 

J u //Sin 2 d cos 2 d N /J 




d cos 2 dx /sin 2 d cos 2 d 


K aiu i/ uua c/\ 

-/>- + ->-) 


Putting tan 6 — t, we have 


r 0 = 2iryf,aW — ; 

Jo -/(1 + / 2 ) (a 2 + e 2 i! 2 ) (//• + «*<*) 

or, finally, putting c 2 ^ 2 = A 2 , we have the symmetrical form 

1 r- 0 , Af/A , . 

/ 0 — 2irypabc / — -■ - - it t —. ■= r= — — r - _ — » (2) 

Jo V> 2 + A 2 ) (6 2 + A 2 ) (c- 2 + A 2 ) 

Potential of Ellipsoid at any internal point. Let p (Pig. 28 6 ) 
be the internal point the Potential at which we desire to find. 
Drawing the ellipsoid pqr, which is similar to the bounding 
surface DBA, the values of X, Y, Z at p are due entirely to 
the matter within pqr . Hence if the axes of pqr are ka , kb } he , 
we are to put A x = 0 in equations (3), (4), of the last Art., and 

31 = ^Trftpalc. 

Thus we have 

X = 477 ypk 3 abcx f — — - -z =J==r=z -- - - - - — • 

J- J(Pa* + k*f(PP + k*)(Pe* + \*) 

Putting A 2 = >i 2 /x 2 , 

X = lnyuabcx m ' 7m . (3) 

vV + Z^W + fW + f* 2 ) 

Similarly 

Y = \vypahcy f° — ^Ag == ^ = r .. , (4) 


vV + /*W + J) 


/(a 2 + g 2 ) (// 2 + M 2 ) :! (c 2 + m 2 ) ’ 


£ = Ittypabcz f° — 

J » •v / (’a 2 + u 2 )(4‘ 2 + 1 


■/ (a 2 + g 2 ) (4 2 + g 2 ) (e 2 + /a 2 ) 2 


( 6 ) 
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Denote these values of X, Y, Z by Ax, By, Cz, the quantities 
A, B, C being obviously the same for all internal points. Then, 
if V is the Potential of the whole ellipsoid at p, 
dV — Axdx 4- Bydy + Czflz. 

Integrating, we get 

r 0 +!(/^ 2 vB y *+ Cz \ ( e ) 

Substituting the values of V {) , A , B, 6', just found, we have 


v = Zvypabcf^ (l- -j 


a ? 2 y 2 c 2 \ 

2 + jx 2 4 2 + /x 2 c 2 + /x 2 ' 


-h fx 2 ) (/>2 + "(6* 2 + 

The integrals involved in these several coefficients are easily 
reduced to the ordinary forms of elliptic integrals. Thus, as- 
suming that the axes in order of descending magnitudes are 
a, b, c, assume ^ _ p tarl 2 <j, _ 6 .2 sec 2 ^ (g) 

Denoting V (a 2 + /* 2 ) (6 2 + g 3 ) (c 3 + n 2 ) by /(p), we have 

^ _ ( L± ( 9 ) 

J (p) V d 2 — r 2 — (a 1 — 4 2 ) sin 2 </> 

~j*-**& (10) 

in tlie ordinary notation of elliptic integrals. Also 


M = <l> I _,c 

l'J lain ‘C 

(* 

Hence, denoting sin _1 -r by co, we have 


j, 2itypabc f ? tl <j) 

0= 7 a^?.L M>’ 

iirypabc f i eos 2 </)(Y <f) 


a j— X;, '> 


4 77 y p a/jc 

f 3 cos 2 <W<f> 

— c 2 ) V a?— c 2 J 

““a a - 

CO ^9 

4 t rypabc 

i 

rf coV 2 (f}d(f) 

-^vV-y-U 

u A<J> X “ 


( 11 ) 

( 12 ) 


The integral in (12) is reduced to elliptic integrals of the first 
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and second kinds by the formula 

f H 1 vn . j. \ 

while that in (14) is reduced thus : 

r cot 2 (/)(/(!) _ rd cot (/> /v/</> __ c °t (/> jsz r d$ 

J A(j) J A</> J A<£ A (f) J A ,{ <|> 

k' being the complement of k, i. e. k 2 + k' 2 = 1. 

Potential of an Ellipsoidal Shell at any external point . Let it be 
required to find the Potential at P (Fig. 286) due to the homo- 
geneous shell contained between p<p' and // r v. By Art. 342, 

this Potential = - — _ .... • . ■ ■ . times the Potential 

V {ti 2, 4* A. 2 ) (fr 4- A 2 ) (c 2 + A u ) 

produced at C by the shell PQ?ns ; and since the axes of the 
outer surface, PQ, are + &c., it is easily seen that this 

latter Potential is 

„ f 5 P sinf U9d6 /1S , 


— 8 ypkdk 


0 Jo siu 2 0 cos* 2 <f) sin 2 0 sin 2 0 cos 2 # 

<r + A a ~ + "¥+\* ~ + C* + A* 


But we have shown that the double integral in this expression 
is equal to 

; m f * , (if,) 

2 J 0 *J (a 2 4- A 2 + p u ) (P 4* A" 4* p“) ( c “ -f- A 2 -j- p") 

where /(A) = V (a 2 4* A 2 ) (6 2 4- A 2 ) (c 2 4- A 2 ). Hence if dV is the 
Potential of the shell pyr at P , 

,1V = -Uypabckdkj* (1 7) 

where x (/a) is the denominator under the integral in (16). 


We may put A 2 4- p 2 = i> 2 , so that p I = v 

[0 

<IV = -lTty P abcMk r~ 


But, Ait. 344, kdk = - [ - - „ 4- — - — - 4- — — - -J Kd\. 

’ 5 l {a z 4 - A 2 ) 2 (IP 4 - A 2 ) 2 (c 2 4- A 2 ) 2J 

Hence integrating from A = x to A = X v so as to include the 

whole given ellipsoid, 

V = **yp a6e J^ {f(?+Ay + (fiTW* + (^nfL 7wl UK ' (11 
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This is easily reduced to a simpler form thus. Let 

fm sm ' 

F = + (FTX»7 + <5^1 

[</> ( oo ) — </> (X)] \d\. 

Now taking the term in x only, we have 
„ f°° ArfA r,/ X J /^1 * a ( A i) 

*■ \/„ = 7 + 1 ? 5 

t x 2 

V*. « 2 +^/W ‘ 


Adding the terms in ij and c. we have, since 


a 1 * + Ap 


+ ... = 1 


r®/ j; 2 ;/ 2 i 2 -.Ay/A-i 

r = 2wyp«^‘[^(«>)-*(Ai)-J Ai ( aa - + - Aa + + ?4T*)/(xjJ 

_ r°° / ;/ 2 -s 2 \Xf/x /1Q v 

= ZTtypabcj^ (l - - p + K t - c* + \*)/(Aj' ( ' 


Examples. 


1. Find the attraction of a homogeneous ellipsoid of revolution 
round the minor axis (oblate spheroid) on a particle placed on its 
surface. 

Here a = ft, and e = d in equations (5), Art. 344; therefore 
3yMx r l u 2 du 

A=-- c .“Jo(T+K??- 


The integral is most easily found by putting eu = tan0. We then 


obtain 


X = — 


3 yMx 


,3.s (taH-'e- ; 


2c 3 e : 


F = 


3y-%/ 

2c 3 e 3 ' 


l+t 


s); 


z =--&-(*-*** le )- 

These expressions are of importance in the theory of the Figure of the 
Earth. 

2. A homogeneous fluid mass, self-attracting according to the law 
of nature, is acted upon at every element by a force proportional to 
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the mass of tlie element and its distance from an axis passing through 
the centre of mass of the fluid. Prove that an ellipsoid of revolution 
round the axis is a possible figure of equilibrium of the fluid. 

Let kr be the force emanating from the axis on a unit mass at 
distance r from the axis. Take the axis as axis of £, and assume the 
surface of the fluid to be an ellipsoid of revolution whose axes are 
c 1 + tf 2 , c + e*, c. 

Then the .^-component of force on a unit mass on the surface is 
(— A + A).r, where A has the value in Example 1. Hence if V is the 
potential at the surface 

(IV = ( — A + h)xdx + (~ A + k)ydy — Czdz , 

which is zero, since if the potential is not constant over the surface of 
a fluid, there will be a force in the tangent plane causing a flow from 
one point to another. Also by differentiating the equation of the 
surface, we have xdx+ydy , 

J + ~dz= 0. 

1 +e z 

Hence we must have —A+k 1 

c T+>‘ 


Substituting the values of A and C from last example, and putting 
M = + e 2 )p, where p is the density of the fluid, wc obtain 


Jce z 
27 Tp 


+ 3e = (3 + 6 2 )tan“ 1 e. 


Put k = f 7 rp.q ; then we have 


2 qe* -f 9 e 
3(3+« 2 ) 


—tan"" 1 e = 


0 , 


which determines e , the eccentricity, in terms off/; and c, tlie least 
axis, is known from J/, the whole mass of the fluid. 

There is a major limit to the value of q in order that equilibrium 
in the ellipsoidal form may he possible ; hut into the discussion of 
this, which is somewhat tedious, we do not enter. 


3. If from a solid homogeneous ellipsoid any complete ellipsoid is 
removed, find tlie attraction at a point— (w) inside the remaining 
mass, (b) inside the ellipsoidal cavity. 

The attraction is to he found by considering the cavity to be filled 
with matter of the same density as that of the rest, and then sub- 
tracting the results due to the matter which is imagined to fill tlie 
cavity. 

Let the axes of tlie complete ellipsoid be taken as those of reference, 
and let the axes of the cavity make angles (oq , /3 1? y^, (of 2 , /3 2 , y 2 ), 
( a 3 > A*, y.j) with them. Also let the co-ordinates ot the attracted 
particle with reference to these axes be (at, y, z) and (a/, ?/, z'), 
respectively, and let the components of attraction along these sets of 
axes he (X, 7, Z) and (X', Y\ Z'). 
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itien X = Ax, Y = By, Z = Cz, 

where A, B, G are constants ; and 

A r ' = A'x', Y' = B'y’, Z f = C'z' , 

where if the attracted particle is outside the cavity, A / \ B\ C f are 
variables, but if inside, constants. 

The whole force parallel to the axis of x on a unit particle is 
obviously x _ ( Y ' cos #1 + Y' cos « 2 + Z’ cos « 3 ), 

with similar expressions for the components along the axes of y 
and z. 

If the attracted particle is inside the cavity, the level surface 
passing through it is easily found. For, the virtual work of the 
attraction of the whole ellipsoid is Xdx + Ydy + Zdz , or ^d(Ax z + By 2 
+ Gz 1 ) ; and that of the attraction of the small ellipsoid is X'dx' 
+ Y / dy' + Z'dz', or \d{A'x' 2 4- B'y' 2 + 6'V 2 ). Hence the level surfaces 
inside the cavity are given by the equation 

Ax 2 + By 2 + C'J-AW*~B'y' 2 -C'z' 2 = const. 

They are therefore quadrics. 

We could in the same way find the effect due to an ellipsoidal mass 
which contains in its inteiior another ellipsoidal mass (or nucleus) of 
density different fiom that of the remainder. If p and // are the 
densities of the two portions (//>/;), imagine the whole to consist of 
a homogeneous mass of density p, and add the effect due to the 
nucleus, supposed of density //— p. 

4. Prove that an oblate spheroid of uniform density cannot have its 
own surface for one of its level surfaces. 

[The condition that its own surface should be a level surface is 
3 c 

taif^e = — - --jj, which cannot be satisfied by any value of e, except 

O "f* C" 

zero.] 

5. Prove that a prolate spheroid of uniform density cannot have its 
own surface for a level surface. 

[By putting e = k V — 1 in the last result, the required condition 
becomes 1+* Sh 

,l08 l-*” 3— /fc 2 5 
which gives by expansion 

1 9 12 

(3— 7b 2 ) (1 + + •••) = 3, or + g~y + = 

which is, of course, quite impossible.] 

6. Prove that in the spheroid considered in Example 2 the resultant 
attraction at any point on the surface is proportional to the length of 
the normal between that point and the axis of revolution. 

7. Express gravity on the surface of such a spheroid in terms of 
the latitude. 


1695 


Q 
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[The latitude of a point on the surface is the angle made with the 
plane of the equator by the normal at the point. 

If E denotes the value of gravity at the equator, G the value in 
latitude A, and e the eccentricity of the generating ellipse, 

\/ 1 — t 2 &in 2 A 

so that if e is small, the increase of gravity at any point above the 
equatorial value is proportional to sin 2 (latitude).] 

8. The components of attraction of a homogeneous ellipsoid at an 
internal point (x, y , z) being Ax , Ihj , Cz> prove that 

A -f + (7 = — 4 7ry />, 
where p is the density at the point. 

9. From a continuous mass, M , a portion M' is removed and 

reduced to a state of infinite diffusion ; show that the work thus 
done is fVdm'-^/V'dm', 

the integrals being extended thioughout the volume of AE (while 
it forms part of J/), V being the Potential at any point of Al ' due to 
the complete mass, V' the Potential due to Al' alone, and dm' an 
element of M'. 

10. A homogeneous ellipsoid of density p and semi-axes a, &, c, 
contains a concentric spherical cavity of radius r; prove that the 
work done in filling the cavity with homogeneous matter of density 
p, brought from a state of diffusion, is 

where /(A) = V (a 2 -f A 2 ) (b 2 -f- A 2 ) (c 2 -f A 2 ), and verify this result for 
the case in which the ellipsoid is a sphere (Example 23, Art. 332). 
(Use the value of V in (6), Art. 345, and observe that 
A -f B -f (J = — 4 7T yp, 

and also that f x 2 dm' — f y 2 dm' = f z 2 dm' = ^ 7 rpr 5 .) 

11. If the external level surfaces of any attracting system are 
confocal ellipsoids defined by the parameter A in the equation 

x 2 y 2 z 2 __ 

a* + l + W+l + c*+X = 1 ’ 

show that the potential is given by the equation 

V — f d ^ 

~ 7 ^J 7W+WW+WW+ a )’ 

where M is the mass of the attracting system. 

(Transform the equation V 2 V =~ 0, which holds for all points 
outside the mass, into a differential equation in which A is the 
independent variable. Thus 

<72 77 d * V St dK \ , < dk \ , d K*) d Yrro x 

'‘ r =<T.fc> + <4> + fe>} + K 7 ’ ' A = °- 
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But if p is the central perpendicular on the t ingcnt plane to the 
ellipsoid at any point, we easily find by differentiating the equation 
connecting A with x , y, z , that 

dk 2 p 2 x . d\ 2 

— — * -- , and that + ... = 

dx a 2 -f A VZx* 7 T 1 ’ 


t&e a 2 -fA dx*' 

V a A = 2// 2 ( „ 1 + + ,*)• Therefore, &c.) 

a- + A o-' + A <r + A 


Section IV. — Green s Equation and Spherical Harmonies. 

346.] Green’s Equation. Let U and V be any finite and 
continuous functions of the co-ordinates of a point in space, and 

f 1 2 (P (P 

let V 2 stand, as usual, for the operation — ^ + yp + • 

Take any closed surface (Fig 1 . 287, or 

Fig. 274, Art. 316); let d£l represent an 
element of volume of the space inside this f 1 ,2 \ 

surface, and let <!8 represent any element V j 

of area of the surface. Then we shall have ^ 

the following ecpiation, which is due to Fig. 2S7. 

Green : 

r 77 „ 2 T ..,. r.rM'u r,d(Jdr dudr dudi\ ffi , . 

J m ‘ ' =J ",/« J U a + T,Jj + T: !■)"“• w 

dn in this equation being* an element of the normal to the sur- 
face drawn outwards, as in Art. 329. 

For dil = dxdydz, so that the left-hand side is 

rcr,u#r tvv d 2 f\ 

Hi + 7/r + dP ,lx,hJih - 


drV . r (PI 

Consider the term U separately. Taking / U — 2 dx, and 

integrating between the extreme values of x } considering y and j 
both constant — i.e. in the figure, performing a summation along 
the line p x p 2 parallel to the axis of x — we get 

in which the suffixes denote the values of the quantities in 
brackets at the extreme points and p x of the integration. 
Fig. 287 represents the line p 2 p x as meeting the given closed 
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surface in only two points, but our result holds whatever be 
the number of these points — observing that it must be an even 
number, since the surface is closed. Fig. 274 will represent 
the more general case if we imagine the line OQ to be parallel 
to the axis of x ; and with this figure the terms outside the sign 
of integration in (l) would be 



The integration along p 2 is performed in reality along a 
very slender parallelepiped whose transverse section is dy dz, and 
not along a line. Multiplying the different terms of (1) by 
dydz, we have the right-hand side equal to 




dx dx 


dx . 


(3) 


Now if dS 2 is the element of surface cut off by the parallele- 
piped at j ) 2 and if is the angle (represented by the dotted 
line) made with the axis of x by the outward- drawn normal 
at p t , we have , ly(h _ cos ^ . dS ^ . (4) 

and if dS 1 is the element of area cut off at p x , while is the 
direction angle of the outward-drawn normal at p L , measured 
in the same sense as at p 2 , we have 

dydz = — cos \ . dS 1 ; (5) 

with exactly like results in the general figure, Fig. 274, the 
cosines being negative at the points 1 \, J3, and positive at 
Hence (3) becomes 

( u i* eos us \ + ( ul <& co * us )- W s j % d fx dx > ( 6 ) 

and hence 


f v %' ,a la- %***. 




\ denoting the angle made by the normal at any point with the 
axis of x . 

In the same way, if \x and v are the angles made by the 
normal with the axes of y and z , we have 




( 11 J dV 

dy dy 
fU J dV 
dz dz 


dxdydz , 
dxdydz . 


( 8 ) 

( 9 ) 
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Adding (7), (8), and (9) together, we obtain the equation (a). 
Writing down the value of f W^UdQ,^ and subtracting the 
result from (a), we obtain 


/(».* r— rv’ U),ia=J( i 




If 1/ is taken identical with Z 7 , we have the result 

(£)•* (£)V « 

Greens Equation is probably the most remarkable and power- 
ful analytical result in the whole range of Mathematical Physics. 
It is put by Sir W. Thomson into the following somewhat 
generalized form 


J<‘4 


f/tf? (in /fa ) 


= / ut-J-ds- fair, W+U.M+ iwm, ( 8 ) 

where </) is any function whatever and 

/r rfff T/ rfr 
^ F *= * ■*=• 

This is at once deducible as before. 

Green's equation holds also for the space included between 
any closed surface S (Fig. 288 ) & 

and any closed surfaces, M l , 

il/ 2 , included by & In this / ( \ \ 

case the boundary of the space — n v)„_ L \ \^-n 

considered is not continuous — / y y 5 ) 6 

that is, starting from any one y s~^ M J 

point, 1\ } on the boundary, it ^ / 

is not possible to reach every Fi'^RiT 

other point (such as 1\) on the 

boundary by travelling merely over the boundary itself. 

The figure represents a line 1\ 1 2 ... i G parallel to the axis of 

/ f p y 

l J dx is performed, and the 

lines ijfrj, 7^ 2 , ijs^, ... are the elements of the normals drawn 
outwards from the space considered, i,e. the space included 
between the contours of S ) M lt and 3f 2 . 


Fit;. 288. 
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The functions U and 7 may bo any whatever — subject to the 
conditions of being* finite, continuous, and (as we shall assume 
for the present) single-valued. 

Take U = C = any constant, for example, and the equation 
(a) becomes 

/ vir ' ,Q /V M - < 10 > 

If 7 is the Potential due to any attracting matter, 

V 2 T = — 4 Trpy 

Art. 329, and we have at once the equation 

-4tt yM i = f If /IS, (11) 

as in Art. 324 ; and if the surface 8 has all the attracting matter 
outside it, we have in the same way J'NdS = 0 (Art. 324) ; for 
in Pig. 288 let the contour of J/ 2 represent any closed surface, 
let J/j represent any attracting matter outside this surface, and 
let 8 be any surface completely surrounding both. Applying* 
Green’s equation (10) to the space included between the surfaces 
S and and the contours of these surfaces, we have 

-4'iryjl/ 1 = /Ml 8+ /N'dS\ 

where A 1 ' and (18 refer to the surface 8, and N' and (IS' to the 
surface of j?/ 2 . But, ignoring the surface of M 2 altogether, 
(11) gives 

-4 TtyM^/NdS. 

Hence fN'dS ' — 0. 

The quantity —V 2 V is called by Clerk Maxwell the concentra- 
tion of r . Hence (10) asserts that, if a function has no concen- 
tration at any point inside a closed surface, the surface-integral 
of the normal variation of this function over the surface is zero. 

As another example, take U = 7, and let V be the Potential 
due to any attracting matter. Then the equation becomes 

4 Try j Vihu = ~f M + J l, (e) 

where R is the resultant force intensity at any point inside 
the closed surface, dm = pd£l = element of mass at any point 
inside, and y, as usual, the gravitation constant. Now (Art. 331) 
the left-hand side of (e) is 8 7ry times the Potential Work of 
the attractive forces of the system, or, in other words, 87 ry times 
the amount of work done by these forces in bringing the system 
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from a state of infinite diffusion to its present configuration. 
Hence the right-hand side is another expression for the same 
thing. A simpler expression is obtained by taking the closed 
surface S of infinite size, i.e. every point of it at infinity. Now 
if none of the attracting matter is infinitely distant, V = 0 at 
every point of this infinitely distant surface ; nevertheless the 
r ( iv 

integral / ~~dS is finite and = — 4 7r y 71/, where M is the 

. du . r dv 

quantity of the given matter. Hence / V — --dB over this sur- 

face must be zero, and we have 

4 t Ty/nim^fJPda, (f) 

the integral on the right-hand side being taken all through 
the attracting matter and through infinite space outside the 
attracting matter, and the work required to reduce the given 
self- attracting system to a state of infinite diffusion is 


— f. Wda, 


the integration extending through all space outside the matter > 
and through the matter itself. 


Examples. 

1. Take the case of a homogeneous solid sphere of radius a . 
Then at any point inside V = 27ryp(a 2 — Jr 2 ), r being the distance 
of the point from the centre. We may take dm—^Trpr 2 dr, and 

jin 

we find / V dm = f y — » where M = mass of sphere. 


At any external point It = 


therefore 


J H 2 dLl = yy/ 2 J j'J~drdixd4> = 

At any internal point It z= — ^irygr, fJ\ 2 dSl = -£7ry 2 J/ 2 .- J 

and the sum of these two integrals divided by 8 Try gives the same 
value of the Potential work as before. (See p. 205). 

2. Supposing that a sphere of water is brought together by mutual 
attractions of particles from a state of infinite diffusion, find its radius 
if the amount of work done by these forces is sufficient to raise its 
temperature 1°C. 

Let a centimetres be its radius. Then the number of ergs done by 
the forces is fyA/ 2 /a, where J/ = its mass in grammes = frr a 3 . 
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But 1 water-gramme-centi grade degree is equivalent to 42x10° 
ergs (Joule’s Dynamical Equivalent of heat). Hence the heat, in 
ergs, required to raise M grammes through 1° is 42xl0°x^. 


Therefore 


|yJ/ 2 /a = 42x10° x#; 


and we know that y = 1/(1543 x 10 4 ) dynes (Art. 321) ; 


a = 4- >/ 210 x 1543/7T X 10 5 centimetres 
= 10x10° (loughly). 

Now the Earth’s radius = 637 x 10° cms. ; therefore the diameter of 
the required water sphere = ^ (Earth's diameter), roughly. 

3. If any surface 8, enclosing a given distribution of mass, is a 
surface of zero potential for this mass, the potential of the system is 
constantly zero at all points outside S. 

Draw an infinitely distant sphere enclosing the system, and apply 
Green’s equation, taking U — V, to the space between this sphere and 
the given surface S. The volume-integral f V V 2 V .dil taken through 
this space is zero, since V 2 F is everywhere zero. Also the two surface- 

/ dV 

V dS\ one taken over S and the other over the infinitely 

distant sphere, both vanish — the former evidently, the latter because 
V is of the order dni/r while dV/dn is of the order dm/r 2 , and dl S' is 
of the type r 2 dfJLd(f), so that the infinitely great value of r reduces 
to zero each term Vdti dV/dn. Hence Green’s equation reduces to 
0, where, as in (e), last Art., R is the resultant force- 
intensity at any point in the space considered ; .*. H = 0 at each 
point, i. e. V is constant, and equal to zero everywhere. 

4. If for each of two different material systems, M and J/', a certain 
surface, N, which encloses both, is a surface of constant potential, all 
the external level surfaces of M are also level surfaces of M f . 

For, let A be the constant value of the potential of M on S, and let 
A f be the constant value for M' on 8. Then, if we increase the density 
at every point of M' in the constant ratio A/A\ we obtain a mass 
system occupying the position of whose total quantity is M f A/ A' 
and whose potential on S is A. lleverse the sign of every element of 
this new mass, and take this reversed system conjointly with M. AVe 
then have a mass system, M— M'A/A\ producing constant zero 
potential over the surface 8, and therefore at every point outside S, 
by last example. Hence every level surface of M between S and 
infinity is also a level surface of M\ and the ratio of the potentials 
is, on all, AJA'. 

Thus is proved the equivalence of the ellipsoidal shell, qjf, Fig. 286, 
with the shell Qs so far as attraction at all points outside both, or at the 
outer surface of the latter, is concerned. 

5. If two different masses of equal amounts have the same external 
level surfaces, prove that f f f pUdxdydz is the same for both, where 
U is any function satisfying Laplace's equation. 
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By Example 16, p. 204, we see that their Potentials must be identical 
at all external points. Let V be the Potential on any common level 
surface. Then applying Green’s equation (/3), p. 229, to the volume 
and surface of this level surface, we have for one of the masses 


-4 vyfupdSl= J U jl dS ~ V f 


Now since U has no concentration inside the surface (p. 230) we 
have f dS = 0 ; also pdil = c7m= the element of mass; therefoie 


f Udm = - - - 1 - f uQ- dS. 
J 4'nyJ dn 


For the other mass dV/dn is the same as for the first, since tlieir 
Potentials are equal at all points. Hence for it 

, , 1 r.rdV ^ 


<~rj- 


u ~ dS, 

dn 


which gives f Udm = J*Udm\ as required. 

If the two masses are not equal, these integrals are proportional to 
tlieir amounts ; or j'Udm :M=.f Udm ' : 2 f (a) 

6. If two different masses have the same external level surfaces, 
they have the same centre of mass and the same principal axes at this 
point, and tlieir Ellipsoids of gyration are confocal. 

For, let U — x in (a), and we have x = x\ Similarly if U = y, and 
IT = z, we obtain 7 / = ?/', &c. We may take the centre of mass as origin. 
Secondly, let II — xy (which satisfies V 2 /7 = 0) ; then 

M-l fxy dm = M / ~ 1 J'xydm'\ 

so that if the products of inertia round the axes of co-ordinates vanish 
for the first mass, they also vanish for the second. Take the principal 
axes as axes of co-ordinates. 

Thirdly, let TJ = y* + z 2 — 2x*, aud if A, ... A\ ... are the principal 
moments of inertia, we have 

(B+V-2A)/M= + 

Two similar equations also follow. Hence 

A/M = A + A'/M ' ; B/M = A + B'/M' ; C/M = A + C'/M'. 

7. Prove that the mean value of any continuous function, <fi, taken 
over a sphere of radius a exceeds the value which the function has at 
the centre of the sphere by 

J_ /j 1 --.!) V 2 </> d£l, 

4 77 Jr a ' 

this integral being taken through the volume of the sphere, and r 
being the distance of any point from the centre. 

Bound the centre of the sphere describe a circle of extremely small 
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radius, b , and apply Green’s equation to the space between the two 
spheres. This space has for boundary the surfaces of the two spheres. 

Let ~ ~I> e taken as (J . Then from (/3), p. 229, since V 2 £7 = 0, 



the integrals with suffix 1 referring to the surface of the outer sphere 
(for which dn = dr), and those with suffix 2 to the surface of the 
inner (for which dn = —dr). Now the first integral on the right- 

hand side is zero, \* r = a ; the third integral = \ [(f) dS ; the 

1 r (i J 

fourth = — — / <f)dS = — 4 7r c/> 0 (where </> 0 is the value of <f) at the 

centre) because cf> at every point on the surface of the small sphere 
is very nearly constant, and J'dS = 47T& 2 . Also the second integral 
is zero, because d<f)/dr is very nearly the same at all points on the 
small sphere, and r = b at all points, so that this integral 



which is infinitely small since b is so. Hence we have 

J(i - l) = 1/* dS- 4^0, 

which gives the desired result. 

If <J) is the Potential of matter wholly external to the sphere, we 
have the result in Example 12, p. 201. 

If there is matter internal as well as external to the sphere, it can 
be shown at once that the mean value of the Potential on the surface 
is equal to the Potential at the centre due to the external mass, plus 
the Potential which would be produced at the centre by distributing 
tho internal mass as a shell over the surface ; in other words, 



8. If (j) is any function of the co-ordinates of a point, P, and round 
P as centre a small sphere, of radius r, be described, prove that if </> 
is the mean value of </> (i.e. mean volume-value) for ail points within 
the sphere, * = 

347.] Remarkable Consequence of Green’s Equation. The 
first result that we shall deduce from Green’s Equation is the 
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following', which is of fundamental importance in the theory of 
Attraction — 

There cannot be two (liferent functions which both satisfy La- 
places e ([nation at every point of a closed region of space and which 
have both the same value at every point of the surface or surfaces 
bounding this region . 

If possible, let there be two different functions T and U such 
that at every point in the region enclosed by the surface in 
Fig. 287, or at every point in the region included between the 
surfaces of Jl/ X , and M 2 in Fig. 288, we have 

V 2 Y = 0 and V 2 U = 0, 

and also such that T = U at every point on the bounding surface 
in Fig. 287, and at every point on the surface 8, every point on the 
surface of M l9 and every point on the surface of M 2 in Fig. 288. 
Then our theorem is that V and U must be identical. 

For, by Green’s equation, if is any function, 

I* v ‘+' !a (>) 

in which d 12 is any element of volume of the space considered 
and dS an element of area of the boundary. 

Let </> == Y—U . Then by hypothesis V 2 </> = 0 at every point 
in the volume, and <J> = 0 at every point on the boundary ; hence 
(1) becomes 

f[(d<l>/d.Tf + (d(f)/dy) 2 + {d<$>/dzy]da = 0. 

Now this asserts that a summation of a sum of squares is 
zero, which cannot be unless every term in the summation = 0. 
Hence at every point in the volume considered we must have 

d Y/dx = d 11/ fix ; d Y/dy = d U/dy ; d Y/dz = d U/dz ; 

and these require / = U at every point of the included space. 

The application of this result to the theory of Potential is 
obvious. M p j)/ 2 may be any distributions of attracting matter 
and S an infinitely distant surface. If no portion of the attract- 
ing matter is contemplated as at infinity, the Potential has a 
zero value at every point on S. Then the Theorem just proved, 
when applied to the region included between the infinitely distant 
surface and the contours of and 3 f 2 — i. c. to the whole of the 
space external to the masses M x and Jl/ g — • comes to this: if we 
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know any function V of the co-ordinates y, z), which vanishes 
for all points at infinity, which at every point on the contours of 
and has the value of the Potential of these masses at the 
point, and which at every point outside these masses satisfies 
Laplace’s equation V 2 V = 0 ; then V is the Potential produced 
by the masses at any point (x, y f z) of the space external to them. 

For the Potential satisfies all these conditions, and as there is 
only one function which can do so, the given function, V, must 
be the Potential. 

348.] Central Solid of Revolution. Theorem of Legendre. 
For the case in which the attracting matter forms any central 
solid of revolution we shall now prove the following remarkable 
result which was first proved by Legendre : If in the case of any 
body which is symmetrical , both as to shape and to density , about an 
axis, we know a Potential function (of x, y , z or any other co- 
ordinates which determine the position of a point) which for all points 
on the axis outside the body is the Potential of the body at these 
points , this function is the Potential at every point outside the body. 

[The expression 4 Potential function ’ is here used for brevity 
to signify one satisfying Laplace’s equation, V 2 </> = 0.] 

Legendre’s proof of this theorem (which is that commonly 
employed) will be subsequently given. The following seems to 
be more simple and elementary. 

The Potential for this case must be simply a function of the 
two cylindrical co-ordinates z, ( (Art. 329). Henco if V is the 
Potential at any point, 

d* r/dz 2 + d* v/d c 2 +c 1 d r/d c = o. (i) 

Let V be the function which we know, and which satisfies the 
conditions above enunciated. Then U also satisfies (1). Let 
<J> = V-U\ then (j> also satisfies the equation (1), or 

C(tP4>/^ + ^W fl C 2 ) + a */ a C= °- ( 2 ) 

Now all along the axis of z we have </> = 0, and therefore 
dfy/dz = 0, d' z <\>/dz 2 = 0, d ? '4>/dz* — 0. 

With these conditions, and with the condition that (2) holds for 
all values of z and £ we wish to show that all the differential 
coefficients of 4 >, such as d m+u 4>/ dz m d( n i vanish at all points on 
the axis of z. 

Firstly, at all points on the axis of z (since £ = 0) we have, 
by (2), d4>/d(=: 0. 
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Again, differentiating (2) with respect to ( and putting f = 0, 
we have d 2 <j)/d( 2 = 0. 

Differentiating (2) n times with respect to £ we have by 
Leibnitz’s Theorem 


, ^ i+2 <K d^<f> . ,l n+ 1 d> 

^dz-d(‘ l + d n + 2 () + ‘" dz 2 d( n ~ 1 + ^ <+ ~ 0) 

so that at all points on the axis of z 


d 2 ( d>'-'d>, d n+x (j) 

h 2 C/Ch-O + (* + *) ■ 


(3) 


d n x </> 


Hence if at all points on the axis = 0, we shall have 

d n + l <f) d(j> d 2 <b ( ^ 

J'gn + T =: 0- But ^ an d have both been proved to vanish 

at all points on the axis, and therefore all the differential co- 
efficients of (/> with respect to ( vanish on the axis ; and hence 
also, on account of the independence of the order of differentiation, 
all of the form d vl+n <f)/dz 7n d £ n also vanish on the axis. 

Now, by Maclaurin’s Theorem, if <£ = /(r, Q, we have 

where </> 0 , (— ) , ... mean the values of <£ and its differential 

coefficients when (0, 0) are put for (z, {). Hence, by what has 
just been proved, <j) is zero everywhere — that is, V is identical 
with U. 


The same proof shows that if we know a Potential function, U, 
which at every point inside the attracting mass satisfies the 
equation V 2 U = — 47ryp, and if U for all points on the axis of 
symmetry is the Potential, it is the Potential for all points in the 
mass. For, putting <f> == /’—?/, we have still the equation (2), 
with all its consequences, for (f> ; and, as before, we prove <p = 0 
for all points. 

349.] Laplacians. Let 0 be any fixed origin, P a point 
whose polar co-ordinates are ( r , 6 , <£) and P f a point whose 
co-ordinates are (/, O', <//). Then, denoting, as previously, 
cos 0 by /a and cos 0 f by \ x \ the reciprocal of the distance between 
P and V is 
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Now since the reciprocal of the distance between 1 1 and any 

other point is the type of a Potential function (pp, is, in fact, 

the Potential at P due to a mass m condensed at P'), it follows 
that the expression (a) satisfies the equation V 2 (l/PP / ) = 0, 
where V 2 EE (P/ dx" + d' 1 / dy l -f d' 1 / T: 2 , or its cqui valent operation 
in (/•, jx, 0), or in (r, f, 0) ; and again that V /2 (l/Pi J/ ) = 0, 
where V /2 signifies the same operations with reference to the 
co-ordinates of P'. 

Again, the expression (oc) may be developed in an infinite 
series proceeding by powers of the ratio //r, or of the ratio 
r/ /, the coefficients of these successive powers being functions of 
/Li, fi, </>, (j)\ Moreover, any one coefficient — as, for instance, that 
of (///•)* — is a rational integral function of /x, fl — /x 2 cos </), 
V l - /a 2 sin (f) y and in the very name function of f, f l — f* cos 0', 

VT- f ' 1 sin 0'. It is, again, obviously the same whether 1 / PP / 
is developed in powers of rj / or of f/r. 

Let this development be 

1/PP' = r-1 {7y 0 + VA+A 1 /*/^ + ... + (/I) 

The coefficients of tliis development possess very remarkable 
properties, and we shall call them Laplacians , after Laplace, to 
whom their employment is due. 

Thus L,- b is the Laplacian of the degree. We may speak of 
it as the Laplacian of the z th degree for the two points P, P', 
whose angular co-ordinates are involved in it. 

If, regarding /, //, 0' as constant, we perform the operation 
V 2 on the right-hand side of (0), since the result is zero for all 
values of r and /, the coefficients of the several powers must all 
separately vanish. Thus we must have V 2 7^/ r l+1 = 0. (y) 

Similarly, if, regarding r, /x, 0 as constant, we perform the 
operation V /2 , we must have V /J (/* Lf) = 0, and therefore of 
course, by symmetry, _ 0# ^ 

Jj‘ 

Substituting for V in (5), p. 176, we have the dillerential 

(«) 

and the substitution of r l L ^ for F gives exactly the same 
equation. 
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The value of L $ can, of course, be found by simple binomial 
expansion of (a) ; but such a method is very tedious, and we 
shall adopt a different one. 

Let A be put for p// 4- V l — fx 2 Vl— // 2 cos (</> — <//), and let 

( 1 — 2 k/i + 7 i 2 )i = 1 — xh. ( 1 ) 


This gives 


x — A *f* 7t 


from which we can expand x in ascending powers of h by 
Lagrange’s Theorem (Williamson’s Dif\ Cal., Chap. VII). 

Thus 

x // A 2 — 1 7 / 2 d /A 2 — 1 \ 2 

* = x+ T^2- + O iiS-t )*- 


Id ,/t-l A 2 -]^ 


M ( -:-)+- <*> 


Now from (1) we have ~ = (1 — 2A/> + // 2 )~i, which by hypo- 
thesis, when expanded in powers of h is 

Jjq -f- I/y It 4* 4” ... 4~ L^k % 4- ...» 

Dillerentiating (2) with respect to A, and identifying the 

( 1 x 

coefficients of h % in the two values of - fT , we have 

d A 

7 - (n 

1 ~ 2 < [£ </A^ ‘ 

By actually expanding (A 2 — 1 y and differentiating, we have 

which shows that is a rational integral function of the t th 
degree of fx, V\ — p 2 cos (f>, V l — /x 2 sin <£, ^ 

and the very same function of //, 

Vl — \x 2 cos (/>', Vl — f / 2 sin (f)\ 

In the figure (Big. 289) let the spherical 7 
triangle be that in which a sphere is y 
intersected by the axis of z (from which 6 0 Fio . 2 g 9 

and 9 ' are measured), and the lines OP 
and 6'i 3 ' ; these lines meeting the surface in 0, p, p ', respectively. 
The point 0 being the pole from which angles are measured, the 
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function 1 / PP' satisfies the differential equation 
r (l d ov d 1 (P -i 1 

fe ‘ ' Jr + d/x * ^ hfyi + T-^? J<]>^ Jl>' ~ ° ’ 
but, if p' is taken as pole, the expression for PP' involves only 
OP, OP', and cos \fr (or A), without any term in longitude. 
Hence we have 

\-Jr ‘ r " Jr + r/A‘^“ ^ ift! JI y = ° ’’ 
and putting here for 1/ PP' the development (ft), and equating 
to zero the coefficients of the several powers of r, we have 

Ll being given by (Q, and satisfying (?j), we conclude generally 
that any function, X , of the form 


X — a 


^> 2 - 1 )* 
^ 5 


where « does not involve will satisfy the equation 

U 1 -Jz\ +i ^v x =°- 


(3) 


(4) 


The value of Z i as given by (Q is not of much practical use. 
To make it useful, it must be exhibited as a series of cosines of 
multiples of cf) — ^' (which we may denote by co) thus : 

L l — M 0 -f- HI j cos co -}- 21 f ^ cos 2(0 + ... + M i cos i co, (5) 
the series ending with cos ico, because the highest power of 
cos w in L i is the i th , and we know by elementary Trigonometry 
that 


# f 2f ('l 1 ) 

2 l ~ l cos 4 (o = cos i<*> + i cos (i — 2) co H — ~ cos (i — 4) co -f . . 


1.2 


Laplace deduces Z q in the desired form (5) by elementary 
algebraic processes ; but, as wo prefer to present it in a more 
succinct form than that given by Laplace, we shall turn in the 
next Article to the consideration of functions, generally, which 
satisfy the equation V 2 V = 0 . 

It is to be observed that if /x = \i and <f> = (f)', the points 
p and p' (Fig. 289 ) coincide, and PP' = r — r', so that every 
Laplacian becomes equal to unity — as is verified by putting 
A = 1 in (Q, 
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In general, any Laplacian for two points, p and p\ has 
reference to a certain fixed point or pole , 0, and is a function of 
the position-angles (0, </>, O', < p') of these points with regard to 
the pole. If either point, as p, is taken as pole, the Laplacian 
(being always simply a function of cos \[/) will reduce to a function 
of /a alone, and its value is then obtained by taking /x = 1 and 
cj) — <l>'=z 0 in its general expression. In this ease — i. e. when one 
of the two related points in the Laplacian is the pole — the 
Laplacian is called a Legendre's coefficient , which therefore ex- 
presses exactly the same thing as the Laplacian, but by a 
transformation of co-ordinates. In this special form these 
functions were employed by Legendre before Laplace used them 
in the general form. 

350.] Spherical Harmonics. To determine a homogeneous 
function of on, g, of the most general form, which satisfies the 
equation V 2 T = 0. 

firstly, such a function involves 2i-fl arbitrary constants, 
because it contains \ (/ + 1 ) (/ -f 2) terms; and V 2 F, being a 
rational integral function of degree i— 2, will contain \ i(i — l) 
separate terms. The condition that V 2 V should vanish for all 
values of x , y, : is that the coeflieient of each of these \i ( i — 1) is 
zero; so that we have \i (i — 1) equations between the i 0 + 1) 
(i + 2) coefficients. This leaves 2 i + 1 of them independent. 

Changing* from Cartesian to polar co-ordinates, such a function 
will be of the form F Y>, where is, of course, a rational, in- 
tegral, and homogeneous function of p, Vl — f cos </>, and 

l —fji z sin (p, and 7 ; will satisfy the equation (e), p. 23B, or 


* s 

l 



+ 


1 d* lj 
1 — it (f ) a 


-f i (i-f 1) J i 


0. 


(i) 


We can now show that a value of \\ which is the product of 
a function of p only and a function of </> only can be found to 
satisfy this equation.* Let Y> h = where M is a function of 
p only and l P a function of c/> only. Then we have 


d 

d p 




M 

1 


1 d?p 
p 


( 2 ) 


* This method is found in Ferrers’s Spherical Harmonics, p. 78, a work which 
ought to be studied by the student who desires to pursue this subject further. 

R 


KVJfi 
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Assume 


1 I> 


t|> ’ ' u ' 

where n is a constant. Then 

= A cos n </> + B sin n (f>. (4) 

Equation (2) for M now becomes, putting* k for i (/+ 1), 

/ t} (1M / 7 \ 

( ~ v Jjl + i-^ M= °- (5 ) 

(J9 ^2 

Now if v EE — ^ . 7 3 we have shown (last Art.) that 

]?- 2ix Z + * v=o; (c) 

and we proceed to show that x ean he determined so that the 
d n v 

value M = x will satisfy the equation (5). 

(V 1 V ^Jt+l fj 

For brevity denote j- n by v n , — ^ by v n+v by /, Ac. 
Then (5) becomes 

( 1 — M 2 ) X »'* + 2 + 2 { ( 1 — ff 2 ) x' ■ - M X 1 v n + 1 


+ {(l-f* 2 )x"- 2 /*x' + (*- fZT^)x} ? 


0. (7) 


Differentiate (6) « times, employing the theorem of Leibnitz. 
Then 

( 1 -M 2 )'W. i - 2 ( 1 +«)M* W+ f*-*(«+l)} «•„= 0. (8) 

Now identifying* (7) and (8), if possible, we have 

( 1_ mTx' + ^X = °> (9) 

( 1 -M 2 )X ,/ - 2 ffx' + M |" + 1 ~ d-Js X = °’ ( 10 ) 

and since (10) is deducible from (9) by differentiation, the iden- 
tification of (7) and (8) is possible. From (9) we have 

X = « (1 -V 2 )* , 

where a is any constant. Hence 


and the function 




(l - m 2 ) 2 ( A cos * </> + ]i sin « </>)> (Z 3 ) 
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where u may obviously be any integer from 0 lo i, satisfies the 
equation (1) ; and tliis function when multiplied by P is the 
type of rational integral functions of x, y, z satisfying Laplace’s 
equation V 2 V = 0. 

All such functions are called Spherical Harmonic 
The coefficients of the various powers of r Jr in the expansion 
of l/PP', which we have spoken of as Laplacians , are, of course, 
Spherical Harmonics particularized. 

The function ft (which is a homogeneous function of x , 
y, z) is called a Solid Spherical Harmonic, or simply a Solid 
Harmonic, of the I th degree; while the portion Y ^ which is 
a function of /x and c p, is called a Surface Harmonic. 

Again (see Art. 329) corresponding to a Solid Spherical 
Harmonic ) Y* of positive degree, /, there is a Solid Spherical 
Harmonic, Y/r l+l , of negative degree, — (/+ 1). 

Any expression of the form (ft) is called a federal Surface 
Harmonic of degree i and order n % 

When u = 0, the Tcsseral Harmonic becomes 

(l [A * 

multiplied by a factor independent of p, and this is called a 
Zonal Harmonic of the / th degree. The Zonal Harmonic of the 
i ih degree becomes identical in form with the Laplacian when p 
is taken as pole (Fig. 289), and in order that it may assume 
the value unity when p = 1, we take 

1 r/V- 1 )* / \ 

1 ~~ dp" ’ (y) 

(last Art.) where we use 1\ to denote the Zonal Harmonic of the 


,ith 


degree. 


It is evident that the sum of all such terms as (ft), each mul- 
tiplied by an arbitrary constant, n, receiving all values from 
0 to i both inclusive, will satisfy (1) ; and that this sum of 
terms gives us a function, 1^, involving 2/q-l arbitrary con- 
stants. It is, therefore, the function sought. 

It is thus seen that the Zonal llaimonic P, ( - is the base or 
source of the general Spherical Harmonic of the / th degree. 
Thus, for example, the Spherical Harmonic of the 3rd degree is 
derived from the source ,/3 

7 ^ 
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i. c. from 120/x :i — 72/x, or, neglecting a numerical factor, from 
5/^ — 3 g ; and this Harmonic will be the sum of the terms 
obtained by giving n the values 0, 1, 2, 3 in the expression 
n (]n 

(l — /u 2 ) 2 ~j~j l (5 lx* — (A cos ;/(/)■+ B sin //</>). 

It is therefore of the general form 

A 0 (5p, 3 — 3 g) 4- (1 — jx 2 ) 2 (5 g 2 — 1) (//j cos (j) -f Jj\ sin cj>) 

+ ( 1 — /u 2 ) fx (A 2 cos 2 (/> 4* sin 2 </>) 

+ (1 — (^3 3 (j) -f - -Fg sin 3 cpj , 

the coefficients J () , A } , ... being all arbitrary constants. 

The corresponding Solid Harmonic is obtained by multiplying 
this by r 3 . 

The homogeneity of the expression for 1$ as a function of /a, 
Vl — g 2 cos <J), — g 2 sin c p may not be at once apparent. For 

example, the tenn A 0 (5g 3 — 3g) comes from the function 

J 0 { 6i a -3r(^ + / + : 2 )}, or ,/ () (2 c»- 3**-3/)r, 

from which the term in </> disappears in consequence of the 
relation sin 2 </> 4- cos 2 (p = 1. 

We are now in a position to express the Laplacian L, r Since 
it is a spherical surface harmonic of the / th degree both in the 
co-ordinates (g, <p) and in the co-ordinates (jt/, <|>') and involves 
both in identically the same way, its general term must be 
i> '» fin V. flu ])/ 

j n (i - v?f (i - /r jjj ; /fx 4 * (-/> - n (8) 

where ^ is a factor independent of g, g', < j ), (/>' ; and 7q is the 
sum of all such terms obtained by giving n values from 0 to /, 
inclusive. 

For the purpose of actual calculation, it will be better to 
write the coefficient of cos n (c :/> — </>') in the form 

rf-jp— ■ (<) 

Since the determination of C n is merely the analytical pro- 
cess of identifying the expression (e) with the coefficient of 

cos ?i ((j) — (}/) in the value of 7^- given in (f), Art. 349, we may 

obviously suppose g = //. In this case (c) hocomes 

„ „ ,wr^ +n (M 2 -i yt. 

(f^i+n- j > ( n ) 
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and the highest term in /x in this expression is 

C n (-lj ,l (2i.2i-l ... *-/* + 1)V*. (12 

Now using co for $ — in this ease 

A = fx 2 -f ( 1 — /x 2 ) cos co ; 

A 2 — 1 = (2 sin |co)- (/x 2 — 1) (/x 2 siri 2 Jco + eos 2 2 ^) 

= (2 sin |co) 2 (£ 2 sin 2 £co + £), 
if we put /x 2 — 1 = £. 

Again, = - - ~ ~ r~ • -?>• Hence the value of //; becomes 
* </A 2 sin 2 -|co (l£ 1 

1 (l l 


Hence the value of becomes 


-.•(£* sin 2 fa> + £)*'. 


We shall determine C n by equating the coefficient of the 
highest power of /x (or of £) in the coefficient of cos^co in (13) 
to the expression (12). Now obviously the highest term in £ 
in (13) is 2*.2*-l...i+l . 

so tliat the highest term in p is 

2l.2i -l...i+l . .w 

j- sin 2 ‘--,x“ l ; (14) 

and the coefficient of cos wco in this must he identical with (12). 
But, by elementary Trigonometry, 

( — 1 ) l . 2 2 1 sin 2 1 0 — 2 cos 2 iO + . . . 

+(-i)i-2 2 „ 8 (>;_ tj, )»+.... (i 6) 

Hence if p = / — we have 


cos(2/—2y;)0 + ... . (15) 


( — 1) ; . 2 2f sin 2 * ^ = 2 cos /co + ... 


. x . 2/. 2/ — 1 ... i + n+\ 

+ ( — l) 1 " 11 2 cos Uuo + ... ; 

v 1 i — n 

therefore by (14), 

C w (2i. 27-1 .../ — »+ l) a 

_ 1 2 / . 2 / — 1 . . . 7 + 1 2/. 2/-1 ...i + w+ 1 

~~ 2 2 *"" 1 | i J c — u 

~ 2 I l - n 

c * _ ( 2 W‘F+^' (,) 


or 



246 THEORY OF ATTRACTION. [351. 


As before said, n is to receive all values from 0 to i, and when 
n — i , the expression J i — v is to be taken as unity. 

When n = 0, the value of C given by (?j) must be halved, 
because there is a middle term in (15), which is independent of 
a), and it is not multiplied by the 2 which alfects all the other 
terms. 

Hence for the Laplacian of the ! th order, we have 


Tj i (2<j/)*2 + ^ 


=« 


i — n 

1 ' ) ) «■ + > 

' n - 0 1 


d i+n (,x 2 -l Y 

(l fJL i + U 


( i i+n 0 / 2 - iy 

df i+n 


cos n (</> — (ft '), ... (0) 


in which the first term (corresponding to n = 0) must be halved. 

351.] Fundamental Property of Spherical Harmonics. If 
1 1 and Z^ are any two Spherical Harmonics of degrees i and if 

jP = o> («) 


or, in other words, fYfZ^dS extended over a sphere of unit 
radius is zero — that is, the spherical surface- integral of the product 
o f any two Spherical Harmonics of different degrees is zero. 

lor, V 2 (r l Yj) = 0, which gives (1) Art. 350 ; and (Art. 329) 


V 2 Y i = \\Y 1(1 -M 2 ) f \ + f—i rlf\ = -»(*+ 

1 v 2 l_du r ^ dfk ) l—n*d(f) z j ' ' 


r. 


Z-r 

Similarly V 2 ^/ = — i' (t -\-\) . Now in Green's Equation, 

(/j), Art. 34G, let V — } i} V = Z,^ and let the integrations be 
extended through the volume and over the surface of a sphere of 
radius a. Then, the centre of this sphere being the origin of the 


co-ordinates (/*, /x, <£), it is clear that = 0 



Hence we 


have 


[' (* + l ) 



But d£l = / 2 dr dfjLdfj), and Y fZ^ does not involve r ; theio- 
fore we have 


[/(i+ 1) — i' ( 1 ' + 1)] affYfZ^d^d </> — 0, 


which gives the result (a) except /rhea i = i'. 
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We postpone for a moment the investigation of the value of 
the double integral when i and t are the same. 

352.] Spherical Harmonic Expansion of a Function of fx 
and (f ). Let P (Fig. 277 , p. 152) be any point outside a spherical 
surface of radius r/, at a distance R from the centre, and let r 
be the distance, PQ , between P and anv point on the surface. 
Then if dS is an element of surface at Q, we have 

fdS _ 2tt(i j 1 1 } 

J ~ (7 

as is easily found by using for dS the expression (A), p. 152. 
Hence wherever P is, we have 

\{R + ay-*-{R-ay-*). (a) 

If? is at yi, i.e. on the surface, iis distance from one of the 
surface elements becomes zero, and R — a ; so that the left-hand 
side of (cx) assumes an apparently indeterminate form. (See, how- 
ever, the remarks, p. 149.) But it is really finite and, as the 

2 »- 1 

right-hand side shows, equal to a n ~ 2 . 

Of course, of the whole surface of the sphere it is only an in- 
finitely small element of the tangent plane at A that contributes 

dS 

to the integral, each element, {R 2 — a 2 ) of the integral being 

zero when r is appreciable, R being equal to a. 

Hence r ft/ Si vu-i — 


(/ 3 ) 


Again, if U is any function of the co-ordinates of a point, 

(x,y, z ) or (r, fj., </>), the value of (P 2 — a 2 )'* -2 f—~ when P is at 

A is obviously U A X \ (R 2 —a 2 y i ~ 2 j — J , assuming that when 

r is anything different from zero, U is never = oc ; because in 
this case it is only an infinitely small element of the tangent 
plane at A that contributes to the integral. In other words, if 
for no point , Q, on the sphere V is 00 , we have 

where U A denotes the value of U at A . 
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We may assume U to be, definitely, a function of jut and </>, 
which does not become infinite at any point. Take the case 
n = 3. Then denoting by dashes the values of functions at 
variable points on the sphere, such as j/ (kig. 289, p. 239), the 
functions without dashes belonging to a fixed point, p , on the 
sphere, we have 

[(**— » 

Now taking r 2 = li 2 — 2 a 11 \ -fa 2 , where A = cos \j/ (kig. 289), 

, fir 11 — a A 
we have -7-7, = — 


(Hi 


n 2 — a 2 + r 2 
— - , - — ; and 

2 Hr 


,1 I 

r 

(in 


therefore 


W-d 2 _ 

r 2 d R 2 lid 

7 1 

A 2 -rt 2 % 1 

— — 2 A -r 

r 3 (l li r 

r, 2 


0 ) 


T 1 1 / T T rt 2 , d % \ 

Now 7 ~ 7i(^ 0 + i ' 1 7 ? +••• + •••)’ 

therefore (1) becomes 

^= 5 [z 0 + 3 ^J + 5i 2 ^+...+( 2 *+ 1 )/;^ +...]. (2) 

Multiplying both sides of this equation by l/'rfS, that is by 
U' a 2 (1 fk (1 <j)' , we have, whatever be the value of A, 

(* 2 -« 2 ) f ~ =%ff h 0 tfV + 3 a j,J [ l, TTilvfd# + ... 

+ (2^+ 1 )J//A-^W'+...]; (e) 

the limits of g being 1 and — 1, and those of </> being 0 and 2 7 r. 
Now put 7£ = a in this equation, and we have, by (5), 
f/h U'd fx'dfj/ + 3 f/L x irdfi'dt' + • • . 

+ (2/ + 1).// L. } U'dfi (lij)' + ... = l7r^. (f) 
As a particular case let U = = any Spherical Harmonic of 

the i th degree. Then, since is also a Spherical Harmonic of 
the same degree, every term except one in (f) vanishes by last 
Article, and we have 

C l r 2 * 4 nr 

’ / .7 / 7 . / ^ 77 
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which expresses a most remarkable properly of a Laplacian, 
namely — 1 / over a sphere there he taken the surface-integral of (he 
prod net of any Spherical Harmonic and the Laplacian of the same 
degree, i, with ref a cnee to any Jixed point on the sphere, the result 
is the value of the given Spherical Harmonic at this fixed point , 
multiplied by 47r/(2 / + 1). 

This result enables us to express any function of p and <f) 
which does not become infinite for any values of p and (f> in the 
form of a scries of Spherical Harmonics. 

Thus, let U be the given function, which belongs to the fixed 
point p , Fig. 289, and let 

U — ^0 + ^ L + ^2+ ••• + !$+ ...1 (3) 

the (piantities J 0 , 1 ... to be determined. 

To determine I f substitute running co-ordinates p\ </>' (those 
of;/) in both sides of (3), multiply by L where Z- is the La- 
placian of the ? i]l degree lor p and //, and integrate. 

Then by (tj) and last Article, we have 

r ‘ = tJ iT S-X~ WW*'- < 4 > 

and by giving t all values from 0 upwards, we find the series 

of r s. 

The above method is due to Ivory (see Todhunters History of 
the Theories of Attraction, Ac., vol. ii, p. 261). 

It is scarcely necessary to observe that a given function of p 
and </> can be expanded in only one way in a series of Spherical 
Harmonics; for every Harmonic of the series is perfectly and 
uniquely determined by (4). 

There is, however, another method by which a function of p 
and <j) can be expanded in a series of Surface Harmonics without 
integration and the employment of Laplacians. To explain this 
method, suppose I 7 (x y y, z) to be any rational, integral, and 
homogeneous function of x, y , r of the u th degree. Then this 
function can be expressed in the form 

T (x, y , r) = 8 n + r 2 S n _ 2 + 1 4 S n _ A + ..., (5) 

where S n , # n _ 2 , . . . are Solid Harmonics of degrees n,n — 2, . . . , the 
last term being r n S () if n is even, and r n ~ l S x if n is odd. 

Terms involving odd powers of r cannot appear in (5) ; for we 
can easily prove that 

V* . r>>S q =p(p+2q+l) rP~ 2 S qt (6) 
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Sy being* a Solid Harmonic of degree q . Now if a term rS n _ t 
occurred in (5) and wc performed the operation V 2 on both 
sides, this term would give rise to the only term in 1 / r in the 
equation. Hence this term must be absent. Similarly a 
term r*S n _ 3 could not occur ; for, after performing V 2 twice on 
each side of (5), we should have the same result as before. 
Successive performances of the operation V 2 on (5) will give the 
required Harmonics A 0 , A 4 , ... if n is even, or A l5 S. i9 A r> , ... 

if n is odd, in this order. 

For example, to express xy: s in the form (5). Let 

= 8- 4- r 2 A, + r 4 A, , (7) 

Qxgz = 18 A 3 -f 28r 2 $ 1 , 

o = a;, 

by performing V 2 twice. Hence S 3 = \tijz 9 and (7) gives 

Now this enables us to exhibit sin 2 d cos 3 6 sin </> cos </> as a series 
of Surface Harmonics ; for when this is multiplied by r 5 , it 
becomes xgz 3 , and we have 

r° sin 2 0 cos 3 0 sin <£> cos </> = | xyz (2 z z — x 2 — y 2 ) -f \ r 2 xyz 9 
so that the given expression in 6 and (j> is of the form ) 5 + }” 3 , 

where V 5 = ~ xyz (2 r* - ** -/), and Y s = — xy:, 

M (! -M 2 ) (f* 2 - -a) sin (f) cos </>, 
an( l I3 = Jg (1 —/x 2 ) sin (j> eos (f ). 


353.] Value 





The spherical surface- 


integral of the product of two Spherical Harmonics of the same 
degree is found by Laplace very simply from the results of last 
Article. 

Denoting by ]\I n the factor in g in (/3), p. 242, we may write 

= A 0 i (A cos cf) -f B L sin </>) + ... 

+ M n ( A n cos ii(j) + B n sin n <#>) + . . . , (1) 

— (1 q M 0 + 3/, («! cos (f) -f b x sin <£>) + , . . 

+ KK cos n (/) -f h n sin u </>) + .. . ; (2) 

the two functions differing simply in their constants A' s, J?’s, 
fl’s, 6*s. 
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Now since in the integration </> runs from 0 to 27T, it is 
obvious that the integrals of all products will vanish except those 
of the type 

M n l (// n cos n f/> + B n sin »</>) (a n cos ucj) + h n sin «</>), 
and the integral of this is 

■n{A n a n + JiJj n ) .M n \ (a) 

but for the first term the integral will he 


2 irJ 0 a 0 M*. («') 

Wo have therefore to find J JU^if/x, which Laplace finds as 

follows. With the notation of Art. 350, write 
J H = f7 () iV 0 d/ 0 ' + (7,71/^// cos (</>-</>') + ... 

C 'n M n M n COS H (</) -(/>') + .... (3) 

Put running co-ordinates into (1), multiply by (3) and take 
the surface-integral over a sphere. Then we have simply a sum 
of terms of the type 

C n M n J j d/„ /2 (A n cos n </>' + B n sin n </>') cos u (<f> - <p') if / <1 <//. 

Performing the integration in <//, this becomes 

-nC n M n (A n cosii(l> + B n smn<f>) . J^V n ' 2 i/ t x.'. (ft) 

The sum of all terms of the type (/3) is therefore the value of 
//Li Y{d\xd<\>'. But (last Article) this = 4 tt \\/ (2? -f l); there- 
fore, by identification of coefficients of like terms, 


C n j _ 1 W= 2 - + - I - 

Putting for C n its value given in (?/), p. 245, 
cl 2(2 *\i)» I i + n 


Cl 2(2* /)“ U + » 


which holds, without change, for the case n = 0, notwithstanding 
that the value of 6' n (Art. 350) must be halved when n = 0 ; 
because in the product of (1) and (3) the term independent oi <// 
is CqAqJH which in the integration will give 


2*C U A 0 M 0 
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Hcncc wc have 




n 2 ir o‘i/ + l *U+« 

, i '*W = 27TT .(|<72„j,^(-'A+ 

the first term (that corresponding to n — 0) being doubled, by (a r ). 
Putting a n = A n} b n = B n , we obtain the value of 


/ 1 ["lit 

_J o rf'Wt- 

354] Table of Laplacians. For convenience of reference the 
following table of the Laplacians as lar as Z/ 4 is given ; but, to 
save space, we give in the coefficients of 

cos ((/> — <//), cos 2 ((f) — (//), ... 

only the portion which depends on /x. This portion is to be 
multiplied by exactly the same function of //. Thus, for example, 
in L j the coefficient of cos 2 (<p — <f/) is 1 -/x 2 ) . / (1 ~/x' 2 ), 
of which only the part *4 fi (1 — /x 2 ) is given in the column under 
cos 2 ((/> — <//) ; in Vv 4 the term involving cos 3 (</> — c/>') is 

- 3 g 5 - fJL (1 — /X 2 )* . (1 — // 2 )* COS 3 ((f) - 4 >0 5 &c. 


Values 
of l. 

0 

1 

2 

3 

4 

Teiiu in jtt only. 

Coefficient of cos (<f)— $') 

Coefficient of 
tos 2 (<l> -f) 

C.H'llu iont of 
tos 3 {l[)—(}> , ) 

Coefficient of 
C«te 4 — </> r ) 

i 

b 

i(3e 2 -i) 
l f 5 /i 3 — 3 /t) 
A(3 Sm 4 -30^ + 3) 

|(l-A(5e 2 -l) 

Ad-a 2 ) 7e 2 -lj 

iMi-A 

§ja-/*v 


The column of terms in /x only gives the values of the first 
five Legendre’s Coefficients, with the numerical coefficient, squared; 
thus -/?, = L 

xj = ft 

x 3 = AV-V), 

ii= 1(35^-30^ + 3). 

The Solid Zonal Harmonics play exactly the same part with 
regard to the Potential of a body symmetrical about an axis 
(see Example 2 following) as the variables x, y, s do with respect 
to the equation of a plane surface, the equation of such a sur- 
face consisting of the sum of these co-ordinates eacli multiplied 
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by a constant, and these constants depending* on the position of 
the plane. Similarly, the Potential of a symmetrical body at 
any point consists of the sum of a number of these Harmonics 
each multiplied by a coefficient which depends on the shape and 
law of density of the body and not on the position of the att racted 
particle. In fact, Zonal Harmonics may be considered as the 
running co-ortltnafex of the Potential of such a body. 

Of the Zonal Surface Harmonics 7*, 7£, ... are all of the 
form /x/(/* 2 )> * ind ^ 4 ) 21* ••• arc of the form /(p 2 ). For, 
in the identity 

(1 — 2/xtf? + = 7J + fyr+ ... + 1$$*+ ... ( 2 ) 

change /x to —p,, and we get 

(l + 2 M a? + ®*)-J = 7J + 7^r + 7^V+... + 7jV..., (ft) 
where P x ' , Pf ... denote the values of the Harmonics when /x is 
changed to — /x. Again, changing only the sign of so, 

(1 + 2 fim + ar 8 ) "* = 7 0 - 7,V + 7^ 2 - 7>.* 3 + . . , . (y) 

Identifying the results (/3) and (y), we see that 7^, P., ...all 
change sign with /x ; while 7J, 7£, ... do not. Therefore, &c. 


FxAMPLKS. 


1. Find / 1 / L* dp' d<f>'. 
J -1J0 


Let 7 J bo any point outside a sphere of radius a, at a distance 
7t fiom the centre, and Q any point on the surface ; find f iLS/r 2 over 
the surface, where r = PQ. 

Now l/r= 1/It (L 0 + L l a/lt+...+L l a i /lt' + ...), 

and 1/r 2 will involve such terms as L m L l which will vanish (Art. 351) 
in the integration, lienee, obviously, since dti = —a 2 df (/(//, we 
have ('iq a 2 * + 2 rr 

Jr* = - A>2^2 Jf L * d fd<f>'+.... 

The integrations on both sides are taken over the whole surface of 
the sphere, and therefore that 011 the left may he taken in strips about 
P, while that on the right may be taken in strips round the pole from 
which j x, f, (/), (p / are measured. 

But dtf =. 2 77 a rdr/Ji (see p. 152); therefore the left-hand side is 

A , 7i-)-rt ... . .. . 0 a 

2 7T — log— Develop this in a series ascending by powers ot 

A A — a a ‘ u+2 7i 

and equate the coefficients of ( ) 011 both sides (since the develop- 
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ment holds for all values of 7i), and we have 

The result is therefore quite independent of the pole o (Fig. 289) 
from wliicli p and p' are measured, and is the same as if the line OP 
(or Op) is the axis of 0, or p the pole of the Laplacian. 


2. Prove the theorem of Legendre (Art. 348) by Spherical Har- 
monics. 

Taking the centre of the solid as origin, and axis of revolution as 
that from which 6 is measured, let (/?, p, c p) be the co-ordinates of the 
attracted particle, P, (?*', jut/, (f /) those of any point, P', inside the solid, 
p the density of the solid at P\ and y the constant of gravitation. 
Then F, the Potential at J\ is given by the equation 




dp' dtp' 

P' 


Now, assuming the distance of P from the centre to be greater than 
that of every point P' in the solid, l/PP' may be developed in the 
convergent series (/d), p. 238. Hence 


- 


+ L \ j p + • 


• + V, (1) 


But by hypothesis p is a function of r' and p' only ; and if when r' 
is produced out to meet the surface of the solid its value is IP, this 
latter will be simply a function of p' , and will not involve <//. Take 
the general term of the series (1), and fiist perfoim the integration in 
r' from 0 to IP, taking the term 
riv 

/ pr' i+2 dr' = x(/), 
d 0 

where the form of x is unknown if the shape of the surface and the 
law of density are not given. Then we have 

v = - L lX MdfdV + .... ( 2 ) 


Now perforin tlie integration in (j)'. We shall have simply 

fw 

J 0 

which, of course, reduces to the first term of L t , and is therefore 

(A,t. IW 

( 2 *| dp 1 dp '* 

r=... tsgzl y *-<&} .... (3) 


(2 * | * ) a dp. 1 fit 


dp’‘ 
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Let v be the Potenti.il at a point on the axis distant z from the 
centre, so that H = 3 , fi = 1. Then (3) gives 

2tt y n d*(u /2 -iy 

v ~ ( 2 'iiT ' 2< ~ + ^ 

But supposing, as we do, that v is known for all points on the axis, 
let it be expanded from the given form in a series, so that 


, ll 1 U ; 

1 4 - 1 4 - ... 4 . 1 4 - 

' T ^ ~t + l ^ *••• 


( 5 ) 


Then identifying (4) and (5), we have 


2t r r 1 d'(n' 2 -\)' 

W& 7 J-j" <^ Tr_ 


x(m yip' 



( 6 ) 


so that the unknown coefficient in (3) is thus known. Hence 
, r M a i d> (u 2 — lV 1 

v ~ y Ji + 2‘ | djx> V7-+i + 

yjf 

the first term being easily seen to be r 5 where 31 is the mass of the 

11 

solid. If AJj, 7 j , . . . denote, as before, the several Zonal Harmonics, or 
Legendre’s coefficients, for the attracted point with leference to the axis 
of the solid, wc may write, by (y), p. 243, 


K =:»{*•' 


< hj\ , (l 2 ^2 
7/ ^ n * 


+ ...+ 


IP 


■■■■}■ 


( 7 ) 


The components of attraction at P are of course known from this 
value of V. 

Thus, then, the Potential of a solid symmetrical about an axis, both 
as regards shape and density, is in all cases given by a series of Solid 
Zonal Harmonics (of either positive or negative degrees, according as 
the point considered is internal or external), in which series the only 
things unknown are the coefficients « 0 , a x , . . . and the values of these 
depend on the nature of the particular attracting body. 

3. Application of this method to the case of a uniform circular 

rill S* 

The Potential at a point distant s from the centre on the axis 
of the ring (that is, the line through its centic peipendicular to its 
plane) is given by the equation v = 2 f nypJca/Vz 2, -\-a A ) where p, k, a 
arc the density, area of transverse section, and radius of the ring. If 31 
is the mass of the ring, = 2irpka ; and if the point is at a distance 
> a from the centre, we have 




la 2 1.3a 4 1 .3.6...2*-la s< \ 

2s 2 + 2.4; 4 '" +( ‘ ' 2 . 4 . 6 . . . 2 1 
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Hence, by la&t example, if the attracted particle is anywhere olf the 
axis, at a distance r from the centre (r>a), 


If z is <a, the radical (c 2 + tt 2 )~ a must he expanded in direct 
powers of z, and for a point anywhere at a distance < a, 




+•■•+(- ly 1 


. 3 ... 2 i — 1 r 2 ' 
2 .4 ... 2 1 ' 1 a 1 1 


+ •• 


i 


If the point is at the distance a from the centie, it is easy to prove 

, 0 being the angle between 


that V = — 


yM 


5 </ 2 


(hf) 

J o V sin 


sin 6 cus(j) 


i 

the axis of the ring and the line joining the point to the centre. This 
is equivalent to the convergent scries 


iV C 1 .3 , . t>/1 1.3.5. 7 1.3 . ... 

',772 1 1 + 274 • * “ ll “ 0+ 2TT. G . 8 • 2 r 4 sm 0 + 
1.3. 5...4n-l 1.3. 5 ... 2 n — 1 


2 . 4 . 6...4?& 


-I’ — sin^^-f ... 


2 . 4 . G...2 n 


Of course in this and in all similar examples, the value of V for 
a general position of the attracted particle, l\ can he written down in 
virtue of Legendre s Theorem solely (Art. 348) by first calculating v , 
and in its expression replacing any such term as h/z l by JcP^/r 1 , 
because this latter satisfies the equation V 2 f ,r = 0, and it coincides 
with tile former when P is on the axis, since \i = 1, P x = 7J=... 
= P t = 1. The cxpiession thus obtained (somewhat tentatively) can, 
by Legendre’s Theoiem, he none other than the Potential sought. 


4. Application to a uniform circular plate. 

The position of the attracted particle being at a distance z from 

j/ 

the centre on the axis of the plate, v = 2 y -L- ( \/~' 2 + a 1 - z). When 

a A 

z > a , we have 


M l 1 



Hence 



\ °L 
2 r 


1 1 a 4 

2 2 ’ j 2 z 3 + 


+(-iy- 1 


i 

2 l 


1.3. 5.. .2/ — 3 « s * 

I ; 



1 L 

2 2 ] 2_ r 3 

+(-iy 


+... 

1 1-3...2»-3 

2 * 1 / 1 
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When z<a, we easily find 

M ( r 2 

V=2y ;? {a-P l r + iJ>- + ... 


+(-iy-i 


11.3...2t-3 r-‘ 

2 1 [T 



5. To find the conical angle subtended at any point, P, by a given 
circle. 

Draw the axis of the circle, i.e. a perpendicular to its plane through 
its centre, 0. Let OP = r, a = radius of circle. Now if P were on 
the axis at a distance z from O t we should have 

0 , 0 = 277 ( 1 - 5 /^"+^*), ( 1 ) 

o> 0 being the conical angle subtended at the point ; and, since conical 
angles satisfy all the equations of Potential functions, the theorem of 
Legendie applies to them. 

Developing (1) in powers of a/z or z/a , according as z is > or < a, 
we have 


o) 0 = 2 tt 
O) 0 = 2 7T 


± a 2 1.3 cP 

2 ~ 2 T 4 ? 


+ ...-(-iy 




1 . 3... 2, — la 2 * t ) 

2 . 4...2i 5 21 + '“)’ 
1 . 3...2»-la* i+1 ) 

2.4...2J ~a a * +1 "" ) 


( 2 ) 

( 3 ) 


Hence when P is off the axis we have in these two cases, respectively, 


1 — J7T -f — 

l 2 7 


2 


1 . 3 7> 4 1.3.5 TV 5 

2 . 4 2 .4.6 ~P r 



co — 2 77 


1 ,i^ r3 

1 +2 « 


1 . 3 py° 

2~T\~~aF + 



( 5 ) 


6. Find the conical angle subtended at a point 10 feet distant from 
the centre of a ciicle 1 foot in radius, the colatitude of the point with 
reference to the axis of the circle being ^ 7 r. 

A us. 7TX -0050328, nearly. 


7. If P t is the Zonal Surface Harmonic of the jth degree (Legendre’s 
coefficient), show that ( jp ( j p 




We have by definition 


IfX 


-* 7 ? = 


dfJL 


(a) 


i/V\- 2 nx+x* = r 0 + /;.«+ ... +r l „ 1 x i - 1 +p l x *+ .... ( 1 ) 

Denoto the radical by T \ and differentiate both sides with regard 
to:*j. Then = P } + ... + .... (2) 


Differentiate (1) with respect to fx; then 


x 

T' 


... x { 


d-l 


<L!j- 

d[x 


.dB 

■+* 4 ~ +..., 

dfx 


( 3 ) 


1695 


S 
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Multiplying (2) by x and (3) by fx — x, we obtain two series which 
must be identical; and equating the coefficients of r r> in them, we 
have at once the result (ft). 

This result enables us to write down the values of the successive 
Zonal Harmonics when the first is known. For treating (a) as 
a linear differential equation for P L , we have 

Then, as P 0 = 1, this gives = Ofx, and each P is to be unity when 
/x = 1 ; therefore 0=1. Similarly P 2 is deduced from ZJ ; &e. 

The expression (y), p. 243, gives, however, the values of the 
Harmonics directly, and is the most convenient form for actual 
calculation. 


8. Prove that (i + 1) P l+1 — (2i-f 1 )/x7J-m'7] ^ = 0. 

Divide (1) by (2) and equate coefficients of like powers. 

9. Prove that (1 — /x 2 ) -f i \xP v = i ZJ_ r (a) 

We have from (ok), Example 7, 

— I 1 r l dP f 1 ~|i- ri 

^-i — 5 

!/a /ut J fi \n J [x 

••• ij-i =/**? + (»'+ (1) 

But from the fundamental equation for 7], 

we have by integration 

Substituting in (1), we have the result (a). 


10. For an attracting body or system symmetrical about an axis, 
in shape and density, prove that if the Potential (external) is arranged 
in the series <x P P P 

° ' ~ i+«.4 + .«+a^+- 


a 0 

h a i , 
r 


of Zonal Harmonics, the lines of force trace out surfaces given by the 
equation 




/JrlfL... =0, 


in which different constant values are assigned to C . 

Let 0 he the origin, and Z J any point external to the body, OP 
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being r; let »$' be tbe radial attraction intensity at P (acting in the 
direction PO), and T the attraction intensity perpendicular to OP in 
the sense in which 0 increases. 

lhen, the resultant of >V and T acting along the tangent to the line 
of force at P, we have as the differential equation of this line 

— dr R 

VdO ~~ t' * 1 ' 

But R = - = 1 («„ + 2 i} + ... + (*+ 1)^ (2) 

and ,S’ = — = I (*J — + .. + Xi(lJ\ v / 3 j 

nld r - V r eld + + r l dO + ’ V ’ 

Observing that f = — 1 — u 2 ^ , we get, by substituting from 

du d jJL 


(2) and (.3) in (1), the equation 
a 0 dp + a x { 2 5 dy. + 1 ^'dr}+... 

+«i((*+ 1 ) £«*/* + 7 .+^ ^ } + -• 9) 

Now, by Example 9, the coefficient of a- c in this equation is 

( ; + ] ){ J rf /‘+f5i*/V4 tliat is ’ 

where ]) stands for the total differential of the quantity in brackets 
(with respect to /x and r ). Hence, integrating (4), we have the 
equation which was to be proved. 

In particular, if the series for the Potential stops with i?>, the 
equation of a line of force is 

«o/*- 3®| J ^ A (3^-1)^ =6', 

or a 0 cosO— — sin 2 d— cos 0 sin 2 d = C. 

r 2 r 2 

11. If the density at any point of a solid sphere is proportional to 
the distance from a given central plane, find the Potential at any 
external point, P. 

Ans. If a = radius of sphere, 7i = distance of P from centre, and 
p = As' where z' is the perpendicular from any point on the plane, 

4A7T a”* 


[Here V=yX +X,-^ +...)<// dp’ </</>'. 


Integrate 
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first from / = 0 to r f = a, and since {jl ' is a Harmonic of the first 
degree, the only term not vanishing is that in L x ; therefore 

,r_ y Xali C l C 2w t 7^_y x « 5 4 tt . 


a n r\ r 2 n 

= / / £ x f/<V <*<#>' = 

5 A- J _i Jo 


jx; &c.] 


12. In the same way exactly prove that if the density at any point 
in a solid sphere of radius a is proportional to any solid Harmonic, S i , 
of positive degree in the co-ordinates of the point, the Potential of the 
sphere at any external point whose distance from the centre is li is 

4 + * S; 

(2£+l)(2t + 3) ‘ JP‘ Vl ’ 

the co-ordinates ( x , y, z) involved in being those of the given external 
point, and A being the constant involved in the density. 

Deduce the result also for a spherical shell and any internal point. 

13. If the origin of co-ordinates is transferred from 0 to a point 
O' along the axis of s (from winch 6 is measured), calculate the solid 
Zonal Harmonic of degree i with reference to O' as origin in terms of 
the solid Zonal Harmonics with reference to 0 . 

Let Z i be the solid Harmonic of degree i with reference to 0, and 
Z' i that with reference to O', Then, with the notation of Art. 329, 

Zi =/(*, 0 ; and if 00' = h, Z{ = f{z + h, Q ; 


z/ = z i + h^ 


K 1 d*Z; 
^ 1.2 d'J ^ 


| Here (z, Q are the cylindrical co-ordinates of a point P with 
reference to 0, and (z -f h, Q are tlie co-ordinates of the same point, 
P, with reference to O '. J 

Now Z i = r l P t , where P L is the surface Zonal Harmonic, and 


d 1 — /x a d 

dz r dfx 


Hence 


w 1 |(i — M'j +^k| 

= ir 1 - 1 . 7]_ x (by Example 9) 


d 2 Z- 

Hence, again, = i(i— 1)^._ 2 , &c., and therefore 

(l£ 

= Z l + ihZ i ^+ ^ ...fti-ijjr, + / t » 

Let us find in the same way the value of the Solid JIaimonic of 
negative degree, — (t+1). Let this Harmonic, with reference to 0, 

be fJ i’ or Jk- 
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Then 


tl U If, ,JP \ 

= {*■^- 1 — (2*‘+ 1 (hy Example 9) 

= — (*’ + 1 )^+i/' i+2 (by Example 8) 

= -(i+l)/W 

Hence U/ = r i -(i + l)hU^+ infin. 


14. Arrange the expression f- 4> — -p a as 


cos 2 0 ^ sin 2 d eos 2 f/j sin 2 0 cos 2 </> 

d l U A 

a series of Spherical Harmonics. 

. 1 / 1 1 K 1,1 1 1 

Ans - 3 + a‘ + + a b - aT* “ 9 w) ( 3 M 2 ~ 1) 


2 b' 1 

+ ^ (; e !. + i l)( 1 -b 2 ) ‘■■os 2tf>. 

15. Express the central radius vector of a nearly spherical ellipsoid 
by Spherical Harmonics. 

Ans. If a — c — ck , b — c = c//, we have 

r = c { l + i(^ + //)-|(A- + //)(3^-l)_A(//-/.-)(l -f)cos 2 </>;, 

which is of the foim r = c (7 0 -f- 7 2 ). 

__ 2 w + 1 

1G. If the expression (1 —2fix+x 2 ) 1 he developed in a series 

in the lonn Q 0 + QiX+Qz'j? + ... + Q l x l + ..., prove that, in analogy 
with the Legendrian coefficients, 


il (i -^4 } ~ 2m,x ( <i +?(2m+? ' fi )' ? < = °- 

Differentiate the given identity (cx) with regard to a\ and we obtain 
an identity (ft) ; differentiate (a) with regaid to p, and we obtain an 
identity (y) ; from (ft) and (y) we have, by equating the coefficients 


of x\ 


iQ t = /?• - 

1 n dfx dfx 


(«) 


Multiply (a) by (2wi + 1) (/ut — x) and (/-j) by 1— 2/x.r + a; 2 , and we 
^ llVe (' + (2wi- + 2t + l)^Q t +(2wt + ?)y ( _i = 0. (e) 


Differentiating (*) with regard to p, and eliminating by (8), 

lle])lace i by i+ 1 in (8), combine with (£), and we have 

, d( h 


(0 


(* + l)Gi+i =-{l-H i )jJ+(2m + i+l)nQ i . (v) 
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Differentiate (?j) with respect to p, and subtract the result from (£) 
multiplied by (/ +1), and we have the required equation. 

17 . In this development how far is it true that 


f- 


Q t Q'd\x = 0 , 


i and i' being different integers 1 

It is always tiue if one of the numbers ?, i' is even and the other 
odd. In Green’s equation, applied through the interior and over the 
surface of a sphere, let U — Q t , V = Q' y and observe that 

= 2mix ^ -*’( 2 m +*+ 1 )e f | • 

18 . Exhibit cos 2 0 sin 2 d sin c/> cos</> as a series of Surface Harmonics. 
The simplest method is, of course, that given at the end of Art. 352 , 
which deduces the result by expressing xyz 2 in the form -f- r 2 . 
Performing V 2 , we get S 2 = * xy ) and >S 4 = xy [z 2 — ±r 2 ). Now 
>V 4 = r 4 7 4 and ti 2 = r 2 Y. 2 ; whence 1\ and Y 2 are at once found. 
Neveitheless it may be useful to show how to deduce the result by 
means of Laplacians and integration. 

The given function is -|p 2 (l — y 2 ) sin 2 c/>, and since the term of 
highest degree in the quantities y, V 1— p 2 sin </), and Vl — y?cos(p 
is obviously of the fourth degiee in these quantities, it follows that 
the given function must be of the form Y 1 -f Y 2 + Y 3 -f F 4 , the term in 
F 0 being obviously non-existent. 

Now I\ is obtained by taking |/x' 2 (l — /ut' 2 ) sin 2 </>', multiplying it 

by I lf and integrating y r I , </>' ; but as L x is of the form 

l-i o 

A + B cos((p — (p'), and as/ sin 2 </>' cos (</> — </> r ) d<p' = 0, 

Jo 

onco that F 2 = 0. 

It is clear that in Z 2 , Z 3 , Z 4 , it is only the terms involving 
cos 2 (</) — </>') that will give any lesult when multiplied by sin 2<f/ 
and integrated. In Z 2 occurs the term (see table, p. 252 ) 

4 ( 1 — y 2 ) (1 — y 2 ) cos 2 (cp — <//) ; hence (Art. 353 ) 

5-7 f 1 f~\ 1 -M 2 ) • m' 2 (1 — fT 2 ; 2 sin 2 </>'cos 2 (</> — (f))d fx' il (/>' = 4 " I',. 

But f sin 2 (p' cos 2 (cp — (p')iUp' = 7i sin 2 ( p ; and 


we see at 


/. 


' ^(1^^) 2 ‘V = 3 g 6 


••• r 2 = 1 \-(l-F ,2 )Bi>>2 ( /». 

Again, in Z 3 the only possible term is 

V- m (i - /^ 2 ) m'O -m' 2 ) cos 2 ( < />- < / ,/ ) ; 
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which obviously vanishes. Hence Y 3 = 0. 

Finally, in L 4 the only term to he taken is 

i 5 e (1 ) (7 l xi — 1) • (I-/ 2 ) (7 M' 2 - 1). 

Hence 

L i S e(l -M 2 )(7M 2 -1 ) )ciy 

X I ‘hin 2 cp' cos 2 (cp-tp') J<t>' = ~ 7 4 ; 
Jo J 

••• L = 14(1 — f* 2 )( 7 fA 2 — l)fcin2<J»; 

and therefoie 

cos 2 0 sin 2 0 sin </> cos </> = ^ (1 — p 2 ) sin 2 $ + (1 — p 2 )(7 p 2 — 1 ) sin 2 </>, 

which is of the form Y 2 -f Y 4 . 

19. Exhibit cosd sin 3 0 cos 2 </> sin (p as a series of Harmonics. 

A us. { -] fJL V 1 — p. 2 sin r/)] + { — ^ V l — p. 2 (7 p/ 5 — 3 p) sin (f) 

+ %/J. (I — fj. 2 )* sin 3<f)}> 

which is of the form Y 2 + F 4 . 

[The given expression is -J- p, (1 — p 2 )^ (sin </>-f sin 3 </>) ; hence the 
only terms to attend to in the />’ s are those in cos (</> — c/>') and 
cos 3 (</) — <//). The term in Z/ L is destroyed by the integration in 
p', which also destroys both the terms in Z 3 .] .Deduce the result also 
from x A yz. 

20. Why cannot sin 0, sin 3 0, or any odd power of sin 0 be expanded 
in a finite series of Harmonics? 

2 J±L 

Became they are of the form (1 — p 2 ) - , which can be developed 
in an infinite series ascending by powers of p, and every term, such 
as fji m , can be developed in a finite series of Zonals, P Y , P 2 , .... Also 
a function can be expanded in only one way. 

21. Prove that r 1 

/ = 2 /( 2 «+ 1 ). 


If 0 is a point within a circle of radius a and centre C , and if P is 
a point on the circle, then, c denoting CO, r OP, 0 the angle OOP, and 
z = exp. i0, we have 

r = (a 2 — 2 ac cos 0 + c 2 )i (A) 

= a (1 — cz/a)% (1 — c/az)i 

aiU ^ logr = log« — (/cos 0-f^/ 2 cos 20 + ... ~ f n cos nO + ...), where 
c = «/. 
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JIcnce Jr/dO = r(/sin 0+/ 2 sin 20 + ... +/ n sinn0 + ...). 

Now dr/dO = (ac sin 0)/r by (A), 

and 1 fr = (1/a) (1 + P l f+Ptf*+...+P n f» + ...). 

/(l+i?/+P,/ 2 +...P w ^+...) 2 . 

— /+/ 2 sin 2 0/sin 0 + ... +/ n sin 0/sin 0+ .... 
Equate the coefficients of/ 2w on both sides 

ZJ , l *‘ + 2/ > 1 iJ H _ 1 + 2i^i* ?l _ 2 + 2/J/^ y + ... = sin (2?/,+ l)0/sin 0, 
and, since / 7?7> n _,<Zju = 0, and c7/x = -s\n0dO, 

f ] n 2 , /’" sill (2w+ 1)0 . 

•• ^=7. ' sin 6 (~™ ed0 ) 

= f mi(2n+\)d<10 — 2 /( 2 m + 1 ). 


22. Prove that 
n 


'// o -M 2 ) 1 ' " V, rf#x=-(l -prf”p„_ v 


Tf 7) = <7/<Z^, we have l>y Examples 8 and 9 

( 1 = «(/?, ( 1 ) 
+ ( 2 ) 
From (1) (1 -^) 77 = („- 1) (7J. a - M 7’ 

= -n^by(2). 
and the left-hand side is a perfect differential. 


355.] Case of Spheroids. Any solid body differing little in 
sliape from a sphere is called a Spheroid . Supposing the body to 
be homogeneous, the radius vector from its centre of mass to any 
point on its surface will be nearly of constant length. Thus 
(following the notation of Laplace), if cx denote a small numerical 
quantity, and 11' any radius vector from the centre of mass to 
the surface, we shall have 

li' = fl + aa/Oi', </>'), (1) 

where a is a constant length and ./(//, <f>') some function of the 
angular co-ordinates depending on the precise shape of the 
bounding surface. Laplace usesy' for the function /(//, <//), and 
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lie assumes that y' is expanded in a series of Spherical Har- 
monies ; thus, 

1? = a + a a (i'„ + Y( + 7/ + . . . + 3'/ + . . . ). (2) 

If the series slops with Y.!, the hounding' surface will be that 
of an ellipsoid. 

External Point . To calculate the Potential at an external 
point, P, produced by a homogeneous spheroid, the distance of 
P from tho origin 0 being greater than the greatest radius 
vector from 0 to the surface, let OP = Ji, p = density of the 
body, and (/, fi\ <//) the co-ordinates of any point P' in the body 
of the spheroid. Then, y being, as usual, the gravitation constant, 

r — rr i'* pM/'Vw 


-* 2 n pi p 

I) J J 0 


/-* O „ ,Tl tit / f*t 

y / n i 1 / n / r t 

= ~/tJn J-J o V /0 + /l J{ +L *TP + "• 

+ L i j { -.+ ...)/>/V/i/pV<// (4) 

Now from (2), neglecting higher powers than the first of a, 

and by substitution in the last value of /', since it is (Art. 351) 
only the term // cj>' which does not vanish, we have 

y _ 4 71 p(V* (1 +3al„) 

~ y “ " 3 A " 

Now the volume of the Spheroid is §7r<r 5 (1 + 3a ) 0 ), and if we 
choose a so that %tuv' shall be the volume, J 0 will be zero. 
Thus, attending to the result (?;), Art. 352, we have 

„ M M, a -j. a 2 a 1 v t n /rv 

^ -y A> + 3a y^( 3 7^1+ 57^5^2+ ••• + (2/ + l)A!^' + ^ 


where is the mass of the Spheroid. 

It is very easy to see that, with the origin at the centre of 
mass of the Spheroid, the term 1\ is zero. 
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For if, in general, //, 2) are the co-ordinates of the centre of 
mass, we have 

Mx — pJ'J'J'i'" (1 — p' 2 )* cos <// dr' (l p d (f>' 

= h>//W 0 - ~ m' 2 )* cos <p' d fS (I <//, (6) 

and since (1 — p 2 )? cos <p' is a Spherical Harmonic of the first 
degree, in the expansion of 72 /4 — viz. a* { 1 4- 4a (I / 4- ) 2 r ) + ... j 
— the only term that will not identically vanish in (6) is 

(1 — p' 2 )* cos cp'd p' d cp'. 

But this is zero because I* = 0 . Hence 

// >7(1 -p' 2 )l cos <p'(lp!<h\>' = 0. (7) 

Similarly, since y — 0, we must have 

././ ! / (1 —p' 2 )* sin (p' dp' dtp' = 0 ; (8) 

and since 2 = 0, f/YJpdp'd(p' = 0. (9) 

But F/ is (Ail. 350) of the form 

Ap 4- (1 — p ' 2 ) 2 (77 cos cp' 4- O sin </>'), 
where y7, 7?, are constants, and the results (7), (8), (9) make 
A = 77 = C = 0, as is easily seen either by direct integration, or 
by multiplying the left-hand sides of these equations by A , 77, (7 
and adding. We thus get ffY{ 2 dp'd<p' = 0, which requires 
y/ to vanish identically. 

For example, take the case of a nearly spherical ellipsoid of 
revolution round the smaller axis, c . 

In this case (see Example 15, p. 201) k — k' } and we have 
ti' = c{l + 2 i'-'k(3p 2 -l)}. 

But the a in (5) is determined from the equation 

a 3 = c 3 (1 4-2 k)\ a = c (1 + §/t), 

and since 72' = « (1 + a ] r 2 '), we have oc = — Hence (5) gives 

v-i), 

in which « or £ may be used indifferently in the small term. 

If the Spheroid is not homogeneous, but consists of strata of 
different densities, each stratum differing but little from a sphere, 
the Potential can still be very easily exprossed. Thus, let 
/ = a' (l 4* <xy') be the equation of any stratum, a being the 
radius of a sphere whose volume is equal to that of the stratum, 
so that / = }y+ jy+... + r/ + ..., 
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where the l n s involve a as well as p! and < p', unless the strata 
are all similar. 

Now if the Spheroid were homogeneous and of density p as far 
as the stratum a\ the Potential of this portion would be given 
by the equation 


V 

y 


4 TT 
3 


r^+ t {o' r - v,+ .V*'*"*- 


Let a' + da be the constant of the next stratum outside, and 
let the value of J due to the whole portion of the Spheroid, sup- 
posed homogeneous and still of density p , up to and including 
this stratum, be written down. Subtract the first result from 
the second and we obtain the Potential due to the shell of 
density p included between the strata a' and a + da'. 

The Potential of the homogeneous solid a' + da' being P + d V\ 
we have by subtracting that due to the homogeneous solid a\ 



the independent variable in the differentiations being a\ the 
parameter which determines any one stratum of constant density. 
Now if the value of a' for the bounding surface of the Spheroid 
is a, we have by integrating the above 


I/" «•<(«'■')+ 4 ?/7> 


3 It 


or 






Internal Point. If the point, P, at which the value of the 
Potential is desired, is inside the Spheroid, we may treat the 
spheroid as consisting of a sphere and a superficial layer which is 
everywhere of comparatively small thickness. 
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The Potential of a solid homogeneous sphere at an internal 
point has been already found. We must therefore find the 
Potential at P due to the shell at the surface of this sphere — 
observing 1 that, according* to the shape of the spheroid, the 
thickness of this shell measured outwards from the surface of 
the sphere may be positive or negative. If the equation of the 
surface is r = a (1 -fay), the thickness of the shell at any point 
is (nearly) ouiy ; or the value of r ranges from / = 0 to 
r = a (1 -fay). If v is the Potential at P (internal) due to the 
shell, 


v 

y 



+ 


/ 1il 

••+Ay* 


+ . . r' tir'd \x d <//. 


Performing the integration in r' first, we have 


'- = a p [J(j Jo a> + LJia + ... + L i ^ + <1 ^ ,U\>' , 


which, by Art. 352, is 

V A 9 f ,, R .. R 1 ,, R 1 i - ) /t t v 

y- 4 (X 7 r l >a Po+ai h+ ^A+--+ -}’ (“) 

in which the J ’s belong to the attracted point R. To Ibis 
must be added 2 ?rp a 2 — pR 2 , which is due to the sphere of 
radius a, so that 

~ = ‘In P a l — P W + iocTTfia- |... + - - ^ — — • Y.;+ ( 12 ) 


As has been already proved, the terms P 0 and 1\ may be dis- 
pensed with. 

The case of a heterogeneous spheroid is treated exactly as 
before. The point P being internal, let b be the parameter of 
the stratum of constant density passing through P, and take for 
V the sum of the Potentials due to the spheroid as far as this 
stratum and to the portion between this stratum and the bound- 
ing surface (of parameter a). The point P is external to the 
first, and the corresponding part of V is given by (10) in which 
we have simply to change the limit a to h in the integrations. 
The Potential due to any stratum (a\ p) surrounding P can be 
obtained by subtracting the Potential due to a solid homogeneous 
spheroid, (a' } p) from that due to a solid homogeneous spheroid 
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(a' + tla\ /)). Thus by (12) the Potential due to the stratum 
(a', p) is 

2^/(«'‘) + 4a^ j«'* Y'+ | a'Y'+ ...+ ^{ 2 &c.| • 

Integrating- this between a = S and we have by 

addition to the first portion, 

y- stJ„ ^ (a “ ) + "' + (27+1 ) W'J 0 ,>d{a ];) + - 

(O + ... + */> + ... (.3) 

Tor the discussion of the figure and law of density of the 
strata of the earth the reader will, of course, consult the Mccanique 
Celeste. A valuable epitome of Laplace’s and other results will 
be found in Pratt’s Treatise on Attractions , Laplace's Functions , 
and the Figure of the Earth . 


Miscellaneous Examples. 

1. Find the work required to scatter the particles of a uniform 
circular plate to infinite distances from each other (for the law of 
nature). 

Ann, Let M he the mass of the plate in grammes, a its radius 
in centimetics, and y the C 1 . G.S. constant of gravitation; then the 
work is g y J/2 

~ — ergs. 

3tuc 

At any distance, x, from the centre, inside the plate 
V = 4y/>r f 2 f aP—jiAmfiOdO, 

J o 

where r = thickness of plate. Hence 

\/V dm = 47 Typ 2 T 2 f * I V a 1 — ,c 2 sin 2 0 . xdx d 0. 

J o J o 

Perform the integration in x first ; &c. 

2. Considering the attraction-intensity of an infinite plate at a point 
near its surface, show that it is greater for the law of inverse square 
than for the law l/r n when n < 2, and less for the law of inverse 
square than for the law l/r n when n > 2. 

The attracted particle having any position on the axis of the plate 
(assumed circular), the attraction- intensity for the law l/r n is 

_ (1 — cos w a) tan w 2 a 

27Ty/>r v J— . 
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If tlie particle is near the plate, cos a = x, where x is very small, 
tana = l/.r, and the most important part of this expression becomes 

— ; f rom which the result follows. 

1 ) 


3. At a |ioint in the plane of a uniform circular plate outside its 
circumference, the Potential is 

where x is the distance of the point from the centre, and K and K 
are the complete elliptic integrals of the first and second kinds with 
modulus a/x. 

[Let P be the point, 0 the centre, Q any point on the ciicum- 

ference, LOPQ = 0 ; then „ 

’ * , 

V = 4 ypr J v a 2 — x 2 sin 2 6 d 0, 

where <X — sin ~ x (a/x). Let x sin 0 = a sinc/>, where </> is the angle 
between QP and QO ; &c.] 

4. Find a function, 0 , of r only which satisfies the equation 

( V 2 -f a 2 ) </> = 0, 

where a is independent of r. 


p ar 

Ans. (f) = A — -f B - — . 

r r 


c/ 2 •?*(/) 

The equation (y), p. 176, becomes -f a 2 .rr/> = 0 . 

CtT 


5. Fig, 228 , p. 1 , represents a homogeneous solid rectangular block 
whose density is p grammes per cub. cm. ; the sides are AD = 2a cm., 
BD = 6 cm., DO ' = h cm. ; find the attraction-intensity at a point, 
P, which is on the perpendicular to AD at its middle point and lies 
in the plane of the face AOBD. 


Ans. If ]) is the distance (in centimetres) of P from the side 
AD , and if X, Z are the components of the force-intensity in and 
perpendicular to the plane AOBD , 


X = 2 yp I" 

J p 
np 

Z=2yp 

J n 


Sill 


-1 ■ 


ah 


V (a 2 -f a; 2 ) (A 2 + x z ) 


• dx ; 


. + x 1 (a + V a 2 + x 1 ) _ 

log e 7 - ^11 — 1 . dx. 

(a +• V U l *f- a 2 -j- x 2 ) 


xi 


(dynes per gramme.) 
(dynes per gramme.) 


6 . Apply the preceding to calculate the deviation of the plumb-line 
caused by a large rectangular table-land in the following instance. 

‘A table-land 1,610 feet high, commencing at a distance of 20 miles 
from Takal K’hera near the great arc of meridian in India, runs 
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80 miles north, and 60 miles to the east and 60 io the west/ (Pratt's 
Attractions , Laplace s Functions , and the Figure of the Earth , p. 48.) 

Observe that h is here very small compared with the other linear 
dimensions. 

Assume p to be 2*8, i.e. about half the mean density of the Earth, 
or the density of statuary marble; also assume 160,933 centimetres 
in 1 mile. Then, since a gramme mass weighs at the surface of the 

X 

Earth about 980 dynes, the circular measure of the deviation is — - : 

980 

and the deviation is found to be about 4-8" — so considerable a dis- 
turbance that (it is stated) the place in question was abandoned as 
a principal station of the survey. We have neglected Z in this result, 
as is, of course, allowable. 


7. When by the method of Inversion (Art. 331) a system of points 
( x\ y', z') is deduced from a given system ( x , y } z) show that if the 

d d d d , d 2 d 2 d 2 

operations x — + y --- +* — , or r— , and — are, 

dx * dy dz dr dx 2 dy l dz 2 

respectively, denoted by 5 and V 2 , we have 

6 ' = - 5 , 


r * 2 

V /2 = - V 2 -~6 
& k 2 


NOTE. 

A. 


Potential of a Homogeneous Ellipsoid, 


The following investigation of the Potential piodueed at an external 
point, P, by a homogeneous solid ellipsoid has been given by Colonel 
A. P. Clarke (see the Phil . Mag., December, 1877). 

Take the principal axes of the ellipsoid as axes of co-ordinates; let 
x, //, z he the co-ordinates of P ; let Q be any point inside the mass at 
which an element dm is taken ; let x' f y', z' be the co-ordinates of Q ; 
O the centre of the ellipsoid, OP — R, OQ = r, and \^ = cosPO(). 
Then, p being the mass per unit volume of the body, 


V = 7P 

_ yp 
n 


h 

.A 


dm 


(j; 2 -2/tr.ilr + r*)x 


1 + ^1 j > + /»2 + / 


r - 

IP 



+ . . . ) dm, 


(0 

(2> 


where ij, /^,... are the Legendrian coefficients, as in (y), p. 243, or 
at 252, with xj/ written instead of p. 
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But since are each of the form '/'/('/z 2 ), the terms in 

them vanish because of the complete symmetry of the figuie, so that 

r = ¥/ + + i> 4 +p 4 + ■ >*“' < s > 


XT + fo'+Mj/' + Ms' a 7 

Now \J/ = r ii~~ ~ == ~ = ^ > suppose, Z, m, 

being the direction-cosines of OP. Hence from the values of the 
Legendrians, p. 252, we have 


i?,r 2 = i (3 A 2 -r 2 ) ; P^ = £ (35 A 4 — 30r 2 A 2 + 3r 4 ) ; 
if. r G = T l ff (23 1 A r> ~ 3 1 5 r 2 A 4 + 1 05 i A A 2 - 5 r°). 

The results of performing the integrations in (3) as far as fP^fidni 
are very remarkable. 

Thus, it will be found that if a, b, c are the semi-axes and 12 the 
whole volume of the ellipsoid, and if we put 


b 2 - 


,.2 _ 


= d x 2 ; c^ — d 2, — (Z 2 2 ; a 2 




and also denote by L 2 the value of the Legendrian P z when l is put 
for /x; by J/ 2 the value of P z when m is put for jut; and by iV y the 
value of P A when n is put for /x; with similar meanings of £ 4 , d/ 4 , A 4 
with reference to ij, &c., we shall have 


/ {L, (d *-<!*) + 31, (dj-dfi + N, W , 

f P^dm = - H? + 

f P ti <Z//t = ~ {/,„ OV-rfs*) + 'V W-rfi a ) 


where in the last ii : 


9m 

(Z 2 -m 2 ) (m 2 — ?i 2 ) (n 2 -Z 2 ). 


In these expressions for the terms in (3) the sequence is, as Colonel 
Clarke observes, remarkable, ‘ and suggests the idea that possibly an 
expression might be obtained for the general term/ 


Attention may be called to three recent Papers : 

(i) The Atti action of Ellipsoidal Shells and of Solid Ellipsoids, &c., 
by A. Cray, Phil. May., April, 1907. 

(ii) The Potential of a Uniform Convex Solid possessing a Plane of 
Symmetry, with Application to the Direct Integration of the Potential 
of a Unifoim Ellipsoid, by S. Brodetsky, London Mathematical Society, 
December 11, 1913. 

(iii) On the Attractions of Spherical and Ellipsoidal Shells, by 
A. Gray, Edinburgh Mathematical Society, June 13, 1914. 
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EXAMPLES. 

90. ABCD is a parallelogram, and 0 any point in its plane; find 
the resultant of forces represented by (1) OA, BO, OC, DO ; (2) 601, 
OB, CO, DO. 

Result . (i) Zero; (ii) 2 OH, where Oil is parallel and equal to DA. 

91. Forces 2 lb. wt., 8 lb. wt., and 9 lb. wt. act at a point 0 
parallel to the sides AB, BC, and CA respectively of a triangle ABC. 
If AB = 3 in., BC = 4 in., and CA = 5 in., find the magnitude of the 
resultant and the tangent of the angle which its direction makes with 
AB. Result. gV^305 lb. wt. ; —4/17. 

92. ABCDEF is a regular hexagon of which 0 is the centre. 
Forces equal to 3, 2, 5, 1 , P and Q lb. wt. act along OA , OB, OC, 01), 
OE, and OF respectively. Find the magnitudes of P and Q in order 
that the system may be in equilibrium. Result. P = 4 ; Q = 3. 

93. Any arbitrary straight line cuts OP, 0Q , OR, which represent 
three forces in magnitude, direction, and position, in A, B , C 
respectively, and for any two positions of the straight line 

OP(OA)~' + OQ(OB)~~ l + OR(OC)~ l = 0; 

show that the forces are in equilibrium. 

Let the resultant K of OQ, OR meet ABC, A'B'C' in A 1% J/. Prove 
OA/OA 1 = OA'/OA /. Since ABC, A'B'C' are arbitiary, A and 
are coincident, and so A ' and 

94. Foices of magnitudes 1, 4, 3, 5, 2, G act along the sides AB, 
BC, CD , DE, EF, FA of a regular hexagon. Find the magnitude of 
their resultant, and show that the distance of its line of action from 
the centre of the hexagon is to the length of a side as 21 : 2. 

95. Forces P, 2 P, 3 P, 4 P act along the sides AB, BC, CD, DA 
respectively of a square. Find the magnitude of the resultant and 
the point in which its line of action meets AB. 

9(5. Forces k . AB, k . BC, k . CD, k . DA act along the sides AB, BC, 

CD, DA of the parallelogram ABCI) in the directions AB, CB, CD, 
AD. Show that they are in equilibrium. 

97. 0 is the orthocentre of a tiiangle ABC and AO, BO, CO meet 
BC, CA, AB respectively in D, E, F. Forces proportional to AO, 

BO, CO aet along these lines and forces P, Q, R along EF, FI), DE 
respectively. Show that if the system is in equilibrium 

P :Q: R:: sin 2 # — sin 2 67 : sin 2 (7— sin 2 A : sin 2 A — sin 2 7L 

1695 T 
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98. The moment of a force P r about a fixed point 0 is G r and the 
moment of the resultant P of the forces P x , P 2 , ... about 0 is G . Any 
line through 0 meets P r at Q r and P at Q. Show that 

OQ OQ ! + OQ t * 

99. Four equal forces act in order along the sides AB , BO, CD, DA 
of a quadrilateral inscribed in a circle of which AC is a diameter. 
Prove that the line of action of their resultant cuts CJ ) at a distance 
(CD + DA) (cot %BOD^l)~ l from D. 

100. If A 1 B 1 C 1 D V A 2 B 2 C 2 D 2 , A. i B. i C 3 D 3 are three parallelograms, 
and six forces, represented in magnitude and direction by A X B 2 , C X D 2 , 
A 2 B„ C 2 D v A 3 B v C 3 D v act at a point, show that these forces are in 
equilibrium. 

101. Two coplanar forces are represented completely by two seg- 
ments A 1 B 1 , A 2 B 2 . A X A, B 2 B are drawn parallel to A 2 B V and A 2 A, 
B X B parallel to A X B 2 . Prove that AB represents completely the 
resultant of the two forces. 

102. A system of coplanar forces has moments L, M , A about three 
given points A, B, C in the plane, and R is the resultant. Prove 
that 4 A 2 A 2 = 2a 2 (Z — M) (L — A), where a, b, c , A are the sides and 
the area of the triangle ABC . 

103. Forces of magnitudes \i/a , fx/b, [jl/c act along the sides a , b, c 
of a triangle ABC taken in order ; prove that the line of action of their 
resultant is given by the following construction. Let D, E, F be the 
feet of perpendiculars from A, B, C on the opposite sides. Through 
A draw AG parallel to EF meeting BC in G, and through B draw 
BH parallel to FD meeting CA in II ; then Gil is the required line. 

Show also that the magnitude of the resultant is 

//(2 a 4 — 2 b 2 c 2 ) i / abc . 

104. Any number of forces in a plane are represented in direction, 
magnitude, and position by the straight lines OA v OA 2 , ..., and 
a point Q is taken on the line of action of their resultant. Show 
that O lies on the line of action of the resultant of forces represented 
by QA i, QA 2 ... . 

105. A number of coplanar forces are in equilibrium and have as 
their lines of action tangents to an equiangular spiral. Prove that 
they will still be in equilibrium if rotated about the points of contact 
of these tangents through the same angle. 

106. Three points A, B, C are taken in a given lamina. Forces 
P, Q, R act along the internal bisectors of the angles of the triangle 
ABC and towards the respective angular points. Determine the 
forces P', Q R' which must act along the sides BC, CA , AB respec- 
tively in order that the lamina may be in equilibrium. 

Remit . P* = \ Q sec \ a R sec \ C , &c. 
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107. Two smooth spheres each of radius a and weight IF lie in con- 
tact in a smooth spherical howl of radius na\ prove that the pressure 
between them is W/ Vn 2 — 2 n, 

108. Forces of 1, 2, 3, 4, 5 lb. weight act round the sides of 
a regular pentagon in order. Find to one place of decimals the magni- 
tude of the resultant, and piove that it acts at a distance from 
the centre of the pentagon of just over 3^ times the radius of the 
inscribed circle. 

109. Four forces, acting along the sides of a quadrilateral in- 
scribed in a circle, are in equilibrium. Determine their latios in 
terms of the sides of the quadrilateral. 

Remit . The magnitude of the force in any side is proportional to 
the length of the opposite side. 

110. Points P, Q, R are taken on the sides BC, CA, AB respec- 
tively of a tiiangle ABC, and forces represented in direction and 
magnitude by AP , BQ , C R are equivalent to a couple. Show that 

BP : PC = CQ: QA = AR : RB. 

111. Show that a couple acting on a rigid body may be 
rejdaced by three determinate forces acting round any given triangle 
whose plane is perpendicular to the axis of the couple. 

112. A rigid body is in equilibrium under a given couple G and 
three forces acting in given lines in the same plane ; find the magni- 
tudes of the forces. 

113. Forces P, Q, R acting at the vertices A, B, C of a triangle 
respectively, in directions perpendicular to BC y are in equilibrium ; 
prove that, if they are turned about their points of application so as 
to be perpendicular to AB f they aie equivalent to a couple of moment 
R . C F 2 /BF, where F is the foot of the perpendicular from C on AB. 

Prove that P/a = Q/b cos C = R/c cos B = G/(ac — c cos B . BF), 
where G is the required moment. 

114. If forces represented by A A BB\ CC', in magnitude and lines 
of action are equivalent to a couple, and if DC , EG , FG are parallel 
and equal to A A', BB' } CC' respectively, prove that G is the C. G. of 
the triangle DEF. 

ABC , A' B'C' are two triangles in the same or different planes, so 
situated that forces represented by AA' } BB\ CC' are either in equili- 
brium or equivalent to a couple. Prove that the two triangles have 
the same C. G. 

115. The resultant of three like parallel forces P ly P 2 , P 3 acting at 
A lt A 2 , A 3 meets the plane A 1 A 2 A 3 at 0 , and each force is inversely 
proportional to the distance of its point of application from 0. Show 
that the angles subtended at 0 by the sides of the triangle A X A 2 A 3 are 
equal. 

116. A mass of 50 lb. is suspended from a point A by two strings 
each of length 6 feet. The strings are attached to the same point B 

T 2 
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of the mass and are held apart by means of a weightless rod, with 
smooth rings at its ends, which can slide on the stiings. Prove, from 
considerations of the equilibrium of the weightless rod, that if the 
rod is horizontal there can only be equilibrium when it is half-way 
between A and B. If the rod is 4 feet in length, find the thrust 
along it. Result . 20 V 5 lb. wt. 

117. A uniform rod APCQB of length 2 a rests horizontally under 
a smooth peg P and over a smooth peg Q ; C is a fixed point in the 
rod distant c from A ; show that the pressures on P and Q arc greatest 
when P is under A , the pegs being moveable in such a way that 
PC .CQ = (a- c) (a + «yV. 

Let the pressures at P and Q be U and S ; W = weight of rod ; 
PC = x, CQ = y. Taking moments about Q we find 


whence (•« + #) R = (n—c — y) l( r ; 

2 Rx = {a~c) )V± f( a -c)/(« + c)ji [(a 2 -c 2 ) W*~ic*R{R + TF)]S, 
and 2 Rc 3> (a— c) IF. 


118. Two uniform beams of unequal length rest with their lower 
ends in contact on a smooth horizontal plane, and their upper ends 
against two smooth vertical parallel planes. Prove that, if their 
inclinations to the horizontal are 60° and 30°, the weight of one beam 
is three times that of the other. Piove also that the pressure on 
either vertical plane is one-half the geometric mean between the 
weights of the beams. 

119. A uniform beam AB, 10 feet long and of mass 40 lb., is 
suspended in a horizontal position by means of two vertical ropes, one 
at A and the other at a point P between A and B. Find the position 
of the point P in order that the tensions in the ropes may be equal 
when a load of 20 lb. is placed on the beam 2 feet from A . 

Result. 8 feet from A . 


120. A uniform triangular lamina ABC in which AB is 4 in .,AO 
is 3 in., and BC is 5 in. is suspended from the corner A, and masses P 
and (?, of such magnitudes that BC is horizontal, are suspended at B 
and C respectively. If the mass P at B is one-sixth that of the lamina, 
find the ratio of Q to P . Result. 10:3. 

121. A uniform rod rests in equilibrium with its lower end on 
a smooth inclined plane and its upper end attached by a light string 
to a fixed point. Show that the tangents of the angles which the rod, 
the string, and a vertical line make with the plane are in arithmetical 
progression. 

122. A uniform ladder rests witli one end on a smooth horizontal 
plane and the other against a smooth vertical wall, the inclination of 
the ladder to the wall being 30°. If the ladder is prevented from 
slipping by a rope which joins a point of the ladder to the corner 
between the wall and the plane, so that the direction of the rope is at 
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right angles to that of the ladder, show that the tension in the rope is 
equal to one-half the weight of the ladder. 

123. ABOD is a square, and forces equal to 9, 2, and 1 lb. wt. act 
along DA, BA, and BO respectively ; find the magnitude of the force 
along DC in order that the resultant of the four forces may pass 
through the centre of the square. In this case find the magnitude of 
the resultant. Result. 8 lb. wt. ; 10 lb. wt. 

124. ABCD is a quadrilateral lamina of uniform density with sides 
BO and AD parallel, BO being longer than AI). Show that it can 
rest in a horizontal position if supported at B, C, 1 ) ; and find the 
pressures on the supports in terms of the weight of the lamina and 
the ratio in which A <7 and BD divide one another. 

125. A uniform straight rod 70 cm. long can turn freely about 
a point distant 31 cm. from one end. To the ends of the rod are 
attached the ends of a light string 98 cm. long, on which slides 
a smooth ring whose weight is four times that of the rod. Prove that 
when the system hangs in equilibrium the inclination of the rod to the 
vertical is tan -1 7. 

126. A light thread of length 6 a has equal heavy particles 
attached to it at the five points which divide it into six equal parts. 
Its ends are fixed at two points A , B in the same horizontal, and it 
hangs at rest with the two lowest parts of the string inclined at 30° 
to the horizon. Prove that 

AB 7 = a ( 3 -J- V' 7 1 ), 

and find the depth of the lowest particle below AB. 

Result. £ a (l + V3 + Vs/7). Use a graphical method, and show 
that the other parts of the string are inclined at angles 60° and 
tan~' 1 (5/ v^3) to the horizon. 

127. Two uniform rods AB, BC, equal in every respect, are freely 

hinged at B and rest symmetrically upon a smooth parabola, whose 
axis is vertical and vertex uppermost. If in the position of equilibrium 
the rods are inclined at an angle 77/6 to the vertical, show that the length 
of a rod is 8 3 times that of the latus rectum of the parabola. 

128. Two equal uniform rods AB, BC } each of weight IP and length 
2 a, are rigidly connected at B so as to include a right angle ; a light 
string carrying at one end a weight W' passes over a smooth pulley 
and is fastened at its other end to C \ A is hinged freely to a fixed 
point in the same horizontal plane as the pulley, and distant 4 a from 
the pulley, and the system hangs in a vertical plane. If in the 
position of equilibrium AB is inclined to the horizon at an angle 
tan~ 1 3-, prove that 13 TF = 2 \/l0 IF'. 

129. Two uniform heavy right cylinders, equal in all respects, are 
placed side by side horizontally and slung by a number of equal 
strings, which pass beneath them and have their ends fastened at 
fixed points in a horizontal line. Another heavy cylinder is placed 
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symmetrically on these and parallel with them. Show that, whatever 
its weight, it cannot separate the lower cylinders unless its radius be 
less than a certain fraction of their radius, this fraction depending on 
the inclination of the upper parts of the string to the vertical. 

130. A heavy uniform beam AB , 6 feet long, is supported in 
a horizontal position, the supports being at C and Z), where AC 
is 8 inches and BD is 8 inches. An exactly similar beam rests on AB 
with one end projecting 11 inches beyond A. If a downward vertical 
force is applied to the projecting end, and increased till equilibrium is 
broken, will the upper beam commence to turn about A, or will both 
beams commence to turn about G 1 

131. A sphere is divided by a diametral plane into two hemi- 
spheres, which are placed together and rest symmetrically on two 
pegs in the same horizontal, the common diametral plane being 
vertical. Prove that the least distance of the pegs apart in order 
that the hemispheres may not separate is to the diameter of the sjihero 
as 3 to V73. 

1 32. Two points AB of a heavy body are constrained to move on 
the parabola y 2 = 4 ax whose axis is vertical and whose vertex is 
lowest. The length of AB is 12 a. The C. G. (G) of the body is 
above AB and the perpendicular from G on AB bisects AB and is of 
length 7 a . Show that the only j)ositions of stable equilibrium are 
those in which AB makes an angle of 30° with the vertical. 

133. A bent lever, with the fulcrum at the bend, is worked from 
one end so as to exert j^ressure by the other end in a given direction. 
Find the direction in which force must be applied in order that 
a given pressure may be exerted with the least strain on the 
fulcrum. 

134. Two ecjual uniform rods AB , BC , freely jointed at B , are 
freely suspended from a point A so that the end C rests without 
friction against a horizontal plane ; find the position in which they 
will lest. 

135. A uniform rod PQBS, of length 3 a and weight TP, is bent 
into three equal parts at Q and R> so that each part is perpendicular 
to each of the other two. If the rod is suspended by a string attached 
to P, show that the action at B consists of a force § TP and a couple 
5TFa/3\/l4. 

136. Two equal cylinders lie along the bottom of a groove with 
plane faces, of which the base is horizontal and the sides inclined at 
an angle OL to the horizontal, the cylinders just fitting it so that each 
touches the bottom and one side of the groove while they touch each 
other. What condition must be satisfied in order that a cylinder of 
equal radius placed on the top of them may not crush them out, 
there being no friction ? Does the result depend on whether the 
mass of the third cylinder is great or small ? Does it make a differ- 
ence if it is rough ? 
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137. A cone, the semi-vertical angle of which is tan~ 1 (3/8), rests 
with its vertex against a smooth vertical wall, a point in the base 
being connected with a point in the wall by a string which, when 
there is equilibrium, is parallel to the axis of the cone. Prove that 
this axis is inclined at an angle of 45° to the vertical. 

138. A wheel of radius a is free to roll on a horizontal plane 
sufficiently rough to prevent sliding : it is pulled by a cord coiled 
round its axle, of radius c , which leaves the axle on its lower side at 
an inclination 0 to the horizontal : find the condition on which it 
depends whether the wheel will roll forward or backward on account 
of the pull. 

139. The smooth curve 

( x 2 -h 3 — 12 by) 2 -f 4 x 2 (y -f 2 b) 2 = 1 6 a 2 x 2 

is in a vertical plane with the axis of x horizontal. From the point 
(0, 4 b) a rod of length 2 a is suspended by a string of the same 
length. Show that the rod will rest on the curve in any position. 

The string and rod being inclined at angles 0 and <£ to the vertical, 
prove that the abscissa of the intersection of y = x cot 0 + 4 b with the 
normal at {2a (sin sin 6), 4& — 2a (cos </> + cos 0)} is the same as 
that of the middle point of the rod. 

140. A cylindrical lamp-shade 2 in. in diameter, standing upright 
on a horizontal table, has two balls 1 ^ in. in diameter dropped into it. 
Prove that the lamp-shade will overturn if its weight is less than 
§ the weight of the ball which is dropped in last, the balls being per- 
fectly smooth. 

141. A rigid body, of weight W 9 has two points A and B fixed and 
is free to move about the line AB ; if A B is inclined at an angle (X 
to the vertical and the distance of the centre of gravity G from 
AB is a, show that the couple that must be applied to the body 
to keep it in the position in which the piano AGB is inclined at 
an angle /3 to the vertical plane through AB is W a sin (X sin / 3 . 

142. Coplanar forces P lf P 2 acting at A,P :i , P A at B, and P 5 , F 6 at 
C are in equilibrium. If the magnitudes of 2\, P 2 > ^3 are 8* ven anc ^ 
the directions of all the six forces, obtain a graphic construction, 
by means of the degenerate funicular polygon ABC or otherwise, for 
the magnitudes of the forces P 4 , P 5 , P 6 . 

143. Two equal uniform rods AC, BC are freely jointed at C , and 
the ends A and B are fiee to slide on a smooth parabolic wire, whose 
axis is vertical and vertex upwards ; prove that, in a position 
of equilibrium in which AB is not horizontal, it must cut the axis in 
a point which divides the distance between the vertex and the focus in 
the ratio of three to one. 

144. To two consecutive corners A, B of a uniform square lamina 
are attached small smooth rings, which slide on a fixed wire in the 
form of a parabola of latus rectum p whose axis is vertical and 
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vertex upwards. If the lamina rests in equilibrium with the side 
AB above the centre and inclined at an angle cos' -1 (5/6) to the 
horizontal, show that 25 AB = 24 p. Is the equilibrium stable or 
unstable ? 

145. A heavy beam whose centre of mass divides its length in the 
ratio 1 : 2 is in equilibrium with its ends pressing against two smooth 
straight grooves in the same vertical plane inclined to the horizon at 
equal angles and in opposite directions. Find the inclination of the 
beam to the horizon. Result, tan -1 (-j cot a). 

146. Two heavy particles can slide on two equal smooth circular 
wires in a veitical plane. A light string in a state of tension passes 
through two smooth rings, fixed, one on each circle vertically above its 
centre, and has its extremities joined to the particles. Prove that in 
the position of equilibrium the distance of each particle from the 
ring on the circumference of its circle is inversely proportional to its 
mass. 

147. A wire bent into the form of an ellipse is fixed with its minor 
axis vertical. Find the positions of equilibrium of a heavy bead 
strung on the wire, under the action of an atti active force in the 
centre which varies as the distance. 

1 48. A rod passes through a smooth ring fixed in a vertical plane 
A , and has one end hinged to a point in the axis of a half cylinder, 
resting with its curved surface on a perfectly rough inclined plane 
which is perpendicular to the plane A. Find the condition that the 
system may he in equilibrium when the rod is horizontal, the axis of 
the cylinder is perpendicular to the plane A, and the rectangular base 
of the half cylinder is jiarallel to the inclined plane. Determine also 
whether the equilibrium is stable. 

149. A heavy sphere of radius r rests on a smooth inclined plane 
of angle a and is pi evented from sliding down by a heavy cone of the 
same material, and of vertical angle 2 a, which rests in contact with 
the sphere and with its vertex moveable about a fixed pivot at 
a point on the plane lower than the sphere. Show that if 

64 r 4 sin a = 3 a 4 cos 3 2 OC, 

the positions (if any) of equilibrium are given by the equation 
cos 2 0 — 2 cos 0 cos 2 oc + cos 2 2 oc cot 2 2a = 0, 

0 being the inclination of the axis of the cone to the horizon, and a 
the length of a slant side. 

150. ABCD is a square board of side a , and a smooth peg is at 
a distance c ( > a) from a smooth vertical wall. The board rests 
with its plane vertical, A pressing against the wall and CD against 
the peg. Prove that A D makes an angle a with the horizon given by 

2 c/a = 2 cos 3 a -f 3 cos a sin 2 a + sill 3 a . 
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If AD makes ail angle 6 with the vertical and the peg is distant b 
from 1). then y = height of C.G. above peg 

= 2 [ a cos 0 — b sin 0 + (a — b) sin 6\, 
where a sin 0-f- b cos 6 = constant. We have 

by = 0, b (a bin 0 + b cos 6) = 0. 

Eliminate bO and bb. 

151. A uniform triangular plate, with sides a, b , c and circum- 
radius R, lies without fiiction in a spherical cavity ol radius r ; show 
that the inclination 0 of its plane to the horizontal is given by 
(r 2 — R 2 ) tan 2 0 = 7i 2 — - \ (a 2 -f U l -j- c 2 ). How must the plate he loaded 
so that it may lie horizontally in the cavity ? 

152. ABODE is a pentagon. A parallel to BD through C meets 
ED in V; a parallel to OE through D meets BO in U ; L is any 
point in VV\ parallels to AB, AE through L meet BC, ED in M and 
N respectively. Prove that a system of forces acting along the sides 
of the pentagon ABODE represented in magnitude and direction by 
the sides of the pentagon LMCDN will be in equilibrium. 

153. Find the magnitude of the horizontal force which will keep a 
body of weight IF at rest on a smooth plane, which is inclined to the 
horizontal at an angle a. 

Show that, if the body were kept at rest on the plane by a tight 
string, attached to a point above the plane and making an angle ft 
with the upper pait of the plane, the reaction between the body and 
the plane would be IF cos (a -f ft) sec ft. 

154. A uniform circular sector OABC of weight w ( OA , 00 being 
the bounding radii and B the middle point of the arc AO) can turn 
freely about a horizontal axis through 0 perpendicular to the plane of 
tin? sector, and therefore hangs initially with OB vertical. A weight 
IF is now attached to A, Show that in the new position of equilibrium 
the line OB produced will meet a line through the initial position of B 
paiallel to the initial direction of 00 at a point whose distance from 
tho initial position of B is directly proportional to IF. 

Find the distance when IF= v\ Result . | OA . <x cosec cx. 

155. A homogeneous spheroid of weight 32 IF is divided into an 
infinite number of separate thin slices by planes through its axis, and 
is held together by a light string lying in a shallow groove in the 
equatorial plane. If the spheroid is at rest on a horizontal plane, 
which it touches at an extremity of its axis, show that the tension of 
the string is not less than 3rtIF/c, where 2 c and 2 a are the lengths of 
the polar and equatorial diameters of the spheroid. 

15G. A uniform heavy spheroid is divided into six equal parts by 
planes through its axis of figure. The parts are then glued together 
and the spheroid is suspended from a fixed point by six equal light 
strings, whose lower ends are attached to points on the equator of the 
spheroid such that each string lies in a plane through the axis of 
figure midway between two of the former planes. Show that, if the 
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temperature is now raised until the glue melts, the parts will separate 
unless the tangent of the inclination to the vertical of the upper part 
of a string exceeds 175 a/2 8 8 c, where a and c are the equatorial and 
polar semi-axes of the spheroid. 

Let C be the highest, and C' the lowest point. Prove that the 
distance of the C. G. of any of the parts from CC ' is 9a/16. If 
)V = wt. of each pait, a the inclination of the free part of each string 
to the vertex, we see (i), by taking moments about C, that there will 
be no separation at C' if 

9 Waf 1 6 > W sec OL ( V c 2 sin 2 a + a 2 cos 2 a — c sin a) 
or 288c tan a> 175a; (ii), by taking moments about C", that theie 
will be no separation at C. 

157. To the ends of a uniform rod small rings are attached, which 
slide on a smooth wire in the form of a parabola in a vertical plane, 
the axis of the parabola being horizontal. The rod is kept in equi- 
librium by a couple in the plane of the wire. Piove that the 
magnitude of this couple for various positions of the rod varies in- 
versely as the square of the difference of the distances of the ends of 
the rod from the axis of the parabola. 

158. A torsion-balance consists of a heavy uniform bar, of length 2a 
and weight W , suspended from its ends by two equal strings, each 
of length Z, attached to points at a distance 2 a apart in the same 
horizontal line. Find the couple (whose plane is horizontal) required 
to maintain the bar in equilibrium, when deflected through an angle 6 
about the vertical through the centre of the rod. 

159. A solid parallelepiped of uniform density rests with three of 
its faces, which meet in a point, on three smooth pegs A, B, C, in the 
same horizontal plane. If A', B\ C' , the middle points of the three 
faces, form a triangle equal and similar to ABC, show that the solid 
will be in equilibrium when so placed that A', B\ C' coincide with 
A, B,C. Hence prove that if a solid ellipsoid were substituted for the 
parallelepiped, it would be in equilibrium when so placed that A, B,C 
were the ends of conjugate diameters. 

1 60. A heavy homogeneous ellipsoid is supported in equilibrium by 
three smooth pegs, the points of suppoit being the ends of three 
conjugate semi-diameters. Prove that the pegs must be in the same 
horizontal plane and that the pressures on them are to one another as 
the areas of the corresponding conjugate central sections. 

Let the pegs be P , Q , R ; their co-ordinates referred to the principal 
axes of the ellipsoid (aZ x , bm v cw^, (a7 2 , ..., ...), (aZ 3 , ..., ...); 

Vv Ps the perpendiculars from the centre on the tangent planes 
at P , Q, R\ R l3 R 2 , R% the reactions. Find the components of the 
reactions parallel to the axes, and, by taking moments about the axes, 
prove that R 1 p 1 == R 2 jp 2 = 7? 3 p 3 . By resolving parallel to the axes, 
prove that the weight acts perpendicularly to the plane 

^ a? (Zi *j- Z 2 + ^3)/ a = 1 . 
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161. The co-ordinate planes are smooth rigid boundaries, and the 
direction cosines of the vertical are l , m, n . Prove that if a rigid body 
rests in contact with the planes respectively at 

(dj 2/i » #i)> (#2> « 2 )> 0®3» ^3» 6), 

then mn(x 2 — x 3 ) + wZ (y 3 - +• hn (cj - z 2 ) = 0 ; 

and find the equations of the vertical through the centre of gravity. 

If the body is a homogeneous ellipsoid of semi-axes a, b, c, prove 
that the vertical height of the centre above the origin is 

{a 2 + & 2 + c 2 - {mz 2 — ny,)‘ l — (nx 3 - Iz^f - (ly, —mx./f \ 1. 

Result, in (z-zj = n(y-y 3 ), n(x-x 3 ) = /(s-Sj). 

The relation to be proved is the condition for a single resultant 

(2LX = 0 ). 

162. If forces acting along the given non-coplanar lines OA , OB , 
OG , OD are in equilibrium, show that their ratios arc fixed, and 
determine them in terms of the cosines of the angles between the lines. 

Forces P, Q, R act along the sides B(\ CA , AB of a triangle, and 
D is any point not in the plane of the triangle. Show that the moment 
of the forces about any line through D cannot exceed G , whcie 


G 2 + 

1, COS V, COS fJL, 

Pb'c'/a 

= 0, 


cos v, 1, cos A, 

Qc'a'/b 



cos [x, cos A, 1, 

Ra'b'/e 



Pb'c' Qc'a' Rab' 
a b 9 c 

» 0 



where A, /x, v are the angles BBC , CD A , A DB , and a, b, c , a , b\ c' 
are the lengths BC> CA , A B, DA, DB, DC. 

Take DA, DB, DC as oblique axes of co-oi dinates. The force P 
along BC is equivalent to a parallel force P through D and a couple 
of moment G^Pb'c' sin BDC/a in the plane BDC. If the axis of G x 
makes an angle a with DA and has l Xi m x , n x for its direction ratios, 
then l x + m 1 cos v + cos /x = cos a, 

l i cos v + m 1 + n 1 cos A = 0 = l t cos + cosA-f n v 

So the forces Q, R along CA and AB are equivalent to forces Q , R at 
D and couples of moments G 2 , 6* 3 . The forces P , Q, R at D have no 
moment about a line passing through D. If the direction ratios of 
such a line are l\ m', n', the moment of the (original) forces about it is 
G = V cos (X -p G 2 m' cos /3*f (r 3 n' cos y, where ft, y are the angles 
which the axes of G 2 , 6* 3 make with DB, DC respectively. G is to he 
a maximum when V , m' } n' vary subject to the relation 

1 = V 2 -|- m! 2 -f n' 2 + 2 m'n cos A -f- 2 n'V cos fx -f- 2 I'm' cos v. 

If M 2 =1 — 2 cos 2 A + 2 cos A cos /tx cos v , prove that 

l' + m' cos v+n' cos fx — Pb'c' M/aG = 0, ... , 
and Pb'c Ml' /a -f- — G = 0. Eliminate l\ w', n ' and simplify. 
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163. A piece of uniform wire is formed into a triangle ABC, and is 
suspended from a fixed point 0 by three light strings attached to the 
angular points. If 2\, 1\, r l\ are the tensions of these strings, prove 

that 1\ _ r 2 _ '1\ 

(JW+GA)OA ~ {I1C + AB) OB ~ (CA + BV)OG ' 

If G is the C. Q. of the wire and CG meets AB in D, then the 
resultant of 1\ and T \ acts along DO, and r J\ . DA jOA = 7 T 2 . DB/OB. 
The ratio DA : J)B may be found from the trilinear equation of CGD. 

161. Three fixed planes are mutually at right angles and have different 
inclinations to the vertical. A smooth solid rests in equilibrium in 
the iipmost octant between them with one point in contact with each 
plane. Two of the three points of contact are given points on two of 
the planes. Prove that the third point of contact lies on a fixed line 
of greatest slope of the third plane, and that the C.G. of the solid lies 
in a fixed vertical plane parallel to this line of greatest slope. 

165. In that system of pulleys where each string is attached to 
a bar from which the weight is hung and all the strings are parallel, 
the radius of each of the u pulleys is 4 inches, and their weights 
are negligible in comparison with that of the bar ; find the position of 
the centre of gravity of the latter, if it rests in equilibrium when both 
ends of the string round the lowest pulley are attached to it, the 
strings where not in contact with pulleys being all vertical. 

166. A uniform beam 4 feet long and weighing lb. is supported 
by three vertical cords passing over three pulleys in that system in 
which each cord is fastened to the weight. Each pulley weighs 9 oz. 
and the cords are fastened to the middle point of the beam and to 
points 6 inches on each side of the middle point. Prove that, if a 
weight of 21 oz. is attached to the end of the beam nearest to the 
string whose tension is greatest, the beam can rest in cquilibiium in 
a horizontal position, provided the power is properly chosen ; and find 
the value of the power. 

167. If the least force which can maintain in equilibrium a weight 
Q hanging freely over a single pulley is, owing to the rigidity of the 
cord and to friction, equal to the weight aQ+p, show that, in the 
system of pulleys in which each string is fastened to the weight, the 
greatest power P insufficient to raise a weight W is given by 

a(JF + «w)= {(a+l) w — 1} (aP -f w +p), 
where w is the weight of each pulley, and n the number of pulleys. 

168. A uniform ladder AB, weighing 50 lb., rests against a smooth 
vertical wall at A and on a rough horizontal plane at B. Find the 
coefficient of friction between the ladder and the horizontal plane if it 
is about to slip when inclined at 45° to the vertical. Find also what 
force must be exerted at B, applied by means of a string attached to 
B and inclined at 30° to the upward-drawn vertical, in oicler that the 
ladder may begin to move towards the wall. 

Result . \ ; 200(2— \/ 3) lb. wt. 
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169. The bases of a frustum of a solid homogeneous cone are 2 and 
3 feet in radius, the thickness is 8 feet ; the frustum is placed with its 
smaller face on a rough plane whose inclination to the horizon is 
gradually increased. If the coefficient of friction is will the frustum 
slide or topple over 1 

170. A ladder rests with one extremity against a vertical wall and 
the other on the ground. When the inclination of the ladder to the 
vertical is 60° it is about to slip down; assuming that the ground 
and wall are equally rough, find their coefficient of friction with 
the ladder. 

If a rope is attached to the upper end of the ladder and passed over 
a pulley vertically above that end, and a gradually increasing weight 
attached to the extremity of the rope, show that when equilibrium is 
on the point of being broken there will be no pressure between the 
ladder and the wall. 

171. A heavy uniform beam rests with one end on horizontal 

ground, and the other end on a rough plane inclined at an angle OC to 
the horizon. If r/> is the angle of friction for the contact of the beam 
with both the plane and the ground, show that the inclination ft of the 
beam to the horizon when it is on the point of slipping is given by 
the equation 2 tan /3 = cot 4>-cot («*-<#>). 

If (X = 60° and ft — 30°, find the value of r/>. 

172. A uniform heavy rod 1 foot long, one end of which is rough 
and the other smooth, rests within a circular hoop in a vertical plane 
whose radius is 10 inches. If the rod is in a position of limiting 
equilibrium when its rough end is at the lowest point of the hoop, 
show that the coefficient of friction is ||. 

173. A rough peg is fixed at a perpendicular distance 3 a from a 
plane of equal roughness inclined at an angle of 30° to the horizon; 
a uniform rod of length 4« rests against the peg with its lower end 
supported by the plane; if, when the rod is inclined at an angle of 
30° to the horizon, its lower end is on the point of slipping down the 
plane, find the coefficient of friction. 

174. Two particles of masses m x and m 2 are held at rest each on 
a horizontal table and connected by a string which passes over small 
Bmooth pulleys at the edges of the tables and is perpendicular to these 
edges. A smooth pulley to which a weight is attached, and whose 
diameter is equal to the distance between the former pulleys, hangs 
between the tables in the loop of the string. The combined mass 
of the hanging pulley and attached weight is Jlf, the coefficients of 
friction between m x and m 2 and the tables on which they are held are 
fx x and g 2 respectively. Show that, if 2 wi 1 g 1 and 2 ;n 2 g 2 are each of 
them not less than M, equilibrium will not be disturbed, it the particles 
are released ; and that, if < w 2 g 2 and M > 2?/^^, will not 

move ’ if 2 »«,( J/— 2 »» 2 f< 2 ) 3> M (»» 2 Hz — wij jUj). 
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175. From a uniform sphere a portion equal to g 5 ^ of the whole is 
cut off by a plane. This segment rests with its plane face on a rough 
inclined plane and is on the point of sliding down. A light string 
attached to the vertex of the segment is then pulled in a direction 
parallel to and up the plane, and the tension is gradually increased 
until the body begins to move. Prove that it will tilt or slide accord- 
ing as 33 /x < 20^ 3, where fx is the coefficient of friction. 

Prove that the plane face bisects the perpendicular radius (a) of the 
sphere, and that the C. G. of the segment is distant 2 7 a/40 from the 
centre of the sphere. If fx = tan a, 1\ = tension for just tilting, 
T 2 = tension for just sliding, prove, by taking moments, that 

T x = IF ( VS cos a -f 7 sin a/20), r l\ = 2 IF sin a. 

The segment will slide if T x > 1\. 

176. A symmetrical beam AB of weight IF rests at an angle of 45° 
to the horizon with its lower end A on a horizontal floor and its upper 
end B against a vertical wall. If the floor and wall are equally rough, 
find the smallest value of the coefficient of friction /x which is consistent 
with the equilibrium. 

If fx lies between this value and -J-, show that the vertical pressure 

u-f 2 IF 

at A is not less than IF, or greater than — • 

2(/x+l) b 2(1 -/x) 

177. The two legs of a pair of steps are of equal lengths and of 
weights IF, IF' (IF> IF'), and the steps will just stand on a rough 
ground when the legs contain an angle 2a; assuming that the 
coefficients of friction for the two feet are the same, prove that this 
coefficient is equal to ( IF+ IF') tan a/( IF+ 3 IF'). 

178. Two circular cylinders have radii a, a V 3 respectively, and 
have their axes parallel, in the same horizontal plane, and at 
a distance 4 a apart. Prove that a heavy rod of length 2 a cannot 
rest horizontally with an end on each of them unless the coefficients 
of friction between it and the cylinders are both equal to, or at least 
one greater than, tan 15°. 

179. A B f AO are two uniform heavy rough rods, which rest in 
equilibrium with their ends B and C on a rough horizontal plane, 
whilst the ends A rest against one another, the rods being so cut 
that the surfaces in contact at A are small vertical planes. If the 
coefficients of friction (i) between each rod and the horizontal plane, 
(ii) between the two rods, arc each equal to tan A, and if the equilibrium 
is limiting at each point of contact, prove that the weights of the 
rods must be proportional to the lengths of their projections on the 
plane, and that cot ABC = cos ACB = sin 2 A, where ABC is the 
greater of the two angles A BC\ ACB . 

180. A light bar AB rests horizontally with the end A in contact 
with a rough vertical wall, being supported also by a string OC 
connecting a point 0 of the rod to a point C of the wall, vertically 
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above A . Find, graphically, from what part of the length of the bar 
a weight can be suspended without causing the end A to slip. 

Find the coefficient of friction at A, if slipping takes place when 
the weight is at a distance of 40 in. from A, the lengths AO and AC 
being 30 in. and 25 in. respectively. 

181. A uniform heavy wire, which is in the form of an ellipse of 
eccentricity cos a, is hung over a small rough peg. Piove that, if the 
wire can be in equilibrium with any point in contact with the peg, 
the coefficient of friction must not be less than \ cos 2 (X cosec a. 

182. A rough disk of radius a and weight W standing vertically 
on a rough horizontal plane has resting against it in the same vertical 
plane a uniform rod of length 2 l and weight w , the lower end of 
which can turn freely about a hinge in the horizontal plane. If 
equilibrium is limiting at both points of contact simultaneously, 

show that (tan e cot A — 1 ) = a W cot e sec 2 e, 

where e, A are the angles of friction between the rod and disk and 
disk and plane respectively. 

183. One end of a thin uniform rod, of length 2 a cot (X and 
weight IF, is fieely hinged to a point on a fixed plane, which is 
inclined at an angle 2 a to the horizontal. A uniform sphere of 
radius a and weight IF rests on the plane and has the rod for 
a tangent at its highest point. The vertical plane through the rod 
and the centre of the sphere cuts the fixed plane in a line of greatest 
slope. If the system is in equilibrium and the friction is limiting at 
each point of contact, determine the coefficients of friction. 

Result . tan (X and 2 tan (X. 

184. A rough horizontal bowl is fixed with its diametral plane 
horizontal, and a heavy rod rests over the rim with its lower end in 
contact with the inside of the bowl. If a and J3 are the greatest and 
least angles which the rod can make with the horizon, prove that 
the coefficient of friction is 

(cos a cos 2 /I— cos /I cos 2 a)/(sin 2 ot cos /3 -f sin 2 ft cos a). 

185. A rough stick rests on the rim of a flower-pot, whose shape is 
that of a truncated cone of semivertical angle (X . Its lower end is in 
contact with a slant side, the veitical plane through the stick passing 
through the axis of the cone. Prove that if the stick is inclined 
to the horizontal at an angle /3, when it is on the point of slipping 
down at each point of contact, then its length 2 1 is given by 

l cos /3 cos (/3 — a) cos(/3— a~2A) = ccosa cos A cos (a + A), 

where A is the angle of friction and c the diameter of the flower-pot 
at the top. 

186. A rough wire of length 3a is bent into the form of an 
equilateral triangle. Each side of the triangle passes through 
a weightless ring, and the rings are connected together by an endless 
smooth tight string of length 3/ which passes through each of them. 
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If each of the rings is in limiting equilibrium when they are at the 
vertices of another equilateral triangle, find the coefficient of friction 
between a ring and the wire. 

187. Equal masses are placed on a rough horizontal plane at con- 
secutive corners A , B , C of a regular dodecagon A BCD , and the 

mass at B is connected to those at A and C by light strings which are 
just tight. A gradually increasing force acts on C in the direction 
CD, Show that the three masses will begin to move simultaneously, 
and find the directions of their motions. 

188. A rigid body of weight TP, pierced with a cylindrical cavity 
of radius 6, can turn about a fixed horizontal axle which just fits the 
cavity. The centre of gravity of the body is at a distance a from the 
axis of the axle, in a horizontal line perpendicular to this axis, and 
the body is supported by a vertical force 1\ applied at a point distant 
c from the axis, in the line drawn through the centre of gravity 
at l ight angles to the axis. Prove that, if there is friction between 
the axle and the cavity at points on a single geneiator of the cavity, 
and € is the angle of friction, the least value of the force T is 
IF (a — b sin *)/(c — b sin e), the lengths b , a, c being in ascending order 
of magnitude. 

189. A uniform solid cylinder of weight TP rests in the angle 
between two equally rough planes inclined to the vertical at the same 
angle (X on opposite sides, the line of intersection of the planes being 
horizontal. A particle of weight IF is attached to the cylinder 
at a point on the level of its axis. If there is limiting friction 
at both points of contact and /x is the coefficient of friction between 
tlie cylinder and either plane, show that /x = tan-|cx and a < 60°. 

190. A uniform rod touches a smooth fixed hemisjffiere, whose 
radius is a quarter of the length of the rod, and lests in a vertical 
plane through the centre of the hemisphere, with its lower end on 
a rough horizontal plane through the base of the hemisphere. Prove tha t, 
if A is the angle of friction between the rod and the plane, the lod will 
rest in limiting equilibrium inclined at an angle cot _1 (1 + V 2 cot A) 
to the horizontal, provided 2 cot A is not greater than 9. 

191. Two equal uniform rods freely hinged together at their 
upper ends rest symmetrically upon a rough fixed sphere with the 
hinge vertically above the centre of the sphere. Given that the 
angles between the lods in the two positions of limiting equilibrium are 
60° and 120° respectively, find the coefficient of friction, and the 
ratio of the length of a rod to the radius of the sphere. 

192. A particle placed on a rough inclined plane is attached to 
a point of the plane by means of a light inextensible string. The 
particle is placed so that the string is taut, and the plane is slowly 
tilted about a horizontal axis which makes an angle (X with the 
string, the direction of tilting being such that the point of attachment 
is raised higher than the particle. Find in terms of OL and of /x, the 
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coefficient of limiting friction between the particle and the plane, 
the angle through which the plane can be tilted before the particle 
slips. 

193. A solid uniform cone of weight fraud vertical angle 2/3 has 
three small knobs symmetrically placed on the boundary of its base, 
and rests with these in contact with a rough plane inclined to the 
horizon at an angle a. The line joining two knobs is horizontal and 
above the third, which is prevented from sliding. Prove that, if the 
cone be rotated on the plane, it will slip when it has turned through 
the smallest angle 0 which satisfies the equation 

V 3 sin 0 -f \ ft cot ft cos 0 = 2 /x cot a, 
where fx is the coefficient of friction, provided that 

2tan/j>tan«> v(3 + ^ c - t2 -^- 

194. A uniform heavy rod has a string attached to its ends. The 
string passes through a small smooth ring which is fixed to a rough 
vertical wall, and one end of the rod rests against the wall, the rod 
and the string being in a plane perpendicular to the wall. Prove 
that, if the length of the rod is fx times the length of the string, where 
fx is the coefficient of friction, the rod cannot rest in equilibrium with 
the end that is against the wall higher than the other end. 


195. A uniform rod of weight W has its upper end against 
a vertical plane and its lower end against a horizontal plane, and 
is inclined to the vertical at an angle a (< 45°). The vertical plane 
through the rod is at right angles to the line of intersection of the 
former planes and meets it at A. B is the foot of the perpendicular on 
the rod from A. The rod is kept in equilibrium by a light string join- 
ing A to B. The coefficient of friction at each end of the lod 
is tan A (A < Ja). Show that the tension of the string is not 

less than 1. Tl r siii (a — 2 X) sec (2 a — X) sec X 

and not greater than 

A IF sin (a + 2 A) sec (2 a-J- A) sec A. 

19G. A uniform rod BO, of weight W, has at its ends weight- 
less rings which slide on two fixed rough wires A B and AO, which are 
at right angles. The coefficient of friction between the wire and the 
ring is in each case The middle point of the rod is attached 
to A by a weightless string. If the rod is in limiting equilibrium 
when the wire BA is vertical, with the end A uppermost, and when 
the angle ABO is 45°, show that only two sets of values for the 
reactions at the rings are possible, and that the tension of the string 

iseither 7-/2TF/8 or V2 W/S. 

197. A rough wire in the form of a parabola of latus rectum 
4 a , with its axis vertical and vertex upwards, rotates with uniform 
angular velocity \A//2a about its axis. A small ring of mass m can 


1698 
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slide on the wire and is attached to the focus by an elastic string 
of natural length a, which can he stretched to double its length 
by a tension equal to -§ mg. Prove that the ring will remain in 
equilibrium at any point of the wire the distance of which from 
the axis is less than a \x, where p, is the coefficient of friction between 
the ring and the wire. 

If we apply to the ring an outward force mgy/2a along the ordinate 
y f the problem is reduced to a statical one. 

198. Two planes at right angles to one another slope upwards 
in opposite directions from their line of intersection, which is 
horizontal. The steeper plane is rough and the other plane smooth. 
A uniform plank rests in a horizontal position jierpendicular to 
the intersection of the planes with an end on each plane, and is 
in limiting equilibrium. When a weight equal to that of the plank 
is placed upon it close to that end which rests on the smooth plane tho 
equilibrium is again limiting. Determine the angle of friction and 
the inclination of the rough plane to the horizontal. 

Result. If (X is the inclination, 2 a = A + J tt and 3 tan 2 a = 5. 

199. AB and BC are two uniform ladders of equal lengths, 
and weights P and Q, respectively ; they are freely jointed together at 
B by a smooth axis ; the extremity A is fixed by a smooth horizontal 
axis, while C moves along a rough horizontal plane passing through 
A ; the plane ABC is vertical, and p. is the coefficient of friction 
between C and the ground ; find the greatest value of the angle ABC, 
and the corresponding magnitude and direction of the mutual 
pressure at B. 

200. A cylinder is laid on a rough horizontal plane and is in 
contact with a rough veitical wall. A string coiled round the 
cylinder at right angles to its axis, after leaving the surface at 
a point below the axis, passes over a smooth pulley which is fixed 
above the axis at a distance from the wall greater than the diameter 
of the cylinder. To the end of the string a weight is attached which 
is gradually increased until equilibrium is broken. Determine the 
manner in which this occurs. 

If the weight of the cylinder is 53 lb., the inclination of the string 
to the horizon cos -1 3/5, and the coefficient of friction at each point 
of contact 2/5, find the value of the suspended weight which is just 
sufficient to break the equilibrium. 

Result. 17lb. approx. See § 158, Ex. 11. 

201. A small heavy ring is moveable on a rough wire in the form of 
a parabola whose plane is vertical and axis horizontal. Two points 
P, Q on the upper part of the wire subtend at the focus an angle equal 
to four times the angle of friction. Prove that the tangential force 
that will just sustain the ring at the lower of the two points is equal to 
the force that will just drag the ring along the wire at the higher point. 

202. A uniform rod rests in equilibrium with its extremities on a 
rough elliptic hoop fixed in a vertical plane ; show that if the tangents 



APPENDIX. 


291 


to the hoop at the extremities of the rod contain a light angle, the 
angle between the vertical and the connector of the oenties of the rod 
and hoop is twice the angle of friction. 

203. A hollow circular cylinder, open at the top, rests with its base 
on a rough horizontal plane. Its height 2 a is equal to the diameter 
of the base. Inside it is a uniform rod of the same weight as the 
cylinder and of length 4 a, resting symmetrically with one end at 
a point in the perimeter of the base and leaning against the upper 
edge of the cylinder. What weight must be placed at the top of the 
rod that the whole may be just on the point of toppling over 1 

"When this weight has been attached, find the coefficient of friction 
of the base with the plane if, when a horizontal force is applied to the 
same end, the rod is on the point of being lifted from the rim and the 
cylinder is on the point of slipping at the same time. 

204. Show that a plank can be balanced horizontally across a fixed 
perfectly rough horizontal bar of circular section so as not to be up^et 
by a slight disturbance, provided the thickness t of the p^ank is less 
than the diameter d of the bar ; anti that it can then be tilted up to 
any angle less than the angle given by the formula d(X = t tan (X with- 
out falling off. 

205. A homogeneous elliptic cylinder rests in contact with rough 
inclined planes whose line of intersection is horizontal and parallel to 
the axis of the cylinder. Show that when the cylinder is about to 
slip down the plane whose inclination to the horizon is i', the major 
axis of the principal section makes an angle 6 with the vertical 
where 

sin (i—€) _ Cl — e 2 sin 2 (d + i / )) J £ 2 sin(2f + 20 — c ) — (2 — e 2 )sine 
sin(i'— e') (1 — e 2 sin 2 (d-H) ) — e 2 sin(2i' + 20— e') + (2 — arsine'* 

i and i being the inclinations of the planes, measured in the same 
sense, to the horizon; e and e' the angles of friction, and e the 
eccentricity of the principal elliptic section. 

206. A uniform bar is supported by two rough pegs, whose dis- 
tance apart is equal to c and makes an angle oc with the horizontal, by 
passing over one of them and under the other ; show that it cannot 
rest in this way unless its length exceeds 2 c (p 2 -ftan (x)/(n 2 + fa), 
where and p 2 are the coefficients of friction at the pegs respectively 
nearer to and further from the C.G. 

207. ABCD is a tetrahedron of which the edges DA, DB, DC are 
mutually at right angles. Its face ABC rests on a plane inclined at 
an angle i to the horizon and sufficiently rough to prevent sliding. 
Prove that the tetrahedron will not topple over in any position on 
the plane if tan i < p/n, where p is the least of the quantities 
cos ( B—C ), cos ((7— .4), cos (A—B), and n is the ratio of the height 
of the tetrahedron to the diameter of the circle A BC. 

208. A,B,C are the vertices of an equilateral triangle inscribed in the 
circle 05 2 -j-^ 2 =a 2 , the point C being at (—a, 0, 0) and the plane of xy 

u 2 
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horizontal. A uniform triangular lamina is supported in a horizontal 
position by three ecpial similar legs, which arc attached to its vertices 
and which rest upon the plane of xy at A, B, C, the coefficients of 
friction jx x , /x 2 , /*,{ being all different. Through the action of horizontal 
forces the triangle is on the point of turning about the axis x ~ r cos OK, 
y = r sin a. Obtain the condition that the resultant of the three 
frictions is perpendicular to the line 6 = a, and find the relation 
between r and (X when this condition is satisfied, fx x = /x 2 and jtx 3 is 
negligible. 

209. The coefficients of friction between a sphere and three rods of 

different lengths are juq, /x 2 , /x 3 . The rods are joined at their ends to 
form a triangle, which is held fixed and horizontal. The sphere is 
then placed above the triangle and sustained by it. Prove that if 
a couple is applied to the sphere about a vertical axis, and if it 
just causes the points of contact to move simultaneously along the 
respective rods, then must juq = = /x 3 . 

210. A heavy uniform plank of length 2Z rests symmetrically 
across a rough beam whose section is a semicircle of radius a, and has 
a weight W at each end; it is then carefully tilted without slipping 
through an angle 6. Show that it will rest in this position if a force 
P is applied at the lower end perpendicular to the plank, provided 
that (Z — a 6) sin 6 is not greater than fj.1 cos 0, where fx is the 
coefficient of friction, and find the magnitude of P. 

Show also that with a weight W 1 at the upper and a weight W 2 at 
the lower end the plank will rest at an angle e(= tair -1 /x) to the 
horizon, provided that (Z + ae) + wae= Tr 2 (Z— «e), where w is the 

weight of the plank. 

211. A board of uniform thickness and density can rest on 
a horizontal plane on three studs attached to one of its faces at the 
corners of an equilateral triangle ABC of side a, and its centre of 
gravity is vertically over the centroid of the triangle at a height h 
above the plane. At a point vertically above C\ at the same height 
h above the plane, a horizontal force F is applied to the board in the 
direction from B to C. Taking /x for the coefficient of friction at each 
stud, and assuming that 4 Zi/x < a V^3, find the value of F in order 
that the board may be on the point of slipping, and show that, if F is 
slightly increased, equilibrium will be broken by slipping at B and C, 
A remaining at rest. 

212. A homogeneous solid in the form of a regular tetrahedron rests 
on a horizontal plane, being supported by three small studs at the 
corners of one of its faces, and subjected to a horizontal force P, 
applied to that vertex which is furthest from the plane, in a direction 
parallel to one of the horizontal edges. Assuming that the friction 
is great enough to prevent sliding, prove that the three studs cannot 
all remain in contact with the plane unless the weight of the solid 
exceeds F */6. 
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213. 0 is the centre of a rough ring which is inclined at an angle 
a to the* horizontal. A uniform heavy rod, which is free to move about 
0 (to which one end is attached), rests in limiting equilibrium on the 
circumference of the ring. If the rod is inclined at an angle 0 to 
the diameter of greatest slope, prove that sin 6 = fi cot a, where fi 
(< tan a) is the coefficient of friction. 

Replace the weight of the rod by forces acting at 0 and at the 
circumference : resolve the latter into forces in and perpendicular to 
the plane of the ring. 

214. A uniform thin rod rests with one end on a rough horizontal 
plane and the other end on a rough vertical wall. The angles of 
friction at the ends of the rod are A, A' respectively. The inclination 
of the rod to the vertical is 6 and its azimuth (j) is the angle between 
the wall and the vertical plane through the rod. Prove that: 

(1) (f) cannot be < 90° — A'; 

(2) if 6 3> tan" 1 (2 tail A), the rod can rest in any azimuth which 
is <90°- A'; 

(3) if A + A'>90°, the rod can rest at any inclination, provided its 
azimuth is <£ sin" 1 (cos A' cosec A). 

Determine in the remaining cases the extreme inclination of the 
rod when it rests in a given azimuth. 

215. A rod of length l can turn freely about one end, 0, which is 
fixed, and the other end, P , which is higher than 0, rests against a 
rough vertical wall distant a from 0. Prove that in the position of 
limiting equilibrium the rod is inclined to the vertical at an angle 

. A a I l' z — d L cos 2 e ) 

S1U ~ le)’ 

where e is the angle of friction. 

Let A he the foot of the perpendicular drawn from 0 to the wall, 
AN tlie base of the wall, and PN the vertical through P. P describes 
a circle about A so that the fiiction acts at right angles to A P ; the 
leactions at 0 and P are in equilibrium with IF, the weight. . * . the 
reaction at P lies in the vertical plane APN , and its component 
perpendicular to this plane is zero. 

Otherwise — Resolve parallel to AN and take moments about the 
verticals through 0 and A. 

216. Two uniform circular cylinders of weights IF, 4 IF and radii 
a, 4 a are placed on a plane inclined at an angle cot -1 2 to the 
horizontal, so as to touch along a common generating line, which is 
horizontal, the larger cylinder being uppermost. Prove that, if the 
equilibrium is limiting and the coefficient of friction is the same 
throughout, slipping is at the point of occurring at two of the lines of 
contact, and find the coefficient of friction. 

217. AB is a heavy uniform bar, length a ; the end B is a ring 
which slides on a fixed vertical rod ; the end A is attached by a 
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weightless inextensible string, length l, to a fixed point G in the 
vertical rod; A is the angle of friction between the ring (whose dimen- 
sions may be neglected) and the rod, and l>a>^l. 

Show that two positions of limiting equilibrium can be found by 
the following construction : — A length KL is measured, equal to l , and 
is bisected at M. On LM a segment is made containing the angle 
90°*— A, and the circle completed. With centre AT, radius a, a circle 
is drawn intersecting the former at P 1 and P 2 . Lengths CB 1 and C7i 2 , 
equal to LP X and XP 2 , are measured down the vertical rod from C. 
Then B x and B 2 are the limiting positions of B. 

Carry out the construction to scale when A = 15°, l = 20 cm., 
a — 15 cm., and make a sketch-diagram showing the bar in its limit- 
ing positions and the forces then acting. 

State the length B 1 B 2 as accurately as your drawing allows. 

218. Four rough equal uniform spheres are placed in contact, three 
of them being on a rough horizontal plane and the fourth on top of 
the other three, each sphere touching the rest. Show that, if equi- 
librium is on the point of being broken simultaneously between the 
upper sphere and the lower spheres and also between the lower 
spheres and the plane, then one coefficient of friction is four times the 
other, and find their values. 

219. A circular ring is supported on the surface of a rough sphere 
by three short studs placed at intervals of 120° on the circumference 
of the ling. The line joining the two lower studs is horizontal and 
the highest point of the sphere lies outside the ring. Show that, if 
all the studs are about to slip when the plane of the ring makes an 
angle Of with the vertical, 

2 tan ft {3 sin (of — 0) cos (6- f /3) -f-sinOf cos ft] 

= \ — 3 sin 2 6 { G cos (X cos 6 cos (6 + ft) — 2 sin (X sin ft ] , 

where ft is the angle of friction, and 2 0 is the angle subtended by tlic 
diameter of the ring at the centre of tlie sphere. 

220. A homogeneous solid, in the form of a regular tetrahedron, 
rests on a rough horizontal plane, being supported at the three corners 
on the plane, and is under the action of a force at the remaining corner, 
which is directed parallel to one of its horizontal edges. Prove that 
the resultant of the frictions at the supports passes through the centre 
of the circle on which they lie, and find the vertical reactions of the 
supports. 

221. A uniform cardioidal disk lies on a rough plane, which is 
inclined to the horizon at an angle Of. The disk can turn freely about 
a pin through its pole, and its axis makes an angle ft with the line of 
greatest slope when equilibrium is on the point of being broken. 
Prove that the coefficient of friction is % tan a sin ft and that the 
pressure on the pin acts along the axis of the disk. 

222. A uniform rod of length 2asin0f has its ends on a semicircle 
of radius a whose axis of symmetry is vertical and whose convexity is 
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downwards. Prove that, if jx is the coefficient of friction, and if there 
is a position of limiting equilibrium with the rod inclined at an angle 
6 to the horizon, then /x cos 0 = (cos 2 a — y? sin 2 a) sin0. 

223. A body whose weight is 10 units is placed on a plane inclined 
at 25° to the horizon ; the coefficient of friction between the body and 
the plane is 0-6. Find graphically in magnitude and direction the 
forces which must be applied in the plane to drag the body along the 
plane in directions making angles of 33° with the upward and down- 
ward-drawn lines of greatest slope respectively. State the magnitudes 
of the forces and their inclinations to the line of greatest slope. 

224. Three uniform heavy rods J)A, DB , D( 7 of the same material 
are connected by a smooth hinge at D and rest with their lower ends 
A, B, C in contact with a rough horizontal plane, and a weight W 
hangs freely from D. The rods arc inclined to the vertical at angles 
oq, a 2 , a 3 , and the dihedral angles between the vertical planes through 
them are d 1? A 2 , A 3 . Find which rod will be the first to slip as W is 
gradually increased. 

If equilibrium is broken by the rods BD and CD slipping at the 
same instant, find the coefficient of friction. 

225. Assuming that, when a rough plane joint is in limiting equi- 
librium, the pressure between pin and socket increases continually 
according to some law (the same on each side) from a point of 
minimum pressure to the point diametrically opposite, where the 
pressure is a maximum ; show that the line of resultant action between 
the bars thus jointed together cannot in any case intersect the pin of 
the joint unless the ratio of maximum pressure to minimum pressure 
exceeds (2a + 7r)/(2a — 7r), where a = cot 0 + 0 and 0 is the angle of 
friction. 

226. A square window sash weighing 30 lb. slides vertically in 
grooves. From the two upper corners sash cords are carried over 
pulleys and carry two counterpoises each of 15 lb. Show in a diagram 
the forces acting on the sash when one of the sash cords breaks, and 
find the least coefficient of friction between sash and grooves that will 
keep the sash from sliding down, if all other friction may be neglected. 

227. (i) A rod placed on a uniformly rough table is pulled gently by 
a string attached to one end in a direction perpendicular to the rod and 
in the plane of the table. Find the point about which the rod begins 
to turn. 

(ii) If a circular ring is pulled in the direction of a tangent, prove 
that it will begin to turn about the other end of the diameter through 
the point of contact, and find, in terms of the coefficient of friction, the 
ratio between the force and the weight of the ring when motion is on 
the point of taking place. 

For (i) assume the point sought to be distant k from the C. G. 
Take moments about the C. G. and resolve perpendicular to the rod. 
Show that Ic = a (v^2— 1), if 2a is the length of the rod. For (ii) see 
§ 158, Ex. 14. 
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228. A circular lamina of radius a, resting on a rough horizontal 
table, is pulled by a force in its own plane so that the lamina is on 
the point of motion. If the point about which it begins to turn is at 
a distance £a (k< 1) from the centre, prove that the line of action of the 
force is at a distance ma from the centre, where 

3 mk cn 2 u dn 2 u du = dn 4 w du (mod. k). 

Jo Jo 

See § 158, Ex. 14. 

229. A body, resting on a rough horizontal plane, is acted on by 
forces parallel to that plane which are sufficiently great to overcome 
the friction. Prove that the axis about which it begins to move is 
such that the moment about it of all the forces, frictions included, is 
a minimum; and the condition that the forces are just sufficient to 
move it is found by equating to zero the least value thus found. 

A uniform elliptic lamina rests on a rough horizontal plane ; find 
the magnitude and point of application of the least force which will 
cause it to begin to rotate about a focus. 

See § 158, Ex. 14. 

230. A heavy lamina is placed in a given position resting on three 
given fixed surfaces (X, ft, and y. The surface y is smooth, but X and 

are rough, and their coefficients of friction with the lamina keep 
changing owing to the melting of some paint with which they are 
coated. If the equilibrium, however, remains limiting at (X and [S, 
prove that the different points about which the lamina tends to rotate 
lie on a certain co’ ,; .. 

231. A k^i'iow cylinder of radius a and weight W is placed on a 
v^gli horizontal plane in contact with a rough vertical wall, and on it 
a hollow cylinder of radius b (< a) and of the same density is placed, 
also in contact with the wall. If equilibrium is possible, determine 
in terms of a, b, and IP the frictions and normal reactions at the 
points of contact of the lower cylinder with the horizontal plane 
and of the upper cylinder with the wall and with the lower cylinder, 
the reaction between the lower cylinder and the wall being zero ; and 
prove that the coefficient of friction of the upper cylinder with the 
wall must be not less than unity. 

232. A uniform rod rests with one end against a rough vertical 
wall, and the other end on a rough horizontal floor, the angle between 
the rod and the wall being 20°, and the angle which the projection of 
the rod on the wall makes with the vertical being 10°. Supposing 
that equilibrium is about to be broken by the rod slipping on the wall, 
find the coefficient of friction between the rod and the wall. 

233. A rectangular piece of flexible cloth is on the point of slipping 
over the smooth edge of a rough horizontal table ; prove that the 
overhanging side, which is parallel to the edge of the table, is at a 
depth a sin a/(sina + cos a), where a is the breadth of the cloth and 
tan Oi the coefficient of friction. 
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234. A hollow cone, the equation of whose surface is x 2 /a 2 + y 2 /b 2 
= z l /(Pj is fixed with its axis vertical and vertex downwards. A 
uniform heavy rod, of any length, is placed with its ends on the inner 
surface, which is rough, so as to be parallel to the axis of y. Prove 
that it will rest whenever put, provided that the coefficient of friction 
is <£e/a. 

If PQ is the rod, friction ( F ) acts along tangents to the cone at P, Q 
lying in vertical planes. The equations of such a line at P(x, y , z) 
are (£— x)/z tan 2 OC = (*? — c)/0 = (£■— z)x; and the pressure, R, at P 
acts along the normal (£— x)/x = (?/ — c)/c = — «)/( — cr tan 2 oc). If 

the direction cosines of these lines are/;, q, r ; l, m, n, those of tlie 
corresponding lines at Q are_p,— q, r ; l, — on, n. Resolve these forces 
and the weight along Ox and Oz and obtain tlie relation 


F 2 

R 2 


tan 2 oc 



z 2 tan 2 oc' 


COS 2 0C\ 

tan 2 oc) 5 


an equation for z which always has real roots. Tf /x<cot OC, the ex- 
treme value for F/ It is p. Substitute in the relation found and wo 
get the greatest possible value of z. If /x> cot oc, z may have any 
value, for F/R never reaches its extreme value. 

235. A uniform solid right circular cone whose vertical angle is less 
than 90° rests at a point A of its i ini on a rough horizontal plane with 
the generator through A vertical. Find the magnitude, direction, and 
point of application of the least force which, acting at a point of the 
generator, will keep the cone in equilibrium. Find also the least value 
of the coefficient of friction in order that the cone may rest in the 
proposed manner. 

23G. Show that Ihe work done in slowly extracting a cork, of length 
l and radius r, from the cylindrical neck of a bottle is nfiPPr, where 
/x is the coefficient of friction, assuming the pressure per unit of area 
between the bottle and tlie unextractcd part of the cork to he constant 
and equal to P. 

A heavy plug in the shape of a frustum of a cone exactly fits a 
conical hole of the same size, the common axis being vertical. The 
vertical angle of the cone is 2a and the radii of the circular liases of 
the frustum are a and b. The normal reaction per unit of area being 
supposed constant, show that the moment of the least couple that will 
twist the plug is 

| /x W ( a 2 -f ab + b 2 )/(a + b) sin OC, 

where IF is the weight of the plug and /x is the coefficient of friction. 

The work done = 27 rrPfji f (l—x) c lx. 

JO 

r h 

The moment = (JlR I y . 2inj dy coioc, where 1F= R sin OC X area 
of surface of plug. 

237. Two buckets are connected by a rope which passes one and 
a half times round a rough horizontal axle placed above the mouth of 
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a well. If tlie depth of the well is h feet, the weight of the rope per 
foot w, and the weight of the buckets when full and empty W and W ' 
respectively, calculate the coefficient of friction that there may just he 
no slipping when the empty bucket is at the top and the full bucket 
at the bottom of the well and the axle held fixed. Find the couple 
which must be exerted in any other position of the buckets to prevent 
the axle turning, and hence or otherwise calculate the work done in 
raising the full bucket and lowering the other. 

Show also that, if the axle gets jammed and cannot turn, so that 
the rope must be made to slide round the axle, the work done is 
increased in the ratio 

(TF-f ir+wA)(2r-2jr+^) : 2Tr(ir- ivy 

238. An infinite number of infinitesimal spheres are placed in a row 
on the concave side of an arc AB of a rough equiangular spiral in 
a vertical plane ; the curvature of the arc diminishes from A to B ; 
the tangent at A is horizontal and makes an angle 2 OC with the tangent 
at B, Show that the spheres will be just on the point of slipping 
down if the coefficient of friction between a sphere and the spiral is 
tan oc, and that between any two spheres is infinite, and if the angle 
of the spiral is — oc. 

239. A rigid triangular framework ABC, formed of three uniform 
bars, is suspended from a fixed point 0 by strings attached to the 
middle points 1), E , F of the bars. Show that the tensions of the 
strings OD , OE, OF are to one another as 01) . EF : OE . FT) : OF. 1)E, 

240. Three bars AB , BC , CD, jointed at B and C, are placed 
in a vertical plane, BC being horizontal and above the line AT), which 
is also horizontal, the ends A and D being fixed by smooth horizontal 
pins; the joints A and C are further connected by a bar, and 
the weights of all the bars are negligible. A vertical load of 
112 kg. weight is applied at the middle point of AB, a vertical load 
of 501 kg. at the middle point of BC, and 126 kg. at the middle of CD ; 
given the lengths AB =15, BC = 7, CD = 13, DA =21, calculate 
the stress in the bar AC, 

241. Three uniform rods AB, BC, CD , each weighing 1 lb. and 
of length 5 in., are freely jointed together at B and C, and rest 
in a veitical plane upon a smooth horizontal table at A and D . 
Two fine light strings AC, BD, each of length 8 in., keep the frame- 
work in equilibrium when a mass of 6 lb. is placed on BC at a dis- 
tance I-5- in. from C . Find the tensions of the strings. 

242. Three rods, of lengths 3, 4, 5 in., form a triangle. A weight 
W is hung at the middle point of the 4 in. side, and the whole 
is hung up by a string attached to the 3 in. side at a point 2 in. from 
the right angle. 

Find the reactions at the joints, neglecting the weights of the rods, 
and treating each joint as a point. 

243. Two unequal uniform heavy rods CA, CB are hinged at C, 
and rest in a vertical plane with their extremities A, B on a smooth 
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horizontal table, their middle points being connected by a weightless 
wire EF '* Find, in terms of the weights W, TP' of the rods and the 
angles of the triangle ABC , the reactions at A, B, C and the tension 
of the wire EF. 

Result . Reaction at A = -|TF-f-|(TP4* TP) sin A cos B cosec C ; ten- 
sion in EF = (TP- f TP') cos A cos B cosec C. 

244. A derrick crane consists of a fixed vertical post and a beam or 
jib of the same length jointed to the post just above its foot. A chain of 
half the length of the post or jib connects their upper ends. Another 
chain fastened to the post one-tenth of the way up passes over 
the end of the jib and supports a load of 2.000 lb. 

The weights of the post and jib are each 1,000 lb., and act one-third 
of the way up ; friction and the weight of the chains may be 
neglected. Find, by a graphical or an analytical method, the magni- 
tude and line of action of the resultant of the forces which act acioss 
the section of the post at the ground level. 

245. Three jointed light rods form a triangle, one joint of which is 
connected with a point on the opposite rod by a string whose tension 
is given. Find the forces along the sides of the triangle in terms of 
the lengths of these sides, and of the string and the distances of the 
point of connexion of the string from the adjacent joints. 

246. A bay of a cantilever bridge is represented in skeleton by two 
equal isosceles triangles ABC , DEF , formed of freely jointed bars, 
with their bases AB , DE vertical and supported at the lower ends 
A, D , and having their vertices C, F connected by a rigid horizontal 
platform which is under tension T; the joints A , B, D, E are stayed 
by similar bays on the other side. Find expressions for the stresses 
in the various members due to this tension T and a load TP placed at 
a given point P on CF. 

247. Of three uniform rods AB, BC , CA the two last are equal, 
both in length and in weight. They are freely jointed so as to form 
a triangle ABC . This is hung up by a thread passing under <\ Show 
that the stress at A on the rod CA acts along a line which when 
produced backwards meets the rod BC. 

248. A uniform rod of length 2 c is supported by two light bars, 
each of length 2 a , jointed to it at common extremities, and having 
their other ends hinged to two points distant 2 c apart at the same 
level, the whole system being in a vertical plane, and the light bars 
being supposed to cross each other freely. Trove that, if a 2 < 2 c 2 , 
the rod can rest in a position inclined to the horizontal. 

249. Three uniform rods AB, BC, CD, each of weight w , arc 
connected by smooth joints at B and C , and are supported by strings at 
A and D. Draw a force diagram, and determine the magnitudes and 
directions of the reactions at the joints in terms of w and the inclina- 
tions of the strings to the vertical. Also show that the reactions can 
only be equal if the strings are equally inclined to the vertical. 
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250. A tripod consists simply of three equal legs, V A, VB , VC , 
jointed freely at V, the length of each leg being l. It stands 
symmetrically on a smooth horizontal plane ABC. At three points 
f), A, F, one-quarter of the way clown the legs, inextensihle weightless 
strings, each of length 1/ 8, are attached, and their other ends fastened 
together to support a weight equal to the aggregate weight of the 
tripod. Find, by the principle of virtual work or otherwise, the 
angles the legs make with the vertical in equilibrium, correct 
to 1°. 

If in a similar tripod the points D, E , F were three-quarters of 
the way down the legs, and the strings tliree-quaiiers of the length of 
the legs, and able to pass freely through slots in the plane, the 
weights being as before, show that the tripod would then rest at all 
angles. 

251. A framework consists of three light rods, jointed at their 
ends, in the form of a triangle A BC in which AB =10 in., BC = 8 in., 
and CA = 6 in. The framework is suspended with A B horizontal 
and above C by means of two vertical strings attached to A and B y and 
a load of 50 lb. is suspended from (7. Find, by means of a stress- 
diagram, the tensions in the strings and the stress in the bar AB. Is 
this bar in a state of thrust or tension 1 

Remit . 82 and 18 lb. wt. ; 24 lb. wt. thrust. 

252. In a triangle of rods ABC, connected by smooth joints at 
A , B, C , each rod is connected with the opposite joint by a string per- 
pendicular to the rod, and the tension of each string is proportional to 
the length of the rod to which it is attached. Construct a diagram 
of the tensions of the rods and the stresses of the joints, and show 
that, if Al) is the string attached to BC and 0 the orthocentre 
of ABC , the tension of BC is proportional to 2 AO — 01). 

253. AB , ED are light strings, each of length a, attached to fixed 
points A , E in the same horizontal. BC, CD are uniform equal rods, 
each of length 2 a, freely jointed at C and supported at B and D by 
the strings. If the rods arc perpendicular when in the symmetrical 
position of equilibrium, find the length AE. 


254. Three rods AB, BC, CD, of which AB , CD are of equal length 
a, and all three are of the same uniform thickness, arc freely jointed 
at B , C , and rest in equilibrium with AB, CD symmetrically sup- 
ported by two smooth pegs P, Q in a horizontal line, at a distance 
c apart. Find the height of BC above PQ in the position of equili- 


brium, and if BC = b, prove that b<c< 


2a* + 2ab + b* 
2a + b 


Result. \ {c—b) tan 6 , where 2 a 2 cos 3 6 = (2 a + 6) {c — b). 


255. Forces proportional to the sides BC, CA,AB of a triangle ABC 
act in those sides in the senses indicated by the order of the letters. 
Construct the funicular of which one side is the line joining the 
middle points of AC, AB, the stress in that side being tension of 
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amount equal to the force in the side BC ; and find the stresses in the 
remaining sides. 

256. A quadrilateral is formed by four light bars freely jointed at 
their extremities. It is in equilibrium under the tensions of two 
strings which join the two pairs of opposite vertices. Prove that 
the tensions of the strings are as the harmonic means of the segments 
into which they are divided by one another. 

257. Two equal uniform heavy rods AD, CB, each of weight W, are 
freely jointed at their ends to two other equal uniform rods A B, CD, 
each of weight W\ which cross one another ; and the joints B, D are 
connected by a rod. A load, w , is suspended from A, and the frame- 
work is in equilibrium in a vertical plane, with the points B, D on 
a smooth horizontal plane. Show that the stress in the rod BD 
is equal to ( JF-f W' + w) cos ADB cos ABD cosec DAB, 

258. A B, BC, CD, DA are four uniform rods, freely jointed 
at A, B , C, D to pins which are joined by strings AC, BD in tension. 
The whole is lying on a smooth horizontal table. If the thrusts in AD 
and BC are inversely proportional to the lengths AD and BC, show 
that either A, B , (J, D lie on a circle or AD, BC are parallel. 

259. A BCD is a plane quadrilateral. Given forces P, Q act in 
A B, BC respectively. Determine graphically the forces B, S which 
must act in CE , DA in ol der that the four may reduce to a couple. 
(All forces act in the senses indicated by the letters.) 

Let AB be P units of length. Produce AB to B / so that BB ' = AB. 
In BC (produced if necessary) take C so that the length BC' = Q units. 
Complete the parallelogram BB' IIC'. Draw 11 K parallel to CD and 
BK parallel to AD, Hence 11 K (= R units), KB (= Q units) satisfy 
the given condition. 

260. A parallelogram A BCD of uniform rods of equal weight 
freely jointed, in which a shorter side AD is fixed in a horizontal 
position, is supported by a light string, which joins DB and is 
vertical. Show that the tension in the string is equal to twice 
the weight of a rod, and find the force of compression in the 
rod BC. 

261. Four equal uniform heavy rods loosely jointed together form 
a square. Two opposite corners are connected by a string, and the 
square hangs from one of these corners. Find the tension of 
the string in terms of the weight of a rod, and the reactions at the 
corners. 

262. A rhombus is formed of four equal uniform rods smoothly 

jointed together, each rod being of length a and weight W, and the 
system rests symmetrically with its two upper sides in contact with 
two smooth pegs at the same level at a distance apart equal to 2c; 
a weight w is hung from the lowest point; prove that the inclination 
OC of the sides of the rhombus to the horizontal is given by the 
equation a (4 W+ 2 w) cos 3 a = c (4 W+ w). 
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263. A rhombus PQRS is formed by joining freely four equal 
uniform rods, each of weight W. A fifth uniform rod LM of half 
the length and weight of one of the former rods is freely jointed at 
its ends to the middle points of QR and RS. If the system is 
suspended from the hinge P, find in terms of W the stress at each of 
the hinges at L , M . Result . J WV 30|. 

264. ABCD is a rhombus formed by equal uniform rods hinged 
freely at their ends A , B, C, D. The middle points A’, F of AB and 
BC are connected by a string of less length than a rod. The whole 
is suspended from A. Show that the tension of the string is equal to 
the weight of the four rods ; and find the stress at the hinge C. 

265. AB, BC , CD, DA is a framework of light rods freely jointed 
at A, B, C, D . Points E , F in AB, AD respectively are connected 
by a string in a stale of tension T; points <7, If in BC, CD respec- 
tively arc connected by a light rod ; show that the rod is in a state of 
thrust T\ where 

T_AE.AF_rCG.ClI 
EF AB . AD “ GHCSTCD 

Show how to draw a force diagram from which the stresses at the 
joints can be determined. 

266. ABCD is a plane quadrilateral. Determine graphically 
the ratios of the forces which, acting along its sides, would be in 
equilibrium. 

P, Q , R are three points (not collinear) in AB, BC, CD. Find 
a point S in DA, such that, if PQ, QR, RS, SP are light rods freely 
jointed at P, Q, R, S, they will be kept in equilibrium by forces 
acting at the joints along the sides of ABCD. 

267. Four weightless bars freely jointed at their extremities form 
a plane quadrilateral, and pairs of points on opposite sides are joined 
by two strings in a state of tension. By applying the theory of 
geometrical homograpby or otherwise, find the directions of the 
reactions at the joints ; discuss the case also where only one string 
is tight. 

268. ABCD is a framework of four uniform rods freely jointed at 
A, B,C, D and such that AB is greater than but parallel to CD; and 
BC, CD and AD are equal. The system is suspended freely from 
a fixed point 0 by two equal strings fastened to A and B. Find the 
tensions of these strings, the stresses along the rods AB, CD , and the 
reactions at the hinges C and D, in terms of inclinations of OA, AD 
to the horizontal and of the weights of the rods. 

269. A quadrilateral of freely jointed rods is in equilibrium under 
forces proportional to the lengths of the rods acting normally 
outwards at their middle points. Prove that a circle can be circum- 
scribed to the quadrilateral, and that the stresses at the joints act 
along tangents to the circle. 
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270. A pentagon ABODE is formed of rods freely jointed together 
at the Vertices, and the four rods AB , BO , CD , DE are equal and 
uniform. The rod A E rests on a horizontal jdane and the system is 
in equilibrium with 0 vertically above F, the middle point of AE. 
Prove that, if G is the foot of the perpendicular from B on AO, 

AF . OF. AB 2 = AC * . BG. 

271. Five equal uniform rods, each of weight IF, are freely jointed 
together to form a pentagon ABODE , which is suspended from the 
joint A and maintained in the shape of a regular pentagon by two 
strings joining A to 0 and Zb Show that the tension of either string 
is 2 IF cos 18°. 

272. A framework of five jointed weightless bars AD , DO , OB, 
A O, BD is set up in a vertical plane by fixing the joints A and B at 
two points at the same level, so that the figure ABOD is a trapezium 
with CD parallel to and above AB ; weights JFj and IF^ are supported 
at the joints 0 and D. Taking AD and OB to be of equal lengths, 
and CD to be shorter than AB and to be under a given tension T, 
determine graphically the stresses in the remaining bars. 

273. A frame, in the form of a regular hexagon ABODE F, is 
stiffened by diagonal members AD, FD , CE. The frame is supported 
in a vertical plane by means of vertical pressures at the ends of the 
lowest member AB, which is horizontal ; and there are loads w 1 at F 
and at D (2 w 2 >w 1 ). Draw the force-diagram, and determine 
the forces in all the members of the frame where w x = 3 tons, 
w 2 = 2 tons. 

274. Six light rods AB, BO, OA, BD, CD, CE are freely jointed 
at their extremities so as to form the framework shown in the figure, 
the points D, E being freely hinged to two fixed points in a vertical 
line. Determine the stress in each rod and the reactions at D and E 
when a weight IF is attached to the joint A, assuming that the whole 
system is in a single vertical plane. 

Result . Stresses in AB = IF, in AC = IF, in BO = JF(\/3 — 1), in 
2tD = &WV , 6(V'3-l), in CD = j W (/6 + V2), in CE = 21lV2: 
reaction at 1) — IF-/ 1 1 — 2 \/ 3, at E = 2JF-/2. 
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275. A regular hexagon ABCDEF composed of six equal and 
uniform rods each of weight W , freely jointed at their extremities, 
is just balanced in a vertical plane. The longest rod AB is fixed 
horizontally, and two rigid weightless wires connect A with the 
middle point of CD and B with the middle point of EF . Prove that 
the thrust of each wire is | W /39. 

276. Seven light bars are freely jointed so as to form the frame- 
work shown in the figure, and rest in a vertical plane with A hinged 
to a fixed point and E resting against a smooth horizontal plane, 
a weight W being attached to C. Find the stresses in all the bars, 
marking with a double line those which are in a state of thrust. 

Result. Stresses in BA, BC y ]]]) each = in EC, ED each 

= 21173/3; in AC = F//3 ; in C/) = 41173/3. 

B 



277. ABC EE A is a framework of seven rods of equal weight 2 W, 
such that ABCE and EBCD are both parallelograms ; the framework 
is suspended by vertical strings attached to A and D , AD being 
horizontal; the vertical through B divides AE in the ratio of 1 : 5 ; 
draw a diagram completely representing the tensions and compressions 
of the rods, and show that if a weight 6 n W is attached to the point 
which divides BC in the ratio 1 : 5, the tensions and compressions of 
the rods AE, ED, DC are each increased in magnitude by W n cot AEB 
and those of BE, EC are unaltered. 

Replace the weight of each rod by a weight W at each end, and 
construct the force diagram. Also replace QnW by 5nW at B and 
nW at C. in the force diagram produce the lines representing the 
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stresses in CD and AE to points which aie in the same vertical and 
a distance apait. 


B F 



278. The framework of nine light rods freely jointed together 
represented by the above figure rests on smooth horizontal suppoits at 
A and E , which are at the same level, and is loaded with weights of 
40 cwt. at C and 24 cwt. at D. Show that the pressures on the 
supports are 34 cwt. at A, and 30 cwt. at E, and determine the stiess 
in each rod. 

279. Four rods AE, EC, CD, DA jointed together form a square. 
AE, DE, BF, C7' T aie four more rods, the first two being jointed at E 
and the last two at F. All these eight rods are equal. The joints E 
and F lie outside the square and E is fixed. ED is a ninth rod 
inserted in the framework. A weight W is suspended from F. The 
rods are light and all the joints are frictionless. Draw a force diagram 
exhibiting the stresses in the rods, and find the stresses in ED, ED . 

280. Equilateral triangles EDE, CD F are described externally on 
two adjacent sides of a square AEDC, and nine weightless rods, joined 
together at their extremities by smooth hinges, are placed so as to 
coincide with the eight lines of the figuie and the diagonal EC. Three 
equal weights, W, are attached to the joints A, E, F, and the whole is 
suspended by two vertical strings attached to E and C , EC being 
horizontal. Draw a force diagram showing the sti esses in the several 
rods, and prove that that in EC is ^ WV 3. 

281. AE, AE ', EE', AD, DC, CE , AD', D'C', C'E ' are nine equal 
light rods freely jointed together ; AC, AC' are two equal rods jointed 
at A, C and A, C', of such lengths that the angles ABC , AE'C' aie 
each 150°, the parallelograms being outside the triangle ABE'. The 
system is suspended from C and C', CC' being horizontal, and equal 
weights W are suspended from E , E' , D, D' and a weight 2 W from A. 
Determine, graphically or otherwise, the tensions in the rods. 

282. A framework of coplanar jointed light rods AB, EC, CA , AD, 
DE, AE, EC is such that ABC is equilateral and AD, AE perpen- 
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dicular to AB , AC respectively, and the angles ABD, ACE are each 
60°; thiee equal forces P in equilibrium are applied in the plane of 
the framework at the joints A, D , E , whose directions meet in 0 ; find 
the forces acting along the rods in terms of F. 

283. A X A 2 , A 2 A 3 , ..., A % A X are light rods freely jointed at A x , A 2 , 
A :i , ..., A n and acted on by forces along A A 2 0, ..., the rods and 0 
being in one plane. When the system is in equilibrium, show that 
the stresses in the rods are proportional to the distances from 0 of the 
polar reciprocals of A 1 A 2i A 2 A 3 , ... with respect to any circle with 
centre 0. 

284. If the sides of a force polygon are drawn in a given order, 
find the funicular, derived from it, for which the sum of the squares 
of the stresses in its sides is least. 

285. A light tetrahedral fiamework ABCD is built of six rods 
loosely jointed in threes at A , B , C\ D. A string joining F in AB to 
Q in CD is in a state of tension T and induces stresses in the rods. 
Determine the reactions at A and B on the rod AB , and show that 
the rod CA is in a state of stress whose magnitude is 

T.AC.BF . DQ/FQ . AB . CD. 

(Prove that the action at A on the rod AB must lie in /I Q and that 
at B in BQ. Their resultant must be T in QF. Show that the action 
at A on AB is T . QA . BF/AB . FQ . This is the resultant of stresses 
in AD and AC.) 

286. A polygon is foimed by projecting any polyhedron on a plane, 
and another is formed by projecting on the same plane the reciprocal 
of the first polyhedron with regard to any paraboloid of revolution 
whose axis is perpendicular to the plane. Show that if the sides of 
either polygon are leplaced by thin bars smoothly jointed at the ends, 
this frame will be in equilibrium if the stress in each bar is pro- 
poitional to the corresponding side of the other polygon. 

287. A uniform plate ABCD has the form of an equilateral triangle 
ABD and an isosceles triangle CBD , whose angle BCD is 120°, on 
opposite sides of the same base BD. A heavy particle, whose mass is 
two-thirds that of the plate, is attached to the plate at (7. Show that 
the C. G. of the system lies on BD. 

288. The sides (taken in order) of a uniform quadrilateral lamina 
are 6, 4, 3, 5 inches respectively, and the first side is parallel to the 
third. Find the distance of the C.G. from the first side. 

289. ABCD is a lamina in the form of a trapezium, AB , CD being 
the parallel sides, 2a, 2 6 their respective lengths. Prove that, if F 
and Q are the middle points of AB and CD, and R is the middle point 
of FQ, the C.G. of the lamina coincides with that of masses at F, Q, R 
respectively proportional to a, 6, 2 (a + 6). 

290. Show that the C.G. of a uniform solid tetrahedron coincides 
with that of a geometrically equal tetrahedral wire frame, occupying 
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tlio same position, whoso edges are formed of six wires of equal 
weights ; ako that it coincides with the C.G. of a geometrically equal 
thin tetrahedral shell, occupying the same position, whose faces are of 
equal weights and each of uniform thickness. 

291. Prove that the C.G. of a ring-shaped solid, bounded by the 
surfaces of two spheres, and by two planes each perpendicular to their 
common axis, is on this axis, at a distance from the jioint half-way 
between the planes which is equal to the square of the distance 
between the planes divided by twelve times the distance of this point 
from the radical plane (plane of intersection) of the two spheres. 

292. A solid lead plummet is in the form of a light circular cone, 
3 inches high, surmounting a hemisplieie of 1 inch ladius. Prove 
that the plummet, if suspended from a point in the rim of the common 
base of the cone and the hemisphere, will hang with the generator of 
the cone opposite to this point horizontal, provided there is suspended 
from the vertex of the cone a mass whose weight is q 1 ^ of that of the 
lilummet. 


293. A bowl of uniform thin material in the form of a hemisphere 
(of radius a) is closed by a plane circular lid, of the same material and 
thickness, which has a circular hole (of radius c) cut from it, the 
centre of the lid being on the edge of the hole. Show that if it is 
placed on a horizontal table the plane of the lid will make an angle 
c ^ 

tan” 1 “j with the horizontal plane. 


294. A uniform wire ABCD is bent at right angles at B and C so 
that it forms three sides of a rectangle. Show that, if BC = ABV 2, 
the distance of the C.G. of the wire from A or D will be equal to A B. 

295. A uniform stiaight bar A B, 5 ft. long, is bent at a point C, dis- 
tant 3 ft. from A, so as to form an angle ACB . Prove that, when the 
bar hangs freely from the end A, a plumb-line suspended fiom A will 
cross CB at a distance of 5^ in. from its middle point. 

296. A uniform prism of squaro section ABCD rests on a hori- 
zontal plane with ABCD vertical and AB lowest, and a wedge-shaped 
piece is cut off by a plane parallel to the hoiizontal edges passing 
through the middle point of BC and cutting AB in P . Prove that 
when the wedge is removed the pi ism will fall over unless AF is 
greater than AB (*/ 6 — 2). 

297. A uniform lamina is made up of a rectangle ABCD and an 
isosceles trianglo ABE , whose equal sides are AB , AE. Prove that it 
can stand on the edge BC on a smooth table, provided the area of the 
tiiangle bears to that of the rectangle a ratio not grtater than V^3 : 2. 

298. A uniform triangular lamina ABC which has the angle 
A obtuse can turn freely about A, which is fixed. When weights 

w *3 al © suspended successively from B the system rests in 
equilibrium with the circumcentrc, the incentie, and the orthocentre 
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in the vertical line through A. Find the weight of the lamina in 
terms of w x , w 2 , ic 3 . 

299. From the vertices A, B , C of a triangle, perpendiculars 

AD, BE, CF are drawn to the opposite sides; particles m 2 ,m A 

are placed at D, E , F respectively, and their C. G. coincides with 
the orthocentre ; pi ove that : w 3 : : sin 2 A : sin 2 B : sin 2 C. 

300. (i) G is the C. G. of a triangle ABC formed of rods of unifoi in 
thickness; the density of each of the rods BO, OA , AB varies as the 
distauce from B , C , A respectively and is the same at unit distance ; 
show that the areas of BUG, CGA , AGB are as 

2 b 2 + c 2 : 2c 2 + a 2 : 2 a 2 + 6 2 . 

(ii) A regular tetrahedron of height li lias a tetrahedron of height 
xh cut off by a plane parallel to the base : and when the frustum 

that is left is placed with one of its slanting faces on a horizontal 

table, it just topples over. Show that a? 3 + as 2 -fa? = 2. 

301. The C. G. of the area of a loop of the curve r = a cos 2 0 is at 

a distance 128 2 a/105 ti from the origin. 

302. A uniform lamina has the form of the area bounded by 
the curve ay 2 — a? 3 and the straight line x = y. If it is freely 
suspended from the point corresponding to the origin, find the 
angle at which the straight part of its boundary is inclined to the 
veitical. 

303. Find the C. G. of that portion of the aic of the curve 

+ which lies in the positive quadrant between the limits 

x = a and 2 7 x = 8 a. 

304. The C. G. of the area included between two parabolas which 
have a common vertex and their axes at right angles lies on the 
common chord. 

305. A wire in the form of a plane curve is such that the C. G. of 
any arc lies on the straight line joining a fixed point to the inter- 
section of the tangents at the ends of the arc. Find the density at any 
point of the wire. 

306. Find the C. G. of a circular lamina whose density varies 
as the distance from a straight line in its plane which does not cut the 
circle. 

307. The abscissa at any point of a certain curve, passing through 
the oiigin, is k times the angle which the curve makes with the axis 
of x , and the density at any point is proportional to the radius 
of curvature. If (x, y ) are the co-ordinates of the C. G. of the arc 
joining the oiigin to the point (f, rj), prove that 

£x + i]y= £ 2 + ?j 2 — ktj. 

Prove that x = cot xj/, ?/ = ?/ — k + ^ cot \/f. 

308. The distance from a given point on the axis of the C. G. 
of a plane area symmetrical about an axis, and bounded by two 
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ordinates perpendicular to the axis, is a given function u of the dis- 
tances x , x 0 of these ordinates from the given point ; show that the 
equation of the hounding curve is 

y(u—x) exp. { 

309. A uniform right cone on a circular base is divided into 
two parts by a plane parallel to a generator. Find the C. G. of each 
portion. 

310. A right circular cone is cut by a plane so that the section is 
an ellipse (centre C); prove that the G.G. of the portion of the 
surface cut off between the vertex and the plane lies on a line through 
(j parallel to the axis of the cone. 

311. A homogeneous solid is bounded by the surface 

{x/a)S+(y/b)$H*/<$ = 1 ; 

prove that the C. G. of the portion of it lying in the positive octant is 
at the point ( at , bt , ctf), where 128 t = 21. 

312. Prove that the solid formed by the revolution of the cardioid 
r=« (1 + cos 0) about its axis can rest in unstable equilibrium 
on a horizontal plane with the axis inclined to the vertical at 
an angle sin -1 (5 V 3/9). 

313. Find the C. G. of a solid hemisphere of radius a in which the 
density varies as the distance from the centre of the sphere. 

314. A solid is bounded by half the surface formed by the revolu- 
tion of the cardioid r = a (1 + cos 0) about its axis and by a plane base 
through the axis; prove that the distance of its C. G. from the base 
is t ^ 3 q a, and its distance from the pole, measured parallel to the axis, 
is|«. 

315. The density at each point of the solid bounded by the para- 
boloid b~ 2 y 2 + c~ 2 z 2 = a -1 a, and the plane# = varies as the square 
of the distance from the point (a, 0, 0). Find the position of the 
C. G. of the solid. 

31G. The density at any point of an ellipsoid varies as ?/ 2 s, 
where #, y, z are the co-ordinates referred to the principal planes. 
If an octant is hung up by the centre, find the inclinations of the 
principal axes to the vertical line. 

317. The density at any point x , y , z of the solid ellipsoids whose 
surfaces are determined by the tangential equations, 

b m 2 + c n 2 + 2 fmn -f- 2 g nl + 2 h Im + 2ul -f 2v m + 2 w n + 1 = 0, 

b'm 2 + cn z + 2 fmn + 2 g' nl -f 2 him -f 2 u'l + 2 v'm + 2 w'n +1 = 0, 

is (f) (#). Show that the masses are in the same ratio as the volumes. 

318. The ends of a uniform heavy chain are attached to two fixed 
points A, B. When the chain is hanging in equilibrium the tangents 
to it at its extremities make angles tali' -1 (3/4), tan - ' 1 (5/12) with the 


(«-*) ldu ) = c %: 
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horizontal in opposite senses. Prove that the inclination of the 
straight line AB to the horizontal is cot” 1 (6 log 3). 

(Show that the horizontal distances of A and B from the veitex of 
the catenary are c log 2 and c log -|.) 

319. The weight per foot run of a telegraph wire is w 11)., the 
length of wire between the posts is l ft., a weight W lb. is hung 
at the middle, and the wire sags x ft. in the middle. Prove that the 
tension at the posts is 



320. A suspension bridge has a span of 450 ft., and is uniform, 
weighing 5 tons per foot of length. It is supported by two wiro 
cables, the lowest joints of the cables being 40 ft. below their ends at 
the towers ; the weight of the cables maybe neglected. By consider- 
ing the equilibrium of either half of the bridge under (1) its weight, 
(2) the horizontal pull at the middle of the cables, (3) the pull at the 
end of the cables, find the pull at the middle of a cable and at the end, 
and the inclination of the cable at the end. 

321. A heavy string 70 in. long hangs over two smooth pegs not 
in the same horizontal line. The parts which hang vertically are 
respectively 20 and 25 in. long. Prove that the vertex of the 
catenary formed by the part between the pegs is 28 in. along the 
string from one end and 42 from the other. 

322. A uniform string is suspended from two points in the same 
horizontal and a mass (whose weight is equal to that of a length 2 l of 
the string) is fastened to the middle of the string. If the portions of 
the string make an angle 2 (X with one another, show that the vertex of 
either of the catenaries is at a horizontal distance l tan (X sinh^ 1 (cot (X ) 
from the vertex of the catenary in which the string would hang if the 
mass were removed. 

323. A suspension bridge is formed of a cable, A OB } whose ends A 
and B are fixed at the tops of two vertical posts, AB being a 
horizontal line of length 500 ft. ; 0 is the lowest point of the cable 
and is 50 ft. below AB. The cable is loaded uniformly throughout its 
length at the rate of 2 tons per horizontal foot length. To the tops 
A, B of the pillars are also .attached two back-stays each inclined at 
45° to the vertical. What must be the tension in each back-stay if 
the resultant force acting on each pillar at its top is vertical, and 
what is the tension of the cable at each extremity ? 

324. A string of length 2 l hangs in a vertical plane with its ends 
attached to jmints A and B on the same level, the distance AB being 
equal to 2 a. A smooth heavy ring E can slide on the string and rests 
in a given position, equilibrium being maintained by a horizontal 
force P applied at R . G is the middle point of AB and the vertical 
through li meets AB in N. Show that the ratio of P to W is 
equal to (l 2 -a 2 ) . CN/P . EN. 
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Also if equilibrium is maintained by a force in the line CR, find 
an expression for its value. 

325. A wire rope is fastened to two points at different levels and is 
horizontal at the lower point. The differences of level of four points 
Pit P 2 i P 31 P 4 on the rope at equal horizontal distances a apart is 
observed, and h 12 is the difference of level of P x and P 2 , /* 23 and 
having similar meanings. Prove that the tension at the lowest point 
of the rope is wa/cos\\~ 1 {(h l2 + h l4 )/2h 2 ' i } ) where w is the weight of 
the rope per unit length ; and if the length of the rope is known, find 
the height of the upper end above the lower, and the tension at the 
upper end. 

326. A uniform heavy chain AB has the end A fixed, and the other 
end B can be held at any point on a horizontal line through A. 
When AB is 5 ft., the depth of the lowest point of the chain below the 
ends is one-quarter of its length. Through what distance must B be 
moved in order that the depth of the lowest point of the chain below 
the ends may be two-fifths of its length 1 Result. 2 ft. 

327. Two chains, of linear densities p L and p 2 and of lengths l x 
and l 2J aie tied together at one pair of ends (C), and suspended by 
the other pair of ends from two points A, B at the same level. If the 
junction is at the lowest point of the curve assumed by the compound 
chain, prove that C is at a depth { (^ 2 Pi — h 2 p 2 ) /{Pi ““ f 2) } * below AB. 

328. A uniform chain of length 3 s has its ends attached to small 
smooth rings which slide one on each of two fixed rods in the same 
vertical plane. The rods slope downwards from their point of inter- 
section, making angles of 45° and 60° with the vertical respectively. 
To a smooth light ring sliding on the chain a weight equal to that of 
a length (\/3— 1) s of the chain is attached. Determine the ratio of 
the lengths of the parts of the chain on the two sides of the ring when 
the system is hanging in equilibrium. 

329. A tight rope, one yard of which weighs one pound, is stretched 
between two points distant 30 ft. apart at the same height from the 
ground. The sag of the rope is one foot. Find, to the nearest pound, 
its tension at the points of support. 

330. A uniform chain 10 ft. long, weighing 2 lb. per foot, is 
attached at one end to the top of a vertical post fixed in the bed 
of a stream, its other end being attached to the stem of a boat. The 
stream exerts on the boat a horizontal force equal to the weight of 
15 lb., and the vertical height of the top of the post above the stem 
of the boat is 6 ft. Prove that the horizontal distance between 
the stem and the post is 15 log e (5/3) ft. 

(Prove that c = 15, and that the arcual distance of the top of the 
post from the vertex of the catenary = 91/4.) 

331. AB is a piece of uniform string suspended at A and B , 
the horizontal through the lower of these points B cutting the string 
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again in B'. A portion of similar string, whose length is equal 
to twice the depth of B or B ' below A , is suspended from two points 
in the same horizontal line, whose distance apart is twice the 
horizontal distance between A and B\ and it is found that the tension 
at either point of support is equal to the weight of the former string. 
Prove that, if s is the length of the given string, d the depth of B 
below A y and h the horizontal distance between A and i?, 

h = V (s 2 — d 2 ) log (a/ 2 4- 1)« 

332. (i) A finite length of weightless thread is loaded with an 
infinite number of equal heavy particles at equal distances along it, the 
total weight per unit length being w, and has its ends fixed on the 
same level. Exhibit a force diagram for determining the tension at 
any point; from inspection of it obtain the form of the intrinsic 
equation of the catenary ; and deduce the Cartesian equation, when 
the length is 2 l and the distance apart of the fixed ends is 2 a. 

(ii) Obtain also the intrinsic equation when the particles instead 
of being all equal are of weights varying as their distances along 
the thread from its middle point; and prove that the tangent of the 
thread's inclination to the horizon at a fixed end is 


tan 2 ( j- am — ' ), mod. \ , 
v 2 c / +/o 


^ cB 
where c is given in terms of l and a by 

l = c tan 

'2 c J 


For (ii) show that tan </> oc / sds. Put s = c V tan </> = c tan \j/. 

Jo 

r2xf, 

Then 2 x cj d(2\j/)/Vl — \ sin 2 2\jf. 


333. ABODE is a heavy uniform string of length 4 1. C, B } D 
bisect AEy AO , OE respectively. Particles of weight equal to 
a quarter of that of the string are attached at B and D , and one 
equal to half the weight of the string is attached at C . The ends 
A, E of the string are fastened to two points 2 l apart in the same 
horizontal. Show that the different parts of the string are portions 
of equal catenaries, the common parameter c satisfying the equation 
resulting from the elimination of t and t' between 


t + 1' = b, il = 31 cosh ( t/c ) + a/ 9 1 2 4 c 2 sinh ( t/c ), 
21 = 1 cosh (t' /c) 4 a c 2 sinh (t'/c). 


334. A heavy uniform string of weight 2 w and length 2 l hangs 
freely from two fixed points B, C in the same horizontal plane 
distant 2 a from each other. A second similar string of length l 
and weight w has its lower end fastened to the middle point J) 
of BOy and the upper end A can move freely along a horizontal 
line bisecting BC at right angles. If A is moved slowly along 
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this line from the position of equilibrium, prove that the tangent 
to the second string at D will be horizontal, when and only when 
ABC are the vertices of an equilateral triangle; and find an ex- 
pression for the work done in bringing A to this position. 

Prove that in the position of equilibrium the tangents at D are 
horizontal. If there is a position other than the first in which the 
tangent at D to the string DA is horizontal, then the tangents at D 
to DB and DC must also be horizontal. Prove that the parameters of 
the three catenaries are equal and (from the equilibrium of D) that 
the tangents at D to DA and DB include an angle * 7 r. The work 
done = work done in raising the weights of the catenaries through the 
vertical distances traversed by their C.G/s 
= w [<q {cosh («/cx) — a/Z } -f JZ — §c 2 (cosh (2a/c, A V <S)—2a/lV 3] ], 
where l = c r sink (a/<q) = c 2 sinli (2 a/c 2 V 3). 

335. One end of a light inextensible string of length 2 a is 
attached to a point on a smooth straight fixed wire, which is 
inclined at an angle of 45° to the horizontal. The other end of 
the string is attached to a ring of mass m, which slides on the wire. 
A particle of mass 2 m is attached to the middle point of the 
string. Show that the inclination of either portion of the string to 
the wire when the system is in equilibrium is cot -1 2. 

336. Two pegs are at a distance 20 in. apart in the same hori- 
zontal line. One end of a string is tied to one peg and the other 
end carried over the other peg, the part between the pegs carrying 
a weight of 1 lb. which can slide freely on it. Find the tension of 
the string when the weight is 1, 2, 3, 4, G, 8, 10 in. respectively 
below the line joining the pegs, and represent the results by means 
of a graph. 

Show that this graph has two asymptotes, and indicate their 
position. 

337. An inelastic string is suspended from two fixed points at the 
same level and hangs under gravity ; prove that, whatever the dis- 
tribution of density along the string may be, the tangents of the 
inclinations to the horizontal of the tangents to the curve of the string 
at the two points of support are inversely proportional to the hori- 
zontal distances of the C. G. from the supports. 

338. A rope is stretched between two posts 50 ft. apart on the 
same level. In wet weather it is observed to sag in the middle 3 in. 
below the points where it is tied to the posts, and in dry weather it 
sags as much as 2 ft. 

Assuming the shape of the curve formed by the rope to be 
parabolic, find the pull of the rope on the posts in the two cases, taking 
the rope to weigh 5 lb. 

339. An endless cord passes over two small rough pegs, which are 
at the same level and at a distance 2 a apart. If the tangents at the 
pegs to the two catenaries in which the cord hangs are inclined 
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to the horizontal at angles of 30° and 60°, prove that the distance 
between the lowest points of the catenaries is 

a (2 — Vi) a 

log (2 -f* 7 3) V 3 log *>/ 3 

Determine also, neglecting the weight of the cord in contact with 
the pegs, the coefficient of friction between the cord and the pegs, if 
the equilibrium is limiting in the case considered. 

340. A heavy string fastened to a point on a curve in a vertical 
plane lies along its concave side, the free extremity of the string 
being at that point of the curve at which the tangent is horizontal ; 
find the form of the curve when the pressure at any point varies as 
the curvature. 

341. Along heavy uniform incxtcnsible string is hung over the 
rough convex arc of a cardioid r = a(l — cos0), fixed in a vertical 
plane, the tangent at the cusp being horizontal, and rests in limiting 
equilibrium with a portion at each end hanging vertically. If the 
lengths of these free portions are such that the one nearer the cusp is 
e -irtnna times the other, prove that the angle of friction oc is given by 

the equation 36\/3 (2^~ 7rtana + 1) = 16 cot (X— 35 sin 2a. 

342. A string of mass M and length 2 l under the action of 
gravity hangs in the form of pint of a cycloid, the tangents at the two 
ends being equally inclined to the horizon and at right angles to each 
other. Show that the mass per unit of length at any point of the 
string is A// 2 /)" 3 , where p is the radius of curvature of the string at 
that point. 

343. A heavy uniform chain has its ends fastened at two points on 
a smooth cone of semivertical angle 45°, whose axis is vertical and 
vertex upwards, and rests in equilibrium on the convex side of 
ihe cone. If R is the distance of any point P of the chain from tho 
vertex of the cone, and (/) the angle made by the chain with the 
generating line through P, find the equation in terms of R and <f> to 
the curve assumed by the chain, and deduce its radius of curvature 
at P. 

See § 299. Take the vertex as origin, Oz vertically downwards. 
Let r, \j/ be the co-ordinates of the projection on the plane zx of a point 
P (#, y , s). Then T = w (A — z), Tr 2 d\jf/ds = constant = wk 2 , where 
w = the weight per unit length of the string, and z = r. Hence 
dy\r/dz*/2 = k 2 /zV {z 2 (A— s) 2 — A 4 }. Now suppose the surface of the 
cone developed into a plane and R, 0 the j>olar co-ordinates of P . 
Then \// = 6V 2, R = zs/ 2, and 

tan 0 = RdO/dR = 6 2 //{A 2 (A-2«) 2 -6 4 }, 
where b = Jc*/ 2, A = a>/2. We can deduce for the developed catenary 
the relation (2 a — R)p = b 2 . 

In order to obtain the radius of curvature we may employ the 
formula l/ r 2 = 2 ( D 2 x ) 2 , where DEzd/ds . 
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From the equation of the cone, ft 2 + y 2 = s 2 , we find 2 (xDx) = 2 site 
and 2(ccZ)^ft) = 2zD 2 z+2 ( Dz ) 2 — 1. If then P is the pressure per 
unit length due to the cone, the equations of equilibrium of the string 
are D (TDx) + Pl =0, /I (7 T Zty) + = 0, D (TDz) +Pn + w = 0, 

where Z\/ 2 = cos \p, mv^2 = sin \j/, nV 2 = 1. Multiply these equa- 
tions by a?, y , z and add : we get 

T{ 2 zJ) 2 z + 2 ( Dz j 2 — 1 f -f Pz/V 2 -f wz = 0. 

Now from the equations of equilibrium we get 

Dz = dz/dxlf+ds/jyfr = V {(li—z) 2 z 2 ~k*\ /(h-z) zV 2. 

Differentiate zDz with respect to s and thus obtain the value of P, 

We have further (A —ft) D 2 x = DxDz — (P cos \j/)/ V 2, &c. Square 
and add, noting that Dx . cos \// -f Zty . sin \\r + Dz-= 2 Dz. 


344. A string rests on the upper side (which is entirely concave) of 
a smooth curve in a vertical plane. The mass m per unit length of 
the string varies from point to point, the law of variation and the form 
of the curve being such that the pressure varies directly and the 
tension inversely as m. Prove that the length and the mass of the 
portion of the string between the lowest point and the point where 
the tangent makes an angle (/) with the horizon are respectively con- 
stant multiples of 

/ 1 d\ 2 C 1 . sin + </>)) 

v 1 'smadoc/ (sin a sin|(a- </>)) 

lo„ + 


and (1 — cosa)(- — - — ) { r 

N 1 Vsm <xd(x' (smex 


1 


sin £ 


(<*-<*>)) 


where oc is the inclination to the horizon of the curve’s asymptote. 

Put R = mge, mT = g 2 g, The equations of equilibrium reduce to 
\i 2 dm/ds = — m 3 sin </>, fji 2 d(p/ds = m 2 (cos </> — c). Since 

d(j)/ds>0, . c< 1 = cos a (say). 

Obtain m = m 0 (cos<f> — cos a)/(l — cos a), and hence express ds/d<p 
as a function of (p ; which integrate. 


345. A heavy string whose weight is W rests on the concave side 
of the cycloid s = 4 a sin (p whose axis is vertical and vertex down- 
wards, one end being fixed at the point (p = sin“ 1 \/2/3, and the 
other end free at the vertex ; show that the tension at the fixed point 
is W/V 6, that the string is always iu contact with the curve, and that 
the resultant pressure on the curve is W/V 2. 

(The horizontal and vertical components of the resultant pressure 
are respectively 8 mgaV 2/3 \/ 3 and 4 mga/dV 3.) 

346. The tangent at the highest point A of an arc AB of a rough 
equiangular spiral in a vertical plane is horizontal, and the tangent at 
B is inclined at an angle 2 a to the horizontal ; show that if the angle 
of the spiral is ^ 7 T— a, and the angle of friction is a, a heavy uniform 
chain of length equal to the arc will rest upon it in equilibrium. 
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347. Prove that a string can rest in equilibrium in the form of an 
ellipse under forces (per unit length of the string) fxr r 2 ~* and 
jjL ri ~ir 2 £ from the foci respectively, r l9 r 2 being the focal distances of 
any point of the string, and that the tension is 2fx(r 1 r 2 )£. 

ITse the equation r l -\-r 2 = 2 a and the relations 

i'i/ r i = vJ r -i = r i r 2- 

348. The force at any point in the plane of xy is along and propor- 
tional to the ordinate. Prove that the form of rest of a uniform 
flexible and inextensible stiing with two points fixed in the plane is 
such that the rectangle under tho orthogonal projections of the radius 
of curvature on the ordinate and of the ordinate on the radius of 
curvature is constant; and that, if a 2 is this constant taken posi- 
tively and (0, c) the co-ordinates of the vertex, the equation of the 
curve is c = y cn (a -1 a?), mod. ^a” 1 (4a 2 — c 2 )*. 

We have dT/ds = py sin c/>, T/p = py cos cf). Hence T = 7 T 0 sec (f) 
and p cos (j) x y cos </> = const. = a 2 say. If ?/ 1 = dy/dx, y 2 = dy^/dx, 
then a 2 y x yj \/ 1 + y * = yy x : whence 2 a 2 [ V 1 + y/ 2 — 1 ) = y 2 — c 2 , and 
deb 

x— a \ -- — ■■■ ■ y - , where y — c sec d) and 4 a 2 ft 2 = 4a 2 — c 2 . 

Jo \/ l—Jc* sin 2 (j) 

349. If the fixed ends of a catenary of uniform strength are 
originally in the same horizontal line, and one of them is moved 
horizontally, prove that the chain may rest in the form of the curve 
tanh s/a — sn x/a. 

Will the ends of the chain have been brought nearer together, or 
farther apart 1 

350. Find the form of the closed curve in which a uniform flexible 
inelastic string will rest under a central force varying at any point 
directly as the perpendicular from the centre to the tangent and 
inversely as the square of the central radius vector, it being given 
that A is the constant moment of the tension about the centre, p the 
force at unit distance, and a the distance of an apse from the centre 
of force. Result . A conic with latus rectum 2 h/p, where h = 7^. 

351. A uniform endless chain rests upon a smooth right cone, 
whose axis is vertical and vertex upwards. Show that, at either 
of the points where the chain is horizontal, its tension is equal to the 
weight of a piece of the chain whose length is the vertical distance 
of the other point below the vertex of the cone. 

See Ex. 343. Here tan <f> = oo . 7i! 2 — 2ali + b 2 = 0, and 

R x -f R 2 = 2a or z x + z 2 = A, if z v z 2 are the depths below the vertex 
of the cone of the points at which the chain is horizontal. Thus 
r J\ — w (7i — z/) — wz 2 and T 2 = w (h — z 2 ) — wz v 

352. A heavy string is hung over the rim of a smooth fixed 
hemisphere of radius unity with its axis vertical and vertex down- 
wards, so that one end of the string is at the veitex. If the string is 



APPENDIX. 317 

in equilibrium, find wliat portion of it is not in contact with the 
hemisphere and prove that the total length of the string is 

^ + 1(4+715-73). 

Find the point at which the pressure of the hemisphere vanishes, 
and consider the catenary which begins at that point. 

353. A uniform flexible string rests with every point of its length 
in contact with the concave side of a smooth catenary, the axis of 
which is vertical and the vertex downwards. One end of the string 
lies at the vertex, and the other end is fixed at a point P. The 
length of the string is such that its weight is equal to V3 x the 
tension at P. Prove that the tension at P is equal to the resultant 
pressure on the curve. 

354. A string of infinite length passes through two small smooth 
rings, and is acted upon by a force, which always tends from a 
given fixed point and varies inversely as the power of the 
distance from that point. Show that, if n > 1, the part of the string 
between the two rings is a portion of a curve whose equation is 
r n ~ 2 = a n ~ 2 sin (n — 2) 0. (Prove that p oc r 2n ~\) 

355. A uniform inelastic string with fixed ends is repelled from 
a given plane by a force everywhere proportional to the mass acted 
upon and the distance from the plane. Prove that it assumes the 
form of a plane curve, and that the tension along it varies as the 
product of the distances from two planes parallel to the given plane. 

356. A heavy string fastened to a point on a smooth curve fixed in 
a vertical plane lies along its concave side with its free end at the 
point of the curve at which the tangent is horizontal ; find the form 
of the curve such that the pressure at any point varies as the 
curvature. 

357. A heavy string is in equilibrium in a vertical plane under 
the action of gravity and a central force repelling with an intensity 
proportional to the distance. Show that the resultant of the tensions 
at the ends of any element of the string passes through a fixed 
point 0 ; and find the pedals with respect to 0 of the catenary of 
uniform cross-section and the catenaiy of uniform strength. 

358. A piece of uniform string with its ends fixed is at rest in the 
form of a parabola under a force from the focus. Find the law of 
force ; and prove that if the ends are moved to other fixed points 
(the law remaining unaltered), the new figure of equilibrium will be 
a curve of the system p 2 = r (cp + c ') 2 . 

Use the equation p l = ar, and find jx/2 mr* for the law of force. 
By integration we deduce for the general case T = fx/r* + const. = h/p. 

359. A smooth cylinder, whose cross-section is the complete c)cloid 
generated by a circle of radius a, is placed with its generators 
horizontal and the generator through the vertex highest. A smooth 
string is attached to two points on the highest generator and rests 
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on the cylinder, just reaching the generator through one of the cusps. 
Show that the equation of the curve it assumes may be written in 
the form 


4aC fT/ \ ,„snwcnw) 


where 2 uah ' 2 = kz> the distance between the points of attachment is 
4 ak /2 K/k, and s is the arc and z the horizontal distance from the 
lowest point of the string. 


360. A heavy string is placed in equilibrium on a smooth spheie ; 
prove that if an hyperboloid of one sheet is described having as 
generators the tangents to the string at any two points, and the line 
of action of the weight of the part of the string between these two 
points, then it will pass through the centre of the sphere. 


361. A heavy uniform inelastic string PQ is laid on a rough curve 
in a vertical plane ; show that it will rest if the inclination of the 
chord PQ to the horizontal is less than tan” 1 /a, where \x is the 
coefficient of friction. 

(Let }jl — tan (X. Draw a chord PS inclined at an angle (X to the 
horizon, and let A be the point at which the tangent is parallel to PS. 
The tension, T , at a point R distant s from P along the string, when 
this is about to slip downwards, is given by 

Tervb — wf (sin \j/ — fi cos 


where \f/, =tan ~ l dy/dx, is the inclination of the tangent at R to the 
horizontal, (as, y) being the co-ordinates of R referred to horizontal and 
vertical axes. If ?/ is the vertical distance of R below PS, 7] = y — 
and, since T = 0 at P and at Q, 



= 0 . 


If the tangent at R makes an angle 0 (= a—xj/) with PS, we deduce 
that rQ 

J e? e d7] = 0 . 

Now from P to A dq is negative and 6 is positive, and from A to S 
di] is positive and 0 is negative. Also e^ 0 is greater throughout PA 
than throughout AS. Hence, unless the upper limit 0 of the integral 
is beyond S, it is impossible for the last integral to vanish : so not all 
the available friction is required to keep the string at rest unless Q is 
beyond S.) 


362. One end of a uniform chain of length a -f b is attached to a fixed 
point at a height h about a fixed horizontal plane on which the length 
a of the chain rests in a straight line. The whole chain is in 
a vertical plane, and a is so great that the chain is in limiting 
equilibrium. Prove that 6 2 = h 2 + 2 \xha, where \x is the coefficient 
of friction between the chain and the plane. (The chain reaches the 
plane at the veitex of the catenary.) 
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363. A man wants to support a mass of 10 cwt. by using a few 
turns of rope round a rough horizontal cylinder under which he is 
standing. How many turns will be necessary in order that he may 
not have to exert a greater force than one of 75 lb. weight, the 
coefficient of friction being J I 


364. Hound three cylinders, each of radius a and weight IF, passes 
a light elastic band, which lies in that plane perpendicular to their 
axes which contains their centres of gravity ; the modulus of elasticity 
of the band being 2W/V3. One of the cylinders is held with its 
axis horizontal and the other two are supported below it by the band 
so as to have their axes in the same horizontal plane and to remain in 
contact with the upper cylinder and with each other. Show that the 
natural length of the band cannot be greater than 


/2£ 2 +l 1. 

2tt (x a +i V 0i 


k*-u 

cr — I. 


where fx is the coefficient of friction, and Jc is written for e 6 . 

Let C be the highest point of the band, A one of the points where 
it leaves the upper cylinder to meet a lower cylinder at B and to 
remain in contact with it as far as the lowest point D, and let D' be 
the lowest point of the other lower cylinder. For the natural length 
to be greatest the tension, r l\ must be as small as possible. Between 
A and B the least value of T = 2w/ V 3 = A; natural length of 
AB — a. The natural length of the portion AC = afx ~ 1 log ^(1 +£) ; 
of BD = n/x" 1 log i (1 +F) ; of 1)D' = 2o/(l +k~*). 


365. A uniform inelastic heavy string is fastened at one end to 
the highest point of a rough sphere of radius a, and rests in limiting 
equilibrium, with each element in contact with the sphere and about 
to move at right angles to itself. Prove that the lower end cannot 
be free ; and that, if this end is on the equator, the tension there 
cannot be less than fxica/( 1 — /x), where fx is the coefficient of friction 
and w the weight of unit length of the string. 


366. A rough surface is formed by the rotation of an inverted 
catenary, of parameter c, about its axis of symmetry which is vertical. 
A piece of string of weight w per unit length is tied to a weight W 
which rests at the vertex. The tangent at the other end of the string 
makes an angle a, greater than the angle of friction, with the horizontal ; 
show that the greatest weight which can be tied to this end without 
disturbing equilibrium is [/x WeP‘ a + tvc(eP- a -- sec cx)]/(sin (X — /xcosa), 
/x being the coefficient of friction between tho rough surface and both 
the string and the weights. 

See § 196. From the equations 

E — Tip = io cos \j/ } dT/ds = jx E — w sin \j/ f s = c tan xj/, 
we obtain Te~^ = A — wc e~^ sec where /xJF=A — wc (when 
\/j = 0). Let T' j E' refer to the lower end when a weight TJ V is 
attached and there is limiting equilibrium. Then 

T'+ixE' = ir sin a, E' = IF' cos a. 
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367. A light stiing rests on a rough surface in a state bordering 
on motion, and the form of the string is a geodesic. Prove that (i) the 
friction of the string at any point acts along the tangent to the 
geodesic, and (ii) the ratio of the tensions at any two points is equal 
to exp. j uL<f>, where </> is the sum of the infinitesimal angles turned 
through by a tangent which moves from one point to the other. 

368. One end of a uniform heavy rough string, of length s y is 
attached to a fixed point 0 and the other to a point P f whose 
co-ordinates referred to horizontal and vertical axes through 0 are x, y. 
The string is threaded through a number of minute uniform heavy 
spherical beads, smooth outside but rough in the bore, and these 
beads, which extend the whole length of the string but do not press 
against the points of support, are in limiting equilibrium. If p. is 
the coefficent of friction between beads and string, prove that the 
locus of P may be obtained by eliminating c between the equations 

s 2 — - y 2 6‘ + y tanh (x/c) 2 • i *> / / \ 

— = log — : -+•+-; , s 2 — ir = c sinli 2 (x/c). 

cs * s-yUnh(x/cy J w 7 

[The beads are so small that the 4 line of pressure ’ coincides witli 
the string.] 

369. AB is a heavy elastic string, and 7* is a point on it such that 
AP : PB : : V 2 — 1 : 1. When the string hangs freely from A as the 
point of support, prove that the stretchings of the parts of the string 
above and below P are equal. 

370. Four rods AD y BD y CD, 01) of negligible weight are placed 
so that A, B y C , 1) are the corners of a regular tetrahedron, A , B y C 
being in a horizontal plane and 1) above the plane, while 0 is the 
centroid of the triangle ABC. The rods are of the same material and 
cross-section, and are slightly compressible, and the ends A, By C, 0 
are fixed. A weight IF is supported at D. Assuming that Hooke's 
law holds, prove that the thrust in the rod 01) is l (2 V 6 — 3) IF, and 
that in either of the other rods is /fe (4v^ 0 — 6) IF. 

(If ^=the thrust in O/), and 7 7 1 = that in each of the other rods, prove, 
by resolving vertically for the equilibrium of IF, that IF = T- f- 1\V 6. 
Also, if AD and OD aie shortened by lengths oq and x f we have by 
geometry A D . x 1 = OD . x and by Hooke’s Law 

T = kx/ODy 1\ = XxJAD. 2 T = 3 T v ) 


371. A heavy elastic string, unifoim when unstretched, is enclosed 
in a smooth straight tube inclined to the vertical. The string is 
fastened at its upper end and is allowed to stretch itself under its own 
weight. Prove that the ratio of the stretched to the unstretclied 
length is (1+2 /c/c)i+l : 2, where c is the length of that portion of 
the unsti etched string whose weight is the modulus of elasticity, 
and k is the difference of level of the two ends of the stretched string 
in the position of equilibrium. 

Deduce from (1 + T/ A) dT+^ydy = 0 the equation 
(i ds/ds 0 ) 2 = 1+2 (& — 8 sin (X)/c. 
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372. A circular disk of diameter D and mass m has n slightly 
elastic strings, each of natural length D, attached to equidistant points 
along its circumference; and the other ends of these strings are 
fastened to equidistant points on the circumference of a fixed horizontal 
circle of diameter 3 D. Show that, A being the (very great) coefficient of 
elasticity, the depth below the circle of the position of equilibrium 
of the disk is D y/ 2 my /n\. 

373. An elastic string of length 21 hangs in the form of a catenary 
of uniform strength so that the tension at any point is wa, where w is 
the weight per unit length at the point in the stretched state 
and a is a constant. If the unstretched length 2 1 0 is such that 
l 0 = a tanh (1/2 a), prove that the weight per unit length in the un- 
stretched state is proportional to (a 2 -fs 0 2 ) (« 2 — s 0 2 )“ 2 , where s 0 is the 
length of the arc measured from the strongest point of the string. 

374. A particle of weight W is fastened to the middle point of 
a light elastic string (modulus A). The ends of the string are 
fastened to two points in the same horizontal plane whose distance 
apart is the length of the unstretched string. Prove that each half 
of the string is inclined to the horizon at an angle 6 given by 
tan 6 — sin 6 = W/2 A. 

If the weight of the particle is just sufficient to increase by one- 
half the length of the string when hanging fastened to one end, the 
other being fixed, find 6 to the nearest degree. 

375. An elastic string, whose modulus of elasticity is equal to the 
weight of a length l of the unstretched string, is placed on a smooth 
horizontal table with its ends fastened to two fixed points A, B on 
the table. Each element is acted on by a horizontal force hny at 
right angles to A B, where m is the mass of the element and y is its 
distance from AB . Find the relation between the y of any element P 
and the angles the tangents to the string at P and A make with AB , 
given that the tension at A is equal to the weight of a length c of the 
string. 

Show also that, if the curve along which the string lies is revolved 
about AB, the area of the surface so traced out is 

2ttc(j { (c -f 21) sin ot + c cos 2 Ot log (tan Of -f sec ot)) /hi, 

where (X is the angle between AB and the tangent to the string at A. 

From (1 -f- T/m Q gl) dT+ fan 0 ydy = 0 we get 

hy 2, = yl (1 -f c/T ) 2 — yl (1 + cos OL/l cos </>) 2 . 

The area 


= j* 2 tt y dy / sin $ = 4 7r<jc cosot J (sec 2 </> + c cos Ot /l cos* (j>) d(f)/k. 


376. AB is a uniform light elastic string of natural length 4 a and 
modulus A, C , D points on the string such that, when it is straight 
and unstretched, 2 AG = CD = 2 DB. The extremities A, B of the 
string are attached to two points in the same horizontal plane whose 
distance apart is 4 a, and equal weights W are attached to the string 


1605 
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at C and D . Show that, when the system is hanging in equilibrium, 
the total extension of the string is a (seed— cos 0), where 6 is the 
inclination of the end portions of the string to the horizontal. 

Also find the ratio IF: A in the case where 0 = G0°. 

377. An elastic string, of natural length 2 a, is fastened to the 
extremity of a horizontal diameter of a smooth circle of radius a, 
which can turn about its centre in a vertical plane. The circle is 
turned very slowly until the natural length of the part of the string 
which hangs freely is fa; prove that the angle turned through is 
given by 

log tan (37 r/8) + log tan (77/8 -f <£/4) = 13/2^2, 

the modulus of elasticity of the string being one-sixteenth of its 
weight. See Ex. 382. 

378. A flexible, very slightly extensible, string, uniform when 
unstrctched, hangs under gravity with its ends attached to fixed 
points at the same level and at a distance apart equal to the natural 
length. Prove that the tension at the lowest point is approximately 

equal to ( 3 - E W 2 )i, where E is the modulus of elasticity and W is 
the weight of the string. 

With the notation of § 190, if 21 = the unstrctched length of the 
string, the required tension = m () gc, JF= 2 ni 0 gl 3 E = m 0 ga, x = Z 
when s 0 = Z; .-. Z = Jc/a + c log (l/c + Vl+ P/c 1 ) and 

g/A 1 (1 — Z/a) = Z/c+ a/ 1 + l 2 /c 2 q.p. 

Expand and show that 6c ;i = «Z 2 q . p. 

379. The ends of an elastic string, unifoim when unstretched, arc 
fastened to two points A and B in a smooth horizontal jdane on 
which the string rests in equilibrium, under the influence of a force 
perpendicular to AB , while the coefficient of elasticity A is equal 
to the component of the tension parallel to AB. The force per unit 
length of unstrctched string at a distance y from AB is 



where b is the maximum value of y. Determine the Cartesian equation 
of the curve in which the string lies and show that 

6{r(l/4)} 2 = 2tt2 AB. 

380. The cross-section of a heavy flexible and elastic string made 
of homogeneous mateiial, whose density p and modulus of elasticity E 
are unaltered by stretching, is a cosh ps at distance s from its 
centre when unstretched, a and p being constants and p > g p/E, 
where g is the acceleration of gravity. Its unstretched length being 
2 Z, find the distance between the joints in the same horizontal plane 
to which its ends must be fastened for it to be uniformly stretched 
when it hangs freely, and show that it then hangs in the curve 

(p-g p/E) y = log sec (p-g p/E) x. 



APPENDIX. 323 

[In estimating tensions, do not neglect to consider the variation of 
the cross-section.] 

381. A perfectly flexible incxtensible string is in equilibrium under 
forces per unit length which are derivable from a potential V . Prove 
that the form of the string is such that f V ds taken along the string 
has the minimum value consistent with the given length of the string. 

A heavy elastic string hangs with its ends fixed at two points, 
distant 4 a tan y apart in the same horizontal line, in the form of 
a parabola of latus rectum 4 a, the modulus of elasticity being 
n times the tension at the vertex of the parabola. If the string is cut 
at the vertex, and either part is allowed to take up its position of 
equilibrium, show that the c stretching ’ of this part is 

a [tan 2 y— 2 ft (see y— 1) + 2 ri l log {(^-f-sec y) / (n - f 1)}]. 

382. The upper end of an elastic string, whose modulus of elasticity 
is k times its weight, is fastened to a point on the rim of a rough 
wheel whose axis is horizontal, and the lower end is fastened to 
a weight equal to K times the weight of the string. Initially the 
string hangs freely under the action of its weight only, the weight 
at its lower end being supported by a horizontal plane, and the 
diameter through its uj)per end is horizontal. The wheel is now 
turned slowly so as to stretch the string. Prove that the weight will 
not begin to rise until the weight of the string not in contact with the 
wheel is reduced to V (K + k)*+ l + 2k —K—k times the weight of 
the string, and find the angle through which the wheel must be turned, 
the friction being sufficient to prevent any slipping of the stiing on 
the wheel. 

Let a be the unstretched length of the string ; mag its weight. 
The vertical distance, 7t, from the weight to the centre of the wheel 
= a + a/2k. If h 0 = unstretched length of the vertical string when 
the tension at the end just = Kmag , we get h = h 0 + h 0 2 /2ak + Khjk 
and also = a + a/2k\ whence h 0 . 

Let l 0 = unstretched length of the vertical string when the tension 
at the end = \xmag ; then h = l 0 + 1 0 ~/2 (tk + M The turn of the 
wheel through an angle dO stretches this into a length h + cdO and 
alters /x into /x-J-d/x. Hence we obtain cJQ = aUdv/k , where 

v = fx + k, U — — v + V v 2, + 2k + 1 . 

Express dO/dU as a function of U and integrate. The limits of fx 
are zero and K : whence kcO/a = (1 — u 2 )/ 4 u — (2k + 1) log u, where 
u = V (K 4- kf + 1 + 2k— k — K. 

383. An elastic string lies in a smooth tube whose form is an 
equiangular spiral, and is acted on by a force to the pole varying 
inversely as the cube of the distance. One end of the string is fixed 
at the point of the spiral at which r = a, and its natural length would 
extend to the point r = 7 a/10. Show that in that position of equili- 
brium in which it is stretched least, it extends to r = ci/2, provided 
that the modulus of the string is equal to the force on a natural 
length a of the string concentrated at a distance a. 

y 2 
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384. The ends of a uniform rod of length 16 in. and maBS 7 lb. are 
attached by similar elastic strings, each of natural length 9 in., to two 
fixed points, so that, when the system is in equilibrium, the rod and 
strings form three sides of a square. A variable couple, whose axis is 
vertical, now acts upon the rod so as to turn it very slowly round. 
Find the angle through which the rod has turned when it has risen 
through 2 in., and, in foot-pounds, the work done by the couple. 

Result 90°. Work done by couple in raising the rod = 7/6 ft. lb., 
in stretching the string = 4/3 ft. lb. : total 2*5 ft. lb. 

385. A weightless elastic string of length a hangs vertically. One 
end of the string is attached to the rim of a perfectly rough wheel, 
whose axle is at a height a above the ground, and the other end is 
attached to a weight IV which rests on the ground. The weight W is 
just sufficient to stretch the string to double its natural length. If T 
is the work done in slowly turning the wheel until the weight leaves 
the ground, and T' the additional work required to wind up all 
the string, show that T = (1 — log 2) T\ 

386. A flexible elastic band surrounds in the plane of their centres 
three equal spheres which are in contact with one another on a smooth 
horizontal plane. A sphere whose radius is one-third of the radius of 
either sphere, when placed on the top of the spheres touching them all 
three, causes the lower spheres to be on the point of separating. 
Prove that the tension of the band is one-third of the weight of the 
upper sphere. 

387. A smooth paraboloid of revolution is placed with its axis 
vertical and vertex upwards ; upon it is placed a heavy elastic string, 
of unstretched length 2 7r c. Prove that the string, when in equili- 
brium, rests in the form of a circle of radius 4 tt ac A/(4 7 r a A— c W), 
where W is the weight of the string, A its modulus of elasticity, and 
4 a the latus rectum of the generating parabola. 

388. One end of a heavy elastic string is fastened to the highest 
point of a smooth sphere and the other to a mass whose weight 
is equal to the modulus of elasticity of the string and also to the 
weight of a length of the unstretched string equal to the diameter of 
the sphere. The mass thus supported rests in contact with the sphere 
in a horizontal plane through the centre. Find the unstretched length 
of the string and the force exerted by the sphere on an element at the 
highest point. 

389. The ends of a heavy elastic string, which lies on a smooth 
sphere, are fastened to two fixed points at the same level on a vertical 
great circle of the sphere, and the lowest point of the string is at 
the pole of the great circle. Obtain a differential equation connecting 
0, </>, where the centre of the sphere is origin, 0 is the angular distance 
from the vertical, and (j> the azimuth measured from the vertical plane 
through the origin and the lowest point of the string ; and show how 
the length of the string could be determined if its modulus of elasticity 
and mass per unit unstretched length are known. 
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390. A heavy uniform elastic string hangs in equilibrium over two 
smooth pegs in a horizontal plane. Prove that, if the tangent at 
any point at a distance x from the line of symmetry of the catenary 
makes an angle \j/ with the horizon, then 

, 1 +sin\k x 

log ~^r + * tan * = c 

(where c and k are constants), and that the free ends descend to a 
depth c (1 below the vertex of the catenary. 

An elastic stiing is formed of such material that the density p is 
\ix exp. {x/a), and the modulus of elasticity kp(a~-x)/x } at the point 
whose distance from one end of the string when unstretched is a?, a 
being the natural length of the string. Prove that if the string is 
hung up by this end it will be uniformly stretched. See § 199. 


391. A very slightly extensible string, which is uniform in its 
natural state, is suspended from two fixed points and is acted on 
by gravity alone. If A is the coefficient of elasticity and w the 
weight of a unit length of the unstretched string, show that the form 
of the string is approximately given by the equation 


w _ wr 

y = u ~ 2X**+or* w » 


2K l ' 


where u = c cosh x/c and v = c sinh x/c, and c is a constant. 

392. A smooth tube of small section is in the form of a semicircle 
of radius a whose diameter is vertical. In the tube is an extensible 
string (uniform when uustretched) attached at one end to the highest 
point. If the other end just reaches to the lowest point of the tube, and 
the modulus is equal to the weight of a length 8 a/3 of unstretched 
string, show that the natural length of the string is 

2aS2/5F(\/3/5,±Tr), 

and find the point of the tube at which the reaction between the 
string and the tube vanishes. 

393. If three forces, not in the same plane, acting on a particle are 
represented by l . OA, m . OB, n . OC respectively, their resultant is 
repiesented by (l+mfn) OG , where G is the point whose areal 
co-ordinates with respect to the triangle ABC are l , m, n. 

394. A rigid body is acted on by three forces, each of magnitude 
P ; their lines of action are y = 0, z = a ; «= 0, x = 0 ; x =a, y = a ; 
and their directions are the positive diiections of the axes, which are 
rectangular. Prove that they are equivalent to a force P along the 
axis of x , and a force PV 2, whose line of action is x = 0, z = a. 

395. Three forces each of magnitude P and acting in the positive 
directions of the axes have as their lines of action 


2/ = — a) s = — a) x = —al 
z = a) x = a) y = ay 

prove that they are equivalent to a force Pv^3 at the origin and 
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a couple. Find also the magnitude and direction of the axis of this 
couple. 

396. Forces P, Q, R act in the lines 

( x + a\/(-l ) = ( y—b)/m = (a— o)/n, 

(x — a) /l = (y + &)/( — m) = (z— c)/n } 

(x—a)/l = (y—b)/m = (« + c)/(-w), 
where l, n are direction cosines, and the senses of the forces are 
indicated by the signs of the denominators. Prove that, if the system 
is statically equivalent to a single force, S{P“ 1 (6»i“ 1 — cw” 1 )} = 0. 

Assuming this condition to be satisfied, find the line of action of the 
resultant, and show that it meets the line 

(x—a)/l = (y—b)/m = (z—c)/n. 

397. Six foi ces P . PC', Q . CA, R . AB, P' . DA , Q ' . DB, R ' . DC 
act along the edges PC', CA, AB , PA, PP, PC' of a tetrahedron. 
Show that if P . P'-f § . ()'-{- P . R f = 0, the six forces are equivalent 
to a single force or a couple ; and that if they are equivalent to 
a couple, P' = R— Q , Q' = P— P, 7i' = Q—P. 

398. Three forces act along the lines 

a? = y — z—a = 0 , 2 / = z—x — a = 0, s = x—y — ci = 0. 

Prove (1) that they cannot reduce to a couple ; (2) that, if they reduce 
to a single force, the line of action lies on the surface 

# 2 + 2/ 2 4-2 2 — 2yz — 2zx— 2xy = a 2 . 

399. A BCD is a face of a cube ; A P', C", P' the other extremities 
of the diagonals of the cube which pass through A, P, C\ P respectively. 
Forces of magnitudes 1, 2, 2, 7, 4 act along P(7, CD, DB\ B'G\ C'D' 
respectively ; show that they are equivalent to a single force. 

400. Prove that a force P can in general be resolved into six com- 
ponents, one along each edge of an arbitrary fixed tetrahedron. 

If the tetrahedion is VABC and the given force P meets VAB , 
VAC in If , K respectively, prove that, if X is the component along 
BC , the ratio of X . BC to P . IIK is equal to that of the projections 
of VUK and VBC on a plane perpendicular to A V. 

401. When a system of forces is reduced to two, represented by two 
straight lines which do not meet and are not parallel, the volume of 
the tetrahedron of which these straight lines are opposite edges 
is known to be constant. 

If the shoitest distance between the two forces is one edge of 
the tetrahedron, show that the figure intercepted by the tetrahedron on 
a plane through the central axis of the system perpendicular to this 
shoitest distance is a parallelogram whose area is GR ab (a + 6)^ 3 , G 
being the central couple, R the resultant of translation, and a , b the 
shortest distances of the central axis from the two forces. 

402. Two generators of one system of the hyperboloid 

a 2 /a 2 + y 2 /b 2 —z?/c 2 = 1 

meet the plane z = 0 in the points A and O, and two generators 
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of the opposite system meet the same plane in the points B and D such 
that AB is parallel to CD. Forces, whose components parallel to the 
axis of z are equal, act at A, B, C, D along these generators. Show 
that they have a single resultant. 

403. Show that any system of forces may be represented by six 
forces acting in the edges of a tetrahedron and proportional to those 
edges, and give a construction for such a tetrahedron having one vertex 
at a given point. 

404. Forces P u P 2 , P 3 , P 4 , P 5 , P 6 act along six non-intersecting 
lines L v L%, Z 3 , Z 4 , Z- fl , L 0 , such that P v P 2 , P 3 , P 4 forma system 
in equilibrium, and P 3 , P 4 , P 5 , P 6 are also in equilibrium. Show 
that L lt Z 2 , Pg are generators of the same kind of a conicoid. 

405. If forces P, Q , ft, P f , Q', ft ' along the edges BC, CA , AB, 
AD , BD, CD (whose lengths are a, b, c, a', b', c') of the tetrahedron of 
reference of tetrahedral volume co-ordinates, have a single resultant in 
the line of intersection of the planes 

l(X + mft + ny+pb = 0, I'oi + n'y+p'b = 0, 
prove that 

P/a(lp'—l'2>) = Q/b(mp' —m'j)) = ... — P f /a\mn' -~rnn) = 

Deduce, or otherwise obtain, the two conditions that six forces 
acting along the edges may be equivalent to a force along the above 
line and a couple. 

406. Show that three conditions are necessary and sufficient to 
secure that forces P, Q , ll } P', Q\ ft' along the edges BC, CA, AB, 
DA, DB, BC, respectively, of a tetrahedron may be equivalent to 
a couple ; and find a set of three conditions. 

If the conditions are satisfied, prove that the plane of the couple 
makes with DA, DB, DC, respectively, angles whose sines are pro- 
portional tO p Q ft 

DA BC' DB CA* DC ~AB ' 

Any three of the four conditions 
P'/DA + Q'/DB + ft’/DC = 0, ft/AB-Q/CA-P'/DA = 0, 
p/BC-ft/AB - Q'/DB = 0, QIC A - P/BC-ft'/DC = 0, 
are necessary and sufficient. If these conditions are satisfied, the 
plane of the couple passes through D and through the resultant of 
P, Q , ft, the trilinear equation of which referred to ABC is 

Pot + Q3 + fty = 0. 

407. A system of forces which is in equilibrium is such that the 
force acting at (x v y x , has axial components (JT ls Y 1 ,B 1 ). 

If each force of the system is resolved into two forces, one parallel 
to, and the other perpendicular to, Oz, show that, in order that the 
two systems of forces parallel to Oz and perpendicular to Oz may be 
separately in equilibrium, we must have Y,zX = 0 and S»F= 0, 
i.e. in addition to SJT = 0, &c., and 'EtyZ—zY) = 0, &c. 
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408. A system of n forces is such that a typical force acts at the 
point ( x r , y ri z r ) and lias components (X r , Y r , Z r ). Show that, if 
the points of action are rotated round the axis of z and the forces 
remain unaltered in magnitude and direction, the couple on the 
resultant wrench will have a stationary value when 

n n 

2 2 Or-O (Z r X a -Z a X r ) + { Ur -y a ) (Z r Y t -Z, 7 r )] = 0. 

r~l i=l 

409. Forces whose magnitudes are constant and whose directions 
are fixed in space act at fixed points of a rigid body. X y Y, Z are 
the components, referred to rectangular axes fixed in space, of the 
force acting at that point of the body whose co-ordinates, referred to 
rectangular axes fixed in the body , are x , y, z. Prove that whatever 
point in the body be chosen as origin, it is possible so to choose the 
axes fixed in the body and the directions of the axes fixed in space that 

2Xy = 2Xz =2Yz=2Yx= 2Zx = 2Zy = 0. 

410. Show that a given wrench can be represented in an infinite 
number of ways by pairs of equal foices with shortest distance along 
any chosen line which cuts the axis at right angles, and that the lines 
of action of all such forces lie on a fixed hyperbolic paraboloid to 
which the axis of the wrench is normal. 

411. Show that the central axes of two wrenches of pitches p and 
p f will intersect if 

XV + YM' + ZiV + X'L + Y'M + Z'N = (p + /) (XX' +YY'+ ZZ'). 

If three wrenches of given pitches having three given concurrent 
axes are such that the pitch of the resultant wrench is given, show 
that the axis of the resultant wrench is parallel to some generator of 
a fixed quadric cone. 

412. Wrenches of constant but different pitches have their axes 
along three mutually perpendicular intersecting straight lines. If 
they are equivalent to a single force, find the locus of the line of 
action of this force. 

A wrench of given pitch is equivalent to a set of forces whose lines 
of action are generators of the same kind of a hyperboloid of one 
sheet. Prove that the axes of all such wrenches lie on a hyperboloid 
whose cyclic planes coincide with those of the given hyperboloid. 

413. Four forces act along four generators of the same kind of 
a conicoid. Show that they cannot be equivalent to a couple unless 
the conicoid is a paraboloid. 

(Replace the couple by an infinitesimal force, P, at an infinite distance 
in the plane of the couple. Then ■— P at infinity and the four forces 
are in equilibrium. Show that the four generators are parallel to the 
same plane.) 

414. Find the line of action and the magnitude of the resultant of 

three forces which are represented in magnitude and direction by the 
lines from the origin of rectangular co-ordinates to three points 
(*i. Vv *i)> (* 2 . « 2 ), 0*3, Vi, -a)- 
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415. The positive directions of the axes of co-ordinates being 
inclined at angles of 60°, the equations of three lines are 

V = a 2 = a ^ x — a 

2 = — a 5 x = — a 5 y — — a 

\ particle is acted on by three attracting forces directly pro- 
portional to its distances from these lines and along the perpendiculars 
drawn from it to the lines, the absolute intensity of the forces being 
the same. Find the position of equilibrium. 

416. OA, OB , OC are three mutually perpendicular lines of 
lengths a, b, c respectively; complete the parallelepiped of which 
they are edges, and let O' be the corner diagonally opposite to 0. 
h ind the pitch of the screw to which forces represented in magnitudes, 
lines of action, and sense by the lines AC , CO', O'B reduce. 

417. 2 n equal forces P act at the vertices of a regular polygon in the 
plane of xy along generators of the same system of the hyperboloid 
(x 2 + y 2 )/ a 2 — 2 2 / c 2 = 1 . Show how to replace them by four equal 
forces, two parallel to each of the planes of xz and yz , along generators 
of a rectangular hyperboloid of revolution. 

Let the direction cosines of the generator through (x' } y\ 0) be 
(A, fx, v), where A/a sin 6 = p/( — a cos 6) = v/c = l/\/ a 2 -f c 2 . The 
central axis being the 2 -axis, the resultant force is 2 nPv, and the 
resultant couple is 2P (fix'— Xy') = 2 nPa 2 / Var + c 1 in the negative 
direction. These must be identified with \Q/V2 and 4 Qa'/V2, if 
each of the equal forces = Q. Hence Q and a'. The hyperboloid is 
a 2 + y 2 — 2 2 = a 4 /c 2 . 

418. Forces acting along generators of a conicoid reduce to a single 
force. Show that forces of the same magnitude acting in the same 
sense along the corresponding generatois of any confocal conicoid 
reduce to a single force. 

Note. If ( x } y , z) is any point on a generator of the conicoid whose 
semi-axes are a , 6, c, then the point ( a'x/a , b'y/b, c'z/c) will lie on the 
corresponding generator of the conicoid whose semi-axes are ct', V , c . 

419. Generators of the same system are drawn on a hyperboloid 

•C 2 *ij 2 Z 2 

a 5+ P~c* == 1 

from points on the principal elliptic section corresponding to equal 
indefinitely small increments d<f> of the eccentric angle, and equal 
forces P d <j> act in each generator all in the direction making z 
increase. Prove that the system of forces can be represented by two 
equal forces along the generators at the extremities of the major axis 
of this section, each equal to 

2 { (^ 2 + c 2 )/(a 2 -f c 2 ) }i KP, 

where K is the complete elliptic integral of the first kind, modulus 
V{(a 2 ~6 2 )/(a 2 + c 2 )}. 



330 


APPENDIX. 


The axial components of the force acting in the generator 
(as — a cos <p)/a sin <f> = (y—b sin <£>)/( — b cos (j>) = z/e 
are X = Pd<j>a sin </)/?, F = — Pd(j)b cos </)/Z, ^ = Pd<j>c/l, where 
l 2 = a 2 sin 2 </> + i 2 cos 2 <#> + c 2 . Show that 2 JT = 2 F = 0, 

2^ = 4 Pc d(\> t 'V a 2 + c 2 — (a 2 — & 2 )cob 2 </> = 4 PcK/*/a 2 + <?, 

_ r2rr , 

2Z = 2A/ = 0. EN = -Pa& / rf^/l = -iFabK/Jtf + c*. 

Jo 

Now in the second arrangement let eacli force = © ; then X' = F' = 0, 
= 2 <?c/r, where F 2 = & 2 + c 2 . Equate 2T' to EZ and X' to 2X. 

420. Any three forces X } F, Z act along the lines whose equations are 



Write down the equations of their central axis. 

If R is the resultant force and JcR the moment about the central 
axis, show (1) that k must lie between — a and 2a; (2) that, for 
a given value of k i the central axis is a generator of a fixed hyper- 
boloid of revolution. 

The equations of the central axis are 

{a{Y+Z)-yZ+zY\/X= ... = 

Eliminating X, F, Z we get 

— {k + «) 2a? 2 + a (Ex) 2 -f (k + a) 2 (2 a — Jc) = 0. 

Take new axes so that the new a?-axis is normal to the plane 2 a? = 0. 
The surface generated is 2/ 2 + ^ 2 — a? 2 (2a — k)/(a + k) = (a -f &)(2a— k), 
the generators of which must be real. 

421. A body under the action of a given system of forces is kept in 
equilibrium by two more forces, whose magnitudes are in a given 
ratio, and one of which has a fixed point of application. Find the 
locus of the line of action of each. 

422. Show that a system of forces acting along the generators of 
one class of a hyperboloid of one sheet cannot be kept in equilibrium 
by a system of forces acting along generators of the other class. 

423. Prove that, if a system of forces is reduced to two forces, the 
shortest distance between the lines of action of the two forces meets 
the central axis and cuts it at right angles. 

424. At every point of a fixed right line which is perpendicular to 
the central axis of a system of forces and meets it, a straight line is 
drawn representing one of two forces to which the system can be 
reduced; show that the locus of its extremity is Rxy + Kz~KR, 
K and R being the central couple and resultant of translation, and 
the central axis and fixed line being axes of z and x respectively. 
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425. The shortest distance between the axes of two screws is c, 
the angle between them is a, and the pitches are p, q . If wrenches 
act on these screws, show that : 

(1) the axis of the resultant wrench intersects the shortest distance ; 

(2) the pitch of the resultant wrench is 

cosec Ot {p cos 0 sin (a — 6) + q cos (a — 6) sin 0 ± c sin 0 sin (a — 0 ) }, 
where 0 and (X — 0 are the angles made by the axis of the resultant 
wrench with those of the component wrenches. 

Let the forces be R x along Ox, R 2 along y = x tan cx, z = c. Find 
X, Y, Z, L , M, N. The axis of the resultant wrench is given by 

{pR x 4- qR 2 cos a — cR 2 sin cx 4- zR 2 sin a) /(. R x 4* R 2 cos cx) 

= {qR 2 sin OL + cR 2 cos cx — c; (R x 4- R 2 cos cx)} /R 2 sin (X, 
and — xR 2 sin a + y {R x + R 2 cos ex) = 0. 

The pitch = 2ZA r /2LY 2 . Substitute and simplify, noting that 
R x /{x sin ex— y cos ex) = R 2 /y = (R x 4- R 2 cos oc)/x sin ex 
and tan 0 = y/x . 

The line of action of R 2 might be y = setanex, z = — c. 

426. Two wrenches, of pitches p and q and force intensities P and Q 
respectively, are equivalent to a wrench of pitch r. If vr is the pitch 
of the wrench which is equivalent to P and Q , prove that 

[ip — q ) 2 ) 

r d ir + ( l d rv + rd pt = OT j — - +d M j, 

where <2 mn denotes the shortest distance between the axes of wrenches 
of pitches 7n and n. 

Let R be the resultant force, and put d pq = c, d rp = — x, d qr = x — c. 
Prove that = p 2 + <32 + 2 p# C os (X, ct7i >2 = cPQ sin a, 

?’72 2 = pP 2 4- 9$ 2 4- {(p + q) cos (X 4- c sin cx } 7 J (), 
as/2 2 = (j) — <7) P$ sin a 4- ((? 4- P cos cx), 

and substitute in {p (x — c) — 7.T 4- rc } 7i )2 . 

427. A rigid body, acted on by wrenches, of respective force- 
intensities P x , P 2 , on screws of pitches p 15 p 2 , receives a small twist 
d(o on the screw p x ; prove that the work done by the forces is 

(2P 1 p l + P 2 'ur l2 )du, 

where ar 12 = (p x 4 -p 2 ) cos ® — A sin d, 

7a being the shortest distance between the axes of the screws and 0 
the angle between them. 

Hence, or otherwise, show that, if R is the force intensity and p 
the pitch of the resultant of any number of wrenches, 

R*p = P* Pl 4- P 2 p 2 4- ... 4- 7 i 1 7 > 2 ^ 12 4- ... . 

If a rigid body is acted upon by a wrench about a screw cx, we can 
find in the following manner the work done by giving the body a small 
twist about another screw /3. 

Let AP and Ox (Fig. 238) represent the screws (X and /J, respectively, 
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their pitches being p a and pp. Let the force in the wrench be P, and 
the angle of rotation about be do) , while 6 is the angle (§216) between 
the screws. 

.Replace the force P and the couple P ,p a by their components at 
the point A parallel and perpendicular to Ox. The components of the 
couple are Pp a cosd and Pp a sin0; and these we may suppose trans- 
ferred to the point 0 . The components of the force are P cos 0 and 
Psind. Transfer these to 0, introducing (§ 202) the couples 
whose axes along Oy and Ox are Ph cos 0 and —Ph sin 0, where 
h = OA = shortest distance between the screws. Hence the given 
wrench is replaced by a force P cos 0 acting along Ox, a force P sin 0 
acting along Oy, a couple Pp a cos 0 — Ph sin 0 whose axis is along Ox, 
and a couple Pp* sin 0 + Ph cos 0 whose axis is along Oy. For the 
displacement of translation p$do) along Ox the only work done is 
P cos Oxppdo), which is due to the first component force; and for the 
rotation do) round Ox the only work done (§ 201) is 
(P]) a cos 0 — Ph sin 0) do), 

which is due to the first component couple. Hence the whole work 
^ one * s P[(^ a +Pp) cos 0 — h sin 0 ] do). (a) 

The expression in brackets is called the virtual coefficient of the two 
given screws. 

This virtual coefficient may be denoted by sr a/3 . Then 'cr aa = 2p a , 
V 0 = 0. 

For the second part we use the fact that the work done by the 
wrench ( U , Bp) in twisting a body about any screw through any angle 
is equal to the sum of the works done by the component wrenches in 
the same twist. 

Thus 2 Bp = P i tsr 01 + P^^ + . . . , where ct oh = (p +2h*) cos 0—h sin 0 . 
Now consider a twist about the screw (1) ; then 

P^Ol = 2P 1 2 ? l + ^2 OT 12 + P 3 'OTi3+ — > 
and similarly for 'sj 02 , &c. Elimination of / & oli tjj 02 , ..., gives the 
result. 

428. Prove that, if four wrenches, all of the same pitch, form 
a system in equilibrium, then the four forces and the four couples 
each separately form a system in equilibrium. 

429. Prove that, if the axis of the wrench which is the. resultant 
of wrenches on five given screws passes through a fixed point, it must 
always lie in a fixed plane. 

430. Find the locus of the axis of a wrench which is the resultant 
of wrenches on two given screws. 

Prove that, if the axis of the wrench which is the resultant of 
wrenches on five given screws lies in a fixed plane, it must pass 
through a fixed point. 

431. If o) is the angle, d the shortest distance, between two screws 
of pitch a and b respectively, and the conic is described whose equation 
referred to axes parallel to those screws is ax 2 -f vsxy + by 2 = 1 , 
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where m = (a + b) cos o> — d sin co ; prove that the pitch of the resul- 
tant of wrenches on the given screws varies inversely as the square 
of that radius vector of the conic to which its axis is parallel. 

What is the meaning of the expression tb ? 

See § 219 and Ex. 427 (above). 

432. Three forces and one couple act on a solid body; under what 
circumstances can they produce equilibrium ? 

433. A, B , C, D, E are five points not all in one plane. Prove 
that five forces acting along AB, BC, CD, DE , and EA cannot be in 
equilibrium. 

434. 0, O' are fixed points on two given lines, and the lines of action 
of five forces, whose components in a direction perpendicular to the 
two given lines are Z l , Z 2 , ... , intersect these lines in points 
B v P 2i ••• > B\i B ••• respectively. Show that if the forces are in 
equilibrium 2Z . OB . 0'B f = 0 ; and, conversely, that if this relation 
is true for all positions of 0 and O', the forces are in equilibrium. 

435. Each force of a system is turned about an axis perpendicular 
to the Poineot axis through a given angle, the points of application 
remaining fixed. Prove that the locus of new Poinsot axes for 
different values of the angle of rotation can have its equation put in 
the form z 2 (x 2 + y 2 ) = k 2 x 2 , where k is a constant. 

436. A funicular polygon is in equilibrium under the action of 
forces acting at the corners, the components of the force acting at the 
r tl1 corner (x r , y r , z r ) being X r , Y r ,Z r . If a new polygon is con- 
structed such that its sides are conjugate to those of the former with 
respect to x 2 + y 2 + z 2, + 1 = 0, prove that it will be in equilibrium 
under the action of forces such that the force at the r*h corner is 
( L r , J/ r , N r ), where 

L r ==r y r Z r z r Y r ; 3T r = z r A r x r Z r j A r = x r I ,• — y r A r . 

437. A system of forces, whose directions in space are fixed, acts at 
assigned points of a rigid body. The body, being so placed that the 
forces have a single resultant, receives an infinitesimal displacement 
about an axis through a point on this resultant. Show that, if the 
axis of rotation lies in a certain plane, the forces will still have 
a single resultant. 

438. Three points are taken on the axes of x, y, z respectively 
distant a from the origin. Forces B , Q, B act at those points in 
planes perpendicular to the axes and in directions making angles 
0, </>, \j/ with the axes of z , x, y respectively. Prove that if these 
forces reduce to a single resultant, the lines of action of the forces 
and the resultant will be generators of the surface 

2 [(cos 0 — sin 0) \(x 2 —ax) sin </> cos \j/ + yz sin \// cos <#>}] 

=(cos 0 cos <p cos — sin 0 sin (j) sin \j/) {Y,yz— Sarc + a 2 }. 

We have AT = $ cos (/) + A sin \J/, &c. ; L = a (Q sin </>— A cos \j/) f See . 
Hence for a single resultant 2 Q R cos (</> + = 0. In this case the 
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resultant acts along the central axis. Write down the equations of 
this axis, and prove that the resultant acts along a generator of the 
surface 


z sin 0—y cos 0 — {y — a) sin (f> ( z — a)cos\l / 

(x—a) cosd x sin (f)-—z cos (f) — (z — a) sin\^ =0. 

— (x— a) sin 0 (y— a) cost/) y sin \j/ — x cos \j/ 

From this determinant we observe that the linos of action of 1\ R 
lie on the surface. 


439. The components of the force acting upon a particle when it 
is at the point (x, y, z) are respectively 


(X 


1 $ 

)x' 



y 


ch#> 

a*’ 


when Oij y are positive quantities ; prove that, if (f) is a maximum 
when x=zx 0 , y = y 0 , z = z 0 , then (r» 0 , y 0 , 2 0 ) is a position of stable 
equilibrium. 


440. The cross- section of a cylindrical body is the curve p = /(s), 
where s , p are arc and radius of curvature, and the centre of gravity 
is on the normal at (p, s) at a distance h from its foot. Prove that, 
if the cylinder is placed on a rough horizontal plane with this normal 
vertical, it will not be in stable equilibrium (1) if/(s) <h, or (2) if 
f(s) = h and f (s) ^ 0 ; and examine cases when /(a) = h } f (s) = 0, 
and f'(s) 0. 


441. A uniform hemisphere of mass m and radius having 
a mass on' attached to the centre of its circular base, rests in equili- 
brium with its vertex in contact with the top of a rough sphere of 
radius ka. Determine in terms of m and Jc the value m' that the 
equilibrium may he neutral to a first approximation, and investigate 
its true character. 


442. A uniform elliptic cylinder, with flat ends at right angles to 
its axis, rests between two fixed smooth planes which make angles 
4*71 + a with the horizon towards the same side and intersect in 
a horizontal line to which the axis of the cylinder is parallel. Taking 
4a<7T, prove that, in order that there may be two positions of stable 
equilibrium, the eccentricity of the principal elliptic section must not 
be less than sec a \/cos 2 a. 

Let the planes be those of yz and zx , the latter being inclined to 
the horizontal at the angle 0C ; and let the ary-plane pass through the 
0. G. {0) of the cylinder. Let the normals at the points of contact 
intersect in I (jp, ^). The equation of the cylinder is 

x^/jP + ZXxy/pq + yt/q^ — Zx/jo — Zy/q+l = 0 

(where A 2 < 1) and G is {p/(l + A), q/( 1 + A)}. If, then, A = 0, the 
points C and / coincide, and the major axis of the cylinder is parallel 
to one of the planes. If these are both stable positions, a slight dis- 
placement must in each case raise the C. G. Hence, if 2a, 2b are the 
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major and minor axes, p — a + t, q = b—u, where t, u are small 
quantities of the first order, both the inequalities 

(;;cosa + 2 'sin(x)/(l +A) > a cos a + b sin a, 
al)d (p sin a +q cos a) /(1+ A) > a sin a + 6 cos a 

must hold. If the second is satisfied, the first will be. Now 
f* + 9*= (« 2 + 6 2 )(l+A)2; .-. at = bu + (a* + b*)A, 
small quantities of the second order being neglected. Also 
pq = a6v / (l + A) 3 (l-A), 

since the area of the ellipse is unaltered. .•. ab + bt—au = ub (l + 2 A) 
and bt — au = 2 Xab. Hence 

{ a + t ) sin a -f (6 — u) cos a — a (1 + X) sin a — b(l +A) cos a 

= (u + A b) (a sin a — b cos Oi)/b. 

a sin a > b costt, which gives the required result. 

If, on the other hand, A 0, then GI, which passes through the 
origin, must be vertical. This involves the equality p sin Oi — q cos Oi } 
and the positions of unstable equilibrium can be determined, o. g. 
by finding the inclination of the major axis to the axis of x . It will 
be seen that a sin a must be greater than b cos Oi in order that this 
angle may be real. 

443. A solid in the form of a portion of a paraboloid of revolution 
is placed with its vertex resting upon a horizontal plane, and is so 
loaded that the centre of curvature at the vertex coincides with 
the C. G. Determine whether the equilibrium is stable or unstable. 

444. Show that a heavy uniform solid cylinder, whose cross-section 
is the cardioid r = a (1 — cos 0), will rest in equilibrium on a 
perfectly rough plane inclined to the horizon at an angle tan” 1 -^, 
with the generator corresponding to 6 = it/ 2 horizontal and in 
contact with the plane, and show that the equilibrium is unstable. 

The C. G. is distant 5 a/6 from the cusp and the normal at the 
point of contact makes an angle ^7 r with the radius vector. 

445. A uniform rod of length 2 a rests in a vertical position with 
its lower end on a smooth surface of revolution, and passes through 
a small smooth ring which is fixed at a distance h from this end. 
In this position the rod lies along the axis of the surface ; the 
concavity of the surface is upwards, and p is the radius of curvature 
of the meridian curve at the point of contact. Prove that the position 
is stable if h 2 > cip. 

446. A segment of the uniform spheroid a; 2 * 2y 2 + 2 - 2 =a 2 rests 
with the vertex (a, 0, 0) in contact with a fixed rough horizontal 

Determine the length of the axis of the segment for which the 
equilibrium (for a slight rolling displacement) is apparently neutral, 
and show that it is really stable. 

Result . ^a(5 — V 7). Taking a 2 b 2 = J p (a 2 cos 2 \j/ + b 2 sin 2 \^)^, prove 
that (< i/ds) 2 p “ 1 is negative when \// = 0. 
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447. A heavy circular cylinder of radius a rests in equilibrium inside 
a fixed perfectly rough cylindrical surface, the generating lines of 
both surfaces being horizontal. If the section of the fixed surface has 
the form of the catenary s = c tan \j/, where s, yjr are measured from 
the lowest point, and if the circular cylinder touches it along its 
lowest generator, and has its centre of gravity at a height 4 a/3 verti- 
cally above that generator, show that the equilibrium is stable unless 
c is greater than 4 a. 

When the tangent at the point of contact is inclined at a small 
angle \j/ to the horizon, s = c (\|/ + ^\|/ 3 ) and the C. G. of the cylinder 
has risen through a vertical distance 

c (sec \j/ — 1) + a sin (s/a) sin (s/a — \j/) 

+ (*! a + a cos s/a) cos (s/a — \f/) — 4 a/3 

which reduces to (4a — c) (c — a)\p/Ga-f higher powers. This is > 0, 
if a<c< 4a. If c = a or 4a, the coefficient of \j/* is > 0 and the 
equilibrium is stable. 

448. A circular cylinder of radius a is fixed and a perfectly rough 
cylinder of radius b is placed in equilibrium on it; the axes of the 
cylinders are horizontal and inclined to one another at an angle OC ; 
show that for displacements between the planes 

x = 0 and (b + a cos 2 a) x = ay sin 2 a 
the equilibrium is stable, the axis of z being the common normal 
and the axis of y the highest generator of the fixed cylinder. 

449. A homogeneous ellipsoid, whose semi-axes are a, b, c (a>b>c), 
is placed upon an equal and similarly situated ellipsoid, so that their 
least axes are in the same vertical line; prove that, if a~ 2 + b~ 2 = <r 2 , 
the equilibrium is stable, unstable, or neutral, according as the dis- 
placement of the centre of the first ellipsoid takes place in the plane 
of a, c or of b , c, or that bisecting the angle between those planes. 

Let c = a sin a = b cos a, where 0 < a < l 7r. The height of the C. G. 
above the point of contact is c. The radii of curvature of the first two 
sections are a 2 /c, b 2 /c, i.e. c cosec 2 a, c sec 2 (X , respectively. The former 
>2 A, .*. the equilibrium is stable; the latter <2c, /. unstable equi- 
librium. The third radius of curvature is ihe H. M. of the other two 
and can be shown to be equal to 2 c, .*. neutral equilibrium. 

450. A body rests in equilibrium under the action of gravity with 
ono point in contact with another fixed rough body, and the equations 
of the surfaces of the two bodies referred to the point of contact 
as origin, and the common normal as axis of z , are 

2 s = acc 2 + 2 hxy -f by 2 -f ... , — 2 s = a' x 2 + 2 lixy + b'y 2 + ... . 

Show that in discussing the stability of the system we may replace the 
lower body by the tangent plane at the point of contact, and the upper 
body by a body the equation of whose surface is 

2z = (< a + a f) x 2 + 2 (h + h')xy+ (b + b') y 2 + ... , 
and whose C. G. is at the same point as that of the body replaced. 
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A homogeneous ellipsoid whose axes are a, b, c (a > b > c and 
2 b 2 > a 2 -f c 2 ) rests in equilibrium with an umbilic in contact with the 
rough surface of a fixed sphere. Determine the least value of the radius 
of the latter which is compatible with the equilibrium being thoroughly 
stable. 

451. The density within the surface expressed in polar co-ordinates 
by the equation r = a + b cos 0, where b is small compared with a, is 
given by the formula p( 1 where p is constant and 

k(s 2 a 2 — 5) = (s 2 v 2 — 5) bs 2 r cos 0 exp. {^s 2 (a 2 — r 2 )}, 

s being a constant such that b/a is small compared with s 2 a 2 — 5. 
Neglecting & 2 , prove that the C. G. is at a distance from the origin 
equal to 5b/(s 2 a 2 — 5), and that one of the equipotential surfaces is a 
sphere of radius a with its centre at the C. G. 


(N.B. — In many of the following examples the gravitation constant , y, 
has been omitted , i, e . assumed to be unity .) 

452. The rim of a uniform plate is the curve 
z = 0, x 2 /a 2 + y 2 /b 2 — 1 ; 

find the potential of the plate at any point of the hypeibola 
y = 0, x 2 / (a 2 — b 2 ) — z 2 /b 2 = 1. 

Slight reflection will show that we cannot deduce the desired result 
from equation (19) of § 344 by assigning an infinitesimal value to c, 
for the superficial density would not be uniform. In fact, at a point 
( x , y, 0) it would be a multiple of the thickness of the (infinitesimal) 
stratum at that point, i.o. of 1 — x 2 /a 2 — y l jb 2 . If, on the other hand, 
we obtain for an external point the potential of a heterogeneous 
ellipsoid whose strata of equal density are similar to, and concentric 
with, the ellipsoid, we can without difficulty deduce the potential of 
a uniform plate. (The student may consult with advantage Routh, 
Statics , vol. ii, §§ 239, 251.) 

The potential of the plate, supposed of uniform superficial density 
equal to unity, at the point (a?, y, z) is 

y = y/fd tjdi)/ \/\x — £) 2 + (y — TJ y + a 2 

taken over the area of the ellipse £ 2 /a 2 -f- ?] 2 /6 2 =1. By the substitu- 
tions f = via cos u } i j = mb sin u } this can be transformed into 

V = aby ff mdmdu/V (x—ma cos u) 2 + {y—mb sin uf + z z , 

the limits of m being 0 and 1, and those of u being 0 and 2i r. Now 
the substitution tan \ u = (p + q tan ^r<f>)/(l +r tan |</>), where p , q , r 
are suitably chosen, reduces this integral to a form analogous to that 
for the potential of a homogeneous ellipsoid at an external point ; but, 
as the corresponding values of cos u and sin u are of the forms 

(a cos <l> + a' sin (f> + a") /(y cos </> f y' sin $ + y ") 
and (/3 cos <f) -f /3' sin (f> -f /3") / (y cos <£ *f y' sin $ + y") 

Si 


180S 
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respectively, it is convenient to make use of these. From the 
identities cos 2 u -f- sin 2 u = cos 2 </> + sin 2 </> = 1 we find that 

a 2 + / 3 2_ y 2 _ a /2 + / 3 /2 -/2 _ _ a * 2_£*2 + > /'2 - ;,2 say> 

and olol' + /3/3' — yy' = aV + /3'/3" — y'y" = <x n OL + /3"/3 — y"y = 0. 

Since, however, we may divide by It every term of the numerators 
and denominators of eos u and sin u , we introduce no limitation by 
putting h = 1. (N.B. — Here y is not the gravitation constant.) 

Now, substituting for cos u and sin u, we obtain 

(; x — ma cos u ) 2 -f (?/ — si n u ) 2 + s 2 

= (6r cos 2 </> + 6" sin 2 (f> + G") / (y + y' cos </> + y" sin <#>) 2 , 

where G<x 2 + G'ol /2 + £"a" 2 = m 2 a 2 , #£ 2 + G'p' 2 + &"/3" 2 = m 2 6 2 , 
Gy 2 + G'y' 2 -f G"y" 2 = x 2 -\-y 2 + z 2 , -G/3y-G' py' -G” P'y '' = -mty, 
-Gyot-G'y'oL'-G''y"(x" = -Tnaz, Gap + G'ot'p + <?"a"/3" = 0. 

By virtue of the preceding identical relations between the constants 
these conditions lead to 

(# — m 2 a 2 ) OC-f warcy = 0, ( G—m 2 b 2 ) /3-f m&?/y = 0 

— raaasa — 7?*&?//34-(£4-a3 2 -f ?/ 2 -f c 2 )y = 0. 

In order that these equations may be consistent, —G must satisfy 
a cubic equation in 0, viz.: x 2 /(in 2 a 2 + 0) + y 2 /(rn 2 b 2 + 6) + z 2 /0 = i. 
Similarly, — G\ +G" can be shown to be roots of this equation, which, 
if a > b, has one positive and two negative roots. Hence G " is the 
positive root. 

Since a, Oc', i(X n ; /3, /3', 7/3" ; — ?y, — iy\ y" satisfy the conditions 
for an orthogonal system of direction cosines, we can easily prove that 
du = d(f)/(y cos </> + y sin </> -fy"). Accordingly 

F = 4 aby f mdm f d(j)/(G cos 2 </> + £' sin 2 </> + £")£, 

the limits of m being 0 and 1, and 0 and \ i r those of </>. 

Now write t for G" cosec 2 </>-f G r cot 2 </> and simplify. We obtain 

V = 2 aby f mdm f dt 
Jo J e 

/\/ 1 (t + iii 2, a 1 ) (t -f m 2 0 2 ) { 1 —x 2 / (£ + fra V) — t/ 2 /(£ + ?/i 2 6 2 ) — £ 2 /£ j , 

where 0 is the positive root of the equation 

x 2 / (0 + m 2 a 2 ) + if/ (0 + m 2 b 2 ) + z 2 /0=z 1 . 

The value of the integral with respect to t will not be altered if we 
write m 2 t for t and m 2 0 for 0. This modification gives for the ex- 
pression under the radical 

t (i t + a 2 ) ( t + b 2 ) [m 2 - x 2 / (t + a 2 ) - y 2 / (t + b 2 ) - z 2 /t ] , 
while 0 is now the positive root of the equation 

x 2 / (0 + a 2 ) + y 2 / (0 + b 2 ) + s 2 /0 = m 2 , 
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and is obviously a function of m. We may, however, invert the order 
of integration and obtain 

F=2a6y|~ j* dt \/ m 2 — x 2 / (t + a 2 ) — y 2 / (t + b 2 ) — z 2 /t 

/-/<(< + a 2 ) (< + 4 2 ) ij\ 

the legitimacy of the inversion being apparent if we differentiate this 
last integral with respect to m. The term depending on the limit 0 
is, namely, 

— \/m 2 — cc 2 /(0 + a 2 )— y 2 /(0 + b 2 ) — z 2 /0 . dO/dm\f 0(6 + a 2 ) (0 + 6 2 ), 

which vanishes in virtue of the equation which defines 0 . Completing 
the integration, and noting that, when m = 0, 0 = oo , we finally obtain 

r™ 

F = 2 abyj dt\/l—x 2 / (t + a 2 )—y 2 /(t + b 2 )—z 2 /t/\/t(t + a*)(t + l 2 )> 
where 0 is defined as above. 

In the present case y = 0, cc 2 /(a 2 — 6 2 ) — : 2 /& 2 = 1. Using these 
relations we can deduce that 

l- x y( a 2 + t)-y 2 /(h 2 + t)-z 2 /t = (& 2 + 0 (*-- 2 a 2 /£ 2 )/<(« 2 + *) 
and that 0 = z 2 a 2 /b 2 . Hence 

F = 2a6y I dtV t — O/L (a 2 + t) = 2 7ry (\/ s 2 + & 2 — s), 
which is independent of a. 

In a Paper by Cayley ( Proceedings of the London Mathematical 
Society , vol. vi) an equivalent result is obtained by another method. 
As this is frequently applicable to problems involving plane attracting 
areas, an outline may be given here. 

The hyperbola of the question is the focal hyperbola of the quadric 
x 2 /a 2 + y 2 /b 2 + z 2 /c 2 = 1 when c — > 0. Hence any point P on the 
hyperbola determines with the ellipse a right cone of which the axis 
is the tangent to the hyperbola at P. The potential of the ellipse at 
P is given by F = y f r 2 da)/z, where do) is the solid angle subtended 
at P by an element of the ellipse, and r the distance of the element 
from P. 

Now take P as origin, the tangent as the axis of z\ and the axis of 
y' in the plane drawn through P parallel to the plate. If then a is 
the angle between the axes of z and z\ the ellipse lies in the plane 
x ' sin OL + ~ cos ( x=s. Substitute r sin 0 cos <f) for x\ r sin 0 sin </> for ?/, 
r cos 0 for s', and sin OdOdcf) for do ) . Then we find r from the 
equation r (sin (X cos </> sin 0 + cos a cos 0) = z } and the integral for F 
has to be taken over the whole spherical aperture of the cone, i. e. from 
0 = 0 to 0=0, and from c/> = 0 to <f> = 2 7r. After somewhat 
laborious calculations it is found that 

F = 2iryz (cos Ot/\f cos 2 a — sin 2 0— 1) = 27ry (V c 2 -f b 2 — z), 
as before. 

z 2 
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453. Prove that the potential of a circular ring of radius a, 
density p, and small transverse section £co at an external point (x } y) 
in the plane of the ring is 

p 00 ^ 

2ypabcd ^0/\/0(d--/x) (0-f- a 2 ), 

J n 

where fx = x 2 + y 2 — a 2 . 

(Prove that 

V=4ypa deb/ */ r 2 — a 2 sin 2 <b, 

Jo 

wheie r 2 = x 2 + y 2 f and then put r 2 cot 2 </> = 0— p.) 

454. Of all the points within a triangle and in its plane, that 
at which the potential of the perimeter is least is the centre of the 
inscribed circle. 


455. Show by the use of the potential that the mutual attraction 
along their shortest distance of two infinite uniform lines at right angles 
is 2 7 t, the mutual attraction of unit lengths at unit distance being 
unity. 

456. Prove that the potential of the six faces of a cube at the centre 
of the cube is A/y{6 log(2 + V 3) — 7r}/a, where 2 a is the length of a 
side and M the mass of a face, supposed infinitely thin. 

This potential may he deduced in the following manner from the 
result of § 325, Ex. 3. The attraction of a square plate, of side 2 a 
and mass A/, at a point on the perpendicular at the centre, is 
yMa~ 2 sin" 1 \a 2 / (/<, 2 + a 2 )}, where h is the distance of the point from 
the plate, and this expression = — dV'/dh , if F is the potential of the 
plate. Since F = 0, when h= oo , we have at the centre of the cube 

F — yMa~ 2 J dh sin" 1 {a 2 / (A 2 -fa 2 )}. Put h = ax , and integrate 

by parts. We obtain 

aV'/yM = prsin" 1 1/(1 + x 2 

or, if (1 + x 2 )z = 1, 

aV'/yM = — 7 r/6-f J dz/*/ z + z 2 = — 7r/6+ log (2 + */ 3). 

Hence for the six faces 

V = 6 F = My 1 6 log (2 -f \/3) — 7 r} /a = kftf /a, say. 

We may deduce the potential of the whole cube in the following 
manner. The potential of the six faces of a cube of edge 2a? is 
4x 2 pdx . Ic/x. Integrate this from x = 0 to x = a, and let M = 8 paJ 
be the mass of the cube. The result is 

Mlc/4a = My\Q> log (2 + V3) — tt} /4a. 

It is expedient to exhibit another method, which is of considerable 
importance for the treatment of this type of problem. 


)Ji + 2 xdx/{ 1 +x 2 )*/ 2 + x 2 , 
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Let 0 be the centre of one face, P any other point in it, C the 
centre of the cube, R = OP, r = CP, </> the angle between OP 
and a side of the square, a* the density. Then r 2 = A 2 4- a 2 , and 
V = §oyffrdrd<\>jr, taken over the face. If OP intersects in Q 
the fiist e dge whic h it meets, the limits of r are CO (= a) and 
CP (= a*/ sec 2 (j>+ 1 ). Also, the limits of (p being 0 and 2 tt, it will 
be seen that we may integrate from 0 to J 7 T, and then multiply the 
result by 8, thus dividing the squaie face into eight isosceles right- 
angled triangles. It can further be proved [by putting tan </> = t 
and (* 2 + 1) ?/ 2 = * 2 + 2], that 



/ V sec 2 </>+ 1 dep = log {(1 + V 3)/V 2} +7T/6. 

Hence we obtain the result kM/a as above, where M = 4 act 2 . 

In order to obtain the potential of the cube at C, let do) be the 
solid angle subtended at that point by the element dS at P, where 
CP = r. Then V = §y/J'fpr 2 drdo)/r = 3 yp ffi*do). Now the 
volume of the cone with vertex C and base dS can be expressed both 
in the form ^ adS and as ^r^do). Hence V = 3 apyffdS/r taken 
over an external square face, and this, by what precedes, is equal to 
3a p . 4a 2 ^/6a = A//c/4a, if M is the mass of the cube. 

By means of either of the preceding methods we may find the 
potential of the cube at one of its corners A, The second mode of 
procedure may be found instructive. 

As before, V = %yp J'fr l do) taken over the six faces. For the 
three faces which meet in Ada) = 0, and for each of the others 
Jfr l do) is the same. .*. V = |yp./yV 2 t/a) = %ypf J'2adS/r = 3 pax 
the potential at A of the square face supposed of superficial density = 1. 
Now ffdS/r = f/EdEdt/VIS + M, where E, (p are the co-ordi- 
nates of a specimen element referred to the corner nearest to A as pole 

ru 

and to a side as initial line. We have again to use / v seo 2 (/>+ ld<p, 

Jo 

and we finally obtain yM log {6 log (2 + V 3) — it) /3 a, or half the 
value at C , the centre of the cube. 

457. If two attracting systems are to have the same potential 
at every point outside a surface enclosing both of them, show that it is 
necessary but not sufficient that their centres of mass and principal axes 
should coincide, that their masses should be equal, and that the differ- 
ences of their moments of inertia about any straight line should be 
constant. 

Prove that the potentials of an ellipsoid and a rectangular parallele- 
piped of uniform densities at points similarly situated with respect to 
their principal axes and distant r from their centres, will only differ by 
quantities varying as 1/r 5 and higher powers, if their axes are propor- 
tional and the ratio of their densities is 

6/ |3\ 3 
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458. Find the potential of a lamina in the form of an equilateral 
triangle, at a point on the line drawn through its centre of inertia 
normal to its plane, and show that the potential of an equilateral solid 
tetrahedron at its centre of inertia is 


My {Glog(v / 3+ V 2)— 1^27 r}/a, 


where M is its mass and a the length of an edge. 

The general question of the potentials of polygons and polyhedra at 
a point P is treated in detail in a Paper by Cayley ( Proceedings of the 
London Mathematical Society , vol. vi). The method adopted depends 
upon the division of the polygon into right-angled triangles by means 
of lines drawn from the foot of the perpendicular dropped from P on 
the plane of the polygon. 

If a is the side of the triangle ABO , M its mass, 0 its centre, P any 
point on the perpendicular to its plane at 0, and a the angle OP A, it 
may be shown, by dividing the triangle into strips parallel to one side, 
that V, the potential at 


P 


1 4 tan" 1 3 cosft) — ^ -f tana log 

a I 3 


2-f-\/3sina) 
2 — ^/3 sin a) 


The following is an alternative method : 

Let (K, </>) be the co-ordinates of any element Q of the triangle 
referred to 0 as pole ; r = {R 2 + h 2 )%, where r, It are the distances of 
P from Q and 0 respectively ; o* the density, so that 4 M = (ra 2 v 3 ; 
2 > (= a[2V 3) the perpendicular from 0 on a side. Then RdR = rdr , 
and V = yf/vrdrdifr/r = yvf^i — h ) where (R lf (/>) is the point, 
F, where OQ meets the side of ABC and = R x + A 2 . Hence 
V/y = fR x d$/r x — h J\ 1 — h/r x ) d(j). If dx is an element of the side 
at F, we have R^d^ = ])dx ; and, it go is the solid angle subtended 
at P by the lamina, dio = R x dR x d<\) cos FPO/r 2 = hdr x d(\)/r \\ 
.*. V/y = <j[fpdx/ ri — Ago] = 3 V'cr — Aaco, where V' is the potential 
at P of the side BC, supposed of unit linear density. 

Hy § 331, Ex. 2, 

r=y log {{PA + PB + a) / {PA + PB- a)} 

= y log {(2 A sec a + a) / (2 A sec a — a) } 

= y log {(2/\/ 3 + sin a) / (2/\/3 — siu a)}. 

In order to calculate the value of go, describe, with centre P and 
unit radius, a sphere to cut PA, PB, PC, PO in A B\ O', 0 ' respec- 
tively. Then go == the area of the triangle A'B'C or, if the great circle 
A'O' cuts B'C f in D f , = 6 A OB'D f = §{LQ' B r LB' 0 — 

Now sin O'B'D' = sin O'D '/ sin a = 1 /(I + 3 cos 2 a) 2 , 
or tan O'B'D' = 1/^3 cos a. 


Also § LB' O'D' = 27T. .\ co = 6 {7r/3-tan" l (\/3cosa)} : whence 

the result, say, V =• 2yMf{(x)/a = ^yhaaf{ct) V S. 

In order to obtain the potential of the equilateral solid tetrahedron 
at its centre, G , we may use the method applied to the solid cube 
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in Ex. 456. This gives F(6r) = fp x 46'0 X Jy/co-/3/(a). Now 
OG = V (2/3) a/4; tana = 40/00 = 2\/2 ; M = a 3 /V 2/12. 

459. Prove that the potential of a uniform hemisphere of radius a 
and density p at an external point on its axis distant z from its 
centre is ^ j- a a /8± {*« + | a*_( a * +a *)S/*jj 

where the upper sign is to be taken when the point is nearer to the 
flat portion of the boundary, and the lower sign when it is nearer to 
the curved portion. 

Prove also that the potential at an internal point on the axis is 
§ 7 T yp [ — a 3 /» — 2 z l + § a 2 + (a 2 + s 2 )^/s] . 

Let 0 be the centre, P a point on the axis beyond the curved 
poition, OP = £>a ; Q a point in PO produced, OQ = i ] ; a point 
in O/*, OR z= x<a. Then, by considering a slice bounded by parallel 
planes drawn perpendicular to the axis, we obtain, for the potential at P , 

F(P) = f 2irpydx { \/(£— x) 2 + a z --x* — (£—x)} 

J ° = 2 iryp {a 3 + (a 2 + -£ 3 - !« 2 £} /3 & 

Similarly, 

F(<?) = f 2irpydx { V^ij + ar)* + a a — (ij + ®)} 

" ° — 27ryp {a 3 — (a 2 + i? 2 )^ + ?) 3 + |« 2 ^}/3^. 

Now the potential of the complete sphere at (3 is 27ryp (a 2 — * ?/ 2 ), 
if ?]<a. Subtract F ((?). 

460. If the potential of a body, symmetrical with regard to the 
plane of xy , and to the axis of z, at any external point on that axis is 
/(s 2 ), show that the potential at any external point in the plane of 
xy, at a distance p from the axis, is given by 

i r 2 A-*)* 9 

o */t\ p *-t) 

provided this integral has precise finite meaning. 

461. Prove that the potential of a uniform circular ring of mass m 
at a point P is equal to m/r, where r is the arithmetico- geometrical 
mean between the greatest and least distances of P from the ring. 
(The arithmetico-geometrical mean between two positive quantities 

and q is the common value of 

Lt p n or Lt <7„, 

n= oo w=oo 

where p n and q n are formed as follows : 

Pi =h{p+<i)'> 9i = Jim 

p»+ 1 = i(P»+7.>); 7.1+1 = / 2VA.-) 

If the point P is very close to the ring, prove that the value of the 
potential is approximately (m/na) log (8 a/p), where a is the radius 
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of the ring and p is the shortest distance of the point from the 
circumference. 

For a lull treatment ot this question the student may refer to 
Poincar6, Theorie du potentiel newtonien, §§ 17, 18, 59. The following 
is a sketch of his method of treatment (slightly modified). 

Let Q be the projection of P on the plane of the ring ; G the centre 
and a the radius of the ring ; A, B the points in which QO cuts the 
ring; PA=p, PB (>PA)=q ; CQ=p ; PQ-z\ m= 27 ra/x. Then, 
if F is any point on the ring, LFOA = 0, we have V = pfadd/r> 
where r = FP. It can be shown that r 2 = p* cos 2 ^0 + tf sin 2 -|0, and 

/ 2/r . __ 

d0/27r\/jj 2 cos 2 |0 + 2 2 sin|0. Tut 0 = 20^ 

p2ir _ 

Then 2 n V/m = / d QjV p 1 cos 2 6 X + q 2 sin 2 6 X . 

Now consider the integral 

I ~J 0 d(f>/\/a 2 cos 2 sin 2 (p or j dfy/aV I — k 2 sin 2 (f), 

where k 2 = 1— b 2 /a 2 . Put Ksint/) = sin (2 \// — c p) } which is Landen's 
Transformation. Then 

ph * 

I = / 2(Z\///a (1 +/c)\/l — 4 k sin 2 1 ^/( 1 +k) 2 


= J d\ff/ V a 2 (1 + *) 2 cos 2 \j/ + 6 2 (1 — k) 2 sin 2 \f/ 
a ' 1 cus2 ^ “** ^ 

where a = ^(a'-f J'), & = Va'b'. If, then, 2 irV/m == /(p,gr), we 
see that /(^>, 7) =f{p 1) q x ) = ... = /(p„>?n) when ?i-~» 00. Since 
/(p ?)=/(?> P)> we may assume g>p. Hence q—p>qi-pi>q 2 —p 2i 
&c., and, since jpj>jp, we have (?i— Pi<<7i~ p)> and so on. 

Finally, </ n — Pn<(7—p)/2 n , which — > 0 as % — > 0. Therefore, in the 
limit, = r, as defined in the question. Hence 

p2ir 

2'nV/m = / cZx/r or F = m/r. 

When P is very close to the ring, q—*(p 4- 2 a), and very approximately 
^(P + 2a) F/2m == / (say) == J dO/V\ — k 2 sin 2 0, 


where (^ + 2a) 2 = 4ax 2 (j» + a), i.e. ja — » 0 and jc — ► 1. 

In order to obtain the limit of /, divide the range from 0 to | n 
into two parts, viz. from 0 to |7T — a and from ^7r— a to where 
CX is very small, hut 0 £/k', where k 2 4-k / 2 = 1, very large. Put 
■|7 r — cx = / 3 . Then throughout the first portion, i.e. from 0 to /3, 
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1 — K 2 sin 2 0, which = k' 2 sin 2 # -f cos 2 #, is very nearly = cos 2 #. Hence 
j ^ dO/*/ 1 — k 2 sin 2 0 =:J dO sec 0 = log tan ^ ( tt — /3) = log (2/73). 

In the second portion write ^' 7 T — (f) for 6: then <f> is very small 
throughout, and therefore we may put </> for sin (f> and 1 for cos </>. 
This gives 

< rd4>/^* + &p = (1/jc) log {(k/3 + x/k /2 + k 2 /3 2 )/k'} 

= (l/ K )log(2fc/37K'), 

if k'/koc is neglected, = log (2/3 /k') very nearly, since k— > 1. Hence, 
approximately, J = log (2//3) + log (2 /3/V) = log (4/k'). Now, here, 
when >0, k /2 = 1 — k 2 = 2 j2 /(v + 2 a) 2 — » p 2 /4a 2 , and we have 
ira T/m — > log (8 a/p). 

An alternative method of finding the limit of /, when ^ — > 0, is 
given in Routh, Statics , vol. ii, § 191. 

462. An infinitely long cylinder, whose cross-section is an oval of 
Cassini (r x r 2 = a 2 ), is coated with attracting matter whose surface 
density at any point is proportional to its distance from the axis of 
the cylinder. Prove that the external level surfaces are cylinders 
whose cross-sections are confocal Cassinians. 

463. The potential of a solid homogeneous ellipsoid of revolution 
about a transverse axis at a focus is half as great again as that of 
the same mass distributed along the perimeter of the equator of the 
ellipsoid. 

V — f>y/A Tty r ~ 1 dxdy, integrated over the semi-ellipse, 

= 271 pyl, where / = ff y dxdy/V{x — c) 2 + y 2 , 

r a r-c 

= / [(a + ex) - (x -f c)] dx -f / [(a -f ex) -f (x -f c)] dx 

J ~ a = a 2 — c 2 = & 2 . 

The mass m = p ff2ndxdy over the same area = 27rpa& 2 /3. 

V = 3 m/2 a. 

464. An ellipsoid is formed by the revolution of an ellipse of 
eccentricity e about its minor axis. Prove that, if e 4 may be neglected, 
the potential at an external point whose distance is It and latitude \ 
is A//A + Ma 2 e 2 (l — 3 sin 2 A)/ 10 A 3 , where a is the equatorial radius 
of the ellipsoid and R>a. See § 354. 

465. Matter attracting according to the law of nature is distributed 
along the circumference of an ellipse in such a way that the density 
at any point is inversely proportional to the length of the diameter 
parallel to the tangent at the point. Show that the chord of contact 
of tangents drawn to the ellipse from any external point divides the 
ellipse into two arcs such that the potentials at the point due to each 
arc are the same. 
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466. The density at each point inside a given sphere varies inversely 
as the fifth power of the distance from a given point, whose distance 
from the centre of the sphere is four times the radius. Prove that the 
point within the sphere at which the potential is a maximum divides 
the diameter drawn through it in the ratio 3:10. See § 333. 


467. A thick shell is bounded by concentiic and coaxial ellipsoids 
of semi-axes a, b , c; ma , mb, me; where m< 1. Prove that its 
potential is the same at all points of its empty interior ; and find that 
potential. 

If V is the potential and M the mass, prove that 


( 2V 1-m 3 / v — i a* — W 

c = fl cn -7*, ,,va--c 2 , mod. x h-» 

'3M 1 — m 2 /’ / \a 2 — c* 


For the first part see § 340. 

For the second part we have, by § 344 (1), to evaluate 
V = 27ry/i(l— m 2 ) 

X J sin OdO/{(m\ 2 6/a 2 -f cos 2 0/ c 2 ) (sin 2 6/b 2 -f cos 2 0/c 2 )^ h 

i. e. /, where 2 V (1 — m 3 ) abc = 3 M (1—m 2 ) /. 

Put 

c = a cos x ; tan 2 6 = (a 2 cos 2 \J/ — c 2 ) /c 2 sin 2 ;// ; k 2 = (a 2 — b 2 )/ (a 2 — c 2 ) ; 
so that b 2 = a 2 (1 — k 2 mu 2 x). It will be found that 

/sin x = abc I d\j//\Jl~ k 2 sin 2 \//. 

Jo 

468. A B is a uniform straight line of length a, the particles of 
which attract according to the law of the inverse square. PQR is a 
circular arc, of radius a and in the same plane with AB, and capable 
of turning about its centre B, BP, BQ , BR make angles 2a, 20, 2/3 
with AB produced. Prove (1) that the potential of A B at Q is 
log (1 +stc0), (2) that, in order that the arc may be in equilibrium, 
a couple about B of moment varying as log {(1 q-seca)/(l + sec/3)} 
must be impressed upon it. 

(Prove, and use, the fact that, if a body, which is movable about 
a fixed axis, is in the presence of an attracting mass of which the 
potential is V, then fff dmdV /dm is the moment of the couple about 
the axis requiied to maintain equilibrium, o> being the angle between 
a fixed plane and one passing through the axis and through the 
dement dm.) 

469. Prove that the potential of a circular disk of uniform density 
and radius a at a point in its plane distant c from its centre (c < a) is 

(1 — a” 2 c 2 sin 2 0)2d0. 

irajo 

Take the point as the origin of polar co-ordinates. 
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470. Show that the potential of a thin elliptic homoeoid, of unit 
density, at an external point x'y'z' is 

V=2n yalcx-f (fa - t 

VJ \ V (a 2 + as) (b 2 + x) (c 2 4- x) 

a, by and c being the semi-axes of the homoeoid, p the perpendicular 
on the tangent plane and t the thickness at any point of the homoeoid, 
and A the positive root of the equation 

x' 2 y' 2 , *' 2 _ t 

a 2 + A + 6 2 + A + ?+\ - L 

A homoeoid is a shell bounded by two similar and similarly situated 
surfaces; e.g. the shell in Ex. 467. 

471. The potential of a homogeneous wire in the form of any piano 
oval curve without inflexions at a point inside is equal to the potential 
of a homogeneous wire of the same material and thickness whose form 
is the pedal of the given oval with respect to the point. 

472. Find the potential of a solid ellipsoid at an internal point 
(x, y f z) in the form 



/»00 

where /=/ {(a + u) (b 4-w) (c + u))^du. See § 344 (7). 

Jo 

473. If JS is a homogeneous solid ellipsoid and C its focal ellipse, 
prove that it is possible to coat the area bounded by C with matter so 
that the two masses have the same potential at any external point. 
(See Lipschitz, Crelles Journal , Bd. 61, p, 34.) 

By § 344 (19) we see that the ratio of the potentials of two confocal 
ellipsoids at a point external to both is the same as the ratio of their 
masses. Hence (see Ex. 452 above), if we coat the area enclosed in 
C with a layer of matter so that the bounding surface, C\ is 

a 2 /( a 2 _/2) 4. y 2/(5 2 2) 4_ £ 2 /( c 2 -2) ly 

where /— >c, and if the mass of this layer is equal to that of S, say 3/, 
the two masses have the same potential at any external point. It 
remains to find the density o- at any point P (x } y, 0) of the area. 

The volume of the prism of section dxdy cut off by C' is 2zdxdy. 
If p is the density of C\ the mass of the prism = 2zf)dxdy. Now 

33/= 4t rp {(a 2 -f 2 )(b 2 -f 2 )(c 2 -f 2 ))'* 

and a = (c 2 -/ 2 )* {1 - *7(a 2 -/ 2 )-//(& 2 -/ 2 ); i. 

Hence the mass of the prism is 

3 M {1 -xy(a i -f i )-y 2 /{b i -f i )\?dxdy/2-rr {(« 2 -/ 2 )(& 2 -/ 2 )}i 

and, if the area is coated on both sides, this = 2a dxdy. Proceeding, 
then, to the limit/— >c, we have 

a = 3 3/ { 1 — cc 2 / (a 2 — c 2 ) — y 2 / {b 2 — c 2 ) } i/4 77 { (a 2 — c 2 ) {b 2 — c 2 ) ) 2 . 
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474. If M is the mass of the homogeneous solid, nearly spherical, 
ellipsoid x l jd l -f- y 1 / b 2 -f s 2 /c 2 = 1 , prove that the potential at an 
external point (x, y , z) distant R from its centre is 

M Me 2 

"/j> “h {(2k— k') os 2 + ( 2 Ic'—k)y 2 — (& 4- k') z 2 } , 

where = a— c, cA' = 6— c. See § 354. 

475. The generating circle of a hollow thin-walled anchor ring is of 
radius a and has its centre distant c from the axis of the ring. Show 
that the potential at a point on the axis distant a /k from the centre 
of a generating circle is 8 7 utcJcE, where 

E^f ( 1 — k 2 sin 2 (f>)i d </>, 

Jo 

or being the surface-density of the matter forming the ring. 

Hence, or otherwise, show that if the ring is solid and of uniform 
density p , the potential at the same point is 

§ 7rpca {(k -1 + k) E - (k~ 1 — k) F \ , 

pn/2 

where F=z (1 — K 2 si n 2 </)) *d<\>. 

J o 

The following Papers are important in connexion with the potential 
of an anchor ring : Dyson, On the Potential of an Anchor Ring (Phil. 
Tians., 1893, A, p. 43- ); Dixon, Note on the Potential of Rings 
(Proc. of the London Math. Soc., xxviii, p. 439) ; Hobson, On some 
general Formulae for the Potentials of Ellipsoids, Shells , and Discs 
(Proc. L. M. S., xxvii, p. 519). 

The essential feature of the geometry of Dyson's method is that he 
describes consecutive spheres about the point, P , at which the 
potential is to be found. The necessary figure can be constructed 
as follows : — 

Let there be in the plane of the paper the axis Oz and a circle with 
centre G and radius a ; OC , = c (> a), being perpendicular to Oz and 
intersected by the circle in A. Two circles, with centre P and radii 
p and p + dp respectively, cut the former circle in Q y R ; (/, R'. 
Perpendiculars QL and RM ( <QL ) are let fall on Oz, Let 
PC = R , APCQ = LOOP = (X . Now let the figure in the plane 
of the paper be supposed to revolve round Oz, The potential at P of 
the bands traced out by QQ' and RR' = 2Troad\f/ (QL 4- RM)/p, 
Clearly QL = c— acos(a + \f/), RM = c — a cos (a— \J/). We have 
thus to integrate 47nray(c — a cos OC cos \l/)d\f//p fiom \j/= 0 to ^ = 7T. 

In the present case R = a/ k, c = R cos a. Hence 

V = 47T(tkc y*(l — kcos\//) d \///*/ 1 -f k 2 — 2 k cos yfr 
from \// == 0 to \j/ = it. Put sin (</> — VO ^ K sin </>, then 
d'ty/V 1 4-k 2 — 2k cos \j/ = dcf>/</ 1 — K 2 sin 2 </>, 

and cos \[r = k sin 2 <f> 4- cos (f> V 1 — k 2 sin 2 <£. Hence V consists of two 
parts, one of which gives the required result while the other vanishes. 
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The potential of the solid anchor ring may be determined by a 
somewhat similar method. The volume formed by the revolution of 
QRli'Q' is 27 Tpdp . LM , being the portion of a sphere cut off by two 
parallel planes. Since p 2 = It 2 + a 2 — 2 aR cos \j/, we can obtain for 
the potential the value V = 2 (M/ n)/\ sin 2 \j/ d\j// V R 2 — 2 a# cos \f/ + a 2 
from \j/ = 0 to \]/ = 7r, or, say, 2 MI /it. Since = a/K, we can write 

I = (f2/SR)J , d'ty/*/\ +k 2 — 2k cos \j/ 

— {(k + 1 /k)/ 3 Hjf cob \//dylr/ V 1 *f k 2 — 2k cos \/f. 

By the transformation used above, we can show that the first of these 
integrals = 2 F and the second = 2 (F—E)/k. : whence the answer. 

(Green’s Paper On the Determination of the Exterior and Interior 
Attractions of Ellipsoids of variable densities (Trans. Camb. Phil. Soc., 
1835) may also be consulted with profit. It will be found in the 
volume of his Mathematical Papers edited by N. M. Ferrers in 1871.) 

476. Prove that the potential at any point on the axis of z of an 
anchor ring, whose density at any point varies inversely as p, and the 
equation to whose surface in cylindrical co-ordinates is (p — c) 2 + z 2 = a 2 , 

4 M rK 

Tr'la/ cn 2 udu } 
tt{c 2 + z“)2J o 

where k 2 = a 2 /(c 2 -f z 2 ) f and show that at any external point the 
potential is given by 

M( *!^° b « 2 “ |2 n , <1 \ n i r* 

tt (U)3 W )J o (~ 2 + /j 2 + c 2 — 2 cp cos </>)£ 

(See the references prefixed to the notes on Ex. 475.) 

The general character of a transformation utilized hy Prof. Hobson 
will be more apparent if we consider a ring of elliptic section with 
equation (p— ■ c) 2 /a 2 + z 2 /b 2 = 1. It will be convenient to write R for 
p — c. Since the density is a function of p only, we can take 2irpdpdz 
as an element of volume, its mass being 2'np.dRdz. The potential at 
the point (0, 0, z') is V = 2^ ffdItdz({{R + c) 2 + (a-af) 2 }*. . 

The treatment of this integral is facilitated by the use of a discon- 
tinuous factor. The nature and object of such a factor can be inferred 
from an elementary example. 

If F is a function of x and y which is equal to unity or to zero 
according as l — x?/a 2 —y 2 /b 2 is positive or negative, then 
f/F{x, y) dxdy 

taken over the interior of the ellipse x 2 /a 2 -\-y 2 /b 2 = 1 is equal to 
ffPF(x , y)dxdy taken over the whole of the plane xy t 

Now it can be shown (see the Note appended to this solution) that 

/ oo 

r (X) e n ( ,+ ‘*) ds/ 2 7 r (</ -f is) a 1 is equal to unity if n>0, and to 

zero if n<0. Hence, if n = 1 —R 2 /a 2 —z 2 /b 2 , this integral with A. 
put = 1 is an appropriate factor ; and 

r/n = fffdR dz ds e " (« + «) /( q + is) {(/f+c) 2 + (;-s') 2 + X 2 }*, 
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the limits of R y z y s being — oo and 4* oo , and h being put = 0 at a 
later stage. It, is found to be advantageous to use the known result 

J e ~ u dt/fe = r (-|) 1 c and to put Jc = (R + c) 2 4- {z~z f ) 2 + h 2 . This 

gives 

V V 7 rjfi = jjJ'dRdzds J exp. {(<2 4- is) — A" — F— tit 1 ) dtjfi (q + is), 

where X = R 2 {(^4- is)/ a 2 4- 1 ] 4- 2 Ret 4- c 2 t , 

Y = z 2 { (q 4 - i s)/b 2 4 - 1 } 4 - 2 ss'tf 4 * £ /2 ^. 

We shall now invert the order of the integrations, taking R and z 
first. 

/ oo 

exp. (—aR 2 — 2 fiR—y)dR = / 7r/a exp. {(/ 3 2 — ya)/ot}. 

-00 


Hence 


1: 


/: 


exp. ( — X)dR = a / 7r/(^ 4- 4- a 2 *) exp. ( — c 2 ^ (</ 4- is)/(q 4- is 4 - a? t)} 

-OO 

and 

© 

exp.(— Y)dz — hV 7 r/(q 4- is 4- b 2 t) exp. [ — z / 2 t{q 4- 4* & 4- b 2 t)) . 

-00 " 

Accordingly 

F//xa6 VV = //exp. . dsdt/V t (q 4- is 4- a 2 t) (q 4- is 4- b 2 t) (q + is) t 
the limits of s being —00 and 4- 00 and those of t ztro and 00 , while 
Z = (q 4- is) {1— c 2 t/ (q + i 8 + a 2 t)—z' 2 t{q + is + b 2 t)—th 2 }. 

Now put {q 4- is) / 6 for t. Then Z becomes 

{q 4 - is) { 1 — c 2 / (a 2 4 - 6 ) - z’ 2 / (U 1 + d) - h 2 / 0 } = (<? 4 b is) U say, 

and 

Vfriab */ ir^zfdof ds exp. { ( q 4- is) U } /{q 4- is)i { (a 2 -f ff)(b 2 + 0 ) 0 } 2. 
Jo J —00 

But, if we put A = ■§ in the formula quoted above, we see that 

/ oo 

ds exp. {(7 + is) U}/(q + is)i = 2 irUl/V (-|) = 4 sf-n fc'I 
or zero according as £/ > or < 0. 

{<**+*> p+s)#} 1 . 

where </> is the positive root of the equation U = 0. 

Now put li = 0, b = a, and we get 0 = c 2 4-/ 2 — a 2 . To effect the 
reduction let a 2 4- 0 = a 2 /k 2 y 2 y and z'= 2 where k 2 (c 2 4- £ 2 ) = a 2 . Then 

V/&TraJcfji = I dy*J\—y 2 /'J\ — k 2 y 2 . 

•/ 0 

fK 

If y = snw, this integral becomes / ciJudu. 

Jo 
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We have now to determine M. This is ffiirrdr. (n/r)dz, the 
limits of r being c±Va*—z\ and those of a being ±a. Hence 

M- ° 2</a 2 -7*d.3 = 2irV« 2 , 

and V has the value given in the question. 

In order to find the potential at any external point, we may proceed 
as follows : — 

Put (z? 4-p 2 4- c 2 — 2 cp cos </>)a = X ' and (z 2 -f c 2 )i = ; then we can 

verify that r„ 

Jo d<t>/X '’ 

and therefore the result of operating upon this integral any number of 
times with ( d/cdc ), is a solution of the differential equation y 2 w = 0. 
Hence the expression given in the question satisfies this differential 
equation ; and it will be the potential required, provided that it 
vanishes at infinity and that at every point on the axis of revolution 
it is equal to the expression previously obtained for the potential at 
that point (§ 347). 

Put then p = 0 and observe that 

(d/cdc)*Jd^/X = (- I ) n 7r .1.3.5... (2)i— 1)/A' 2n+1 . 

We thus find that 

— fi +s(-i) n J 2 ” (—)i r ,hi> 

*1 n + 1 (|«) :i 2 Jn \cdc) sJo X 


2M (1 
% (2 
AM 


ri 2n 


+ _ l 2 . 3 2 ... (2n-l)« 1 


a * 
27i4-2 


Also 


o* 1 I 

2 2 .4 ii ... (2 nf X 2 ") 
l 8 -3*...(2*-l)» 1 
7T (c 2 4- z 2 )^ 1 4 2 ^ 2 2 . 4 2 ... (2n) 2 ^2^4- 2)) 


J cn 2 udu = J 2 


cos 2 0 c 10/ V 1 — sin 2 6 




.2 n 1 » 3 ... (2fl— - 1) ft 

2 . 4 ... 2 n Jo 


cos 2 0 sin ' ln 0d0 


1 2 . 3 2 ... (27*-l) 2 


= ? _L ^ V 7.2 it 

4 ^ 2 2 . 4 2 ... (2 w) 2 (2 n 4- 2) ’ 

whence the result, 

Note on a definite integral. 

/ oo 

e " (?+**) <fs / ( q 4- is) m presents 
-00 

some difficulties, a sketch of the process may usefully be given here. 
For brevity write Q for q+is. 

Consider / = j* e n Qds/Q"\ and assume ?n, n , q to be positive 
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quantities. Put nQ = z ; then I = ( n m /z m between the 

limits n(q—yi) = N ' , say, and n(q + yi) = iV, say. We shall utilize 

/vOO 

the theorem T {m — 1 )/z m ~ 1 =: J e~ fz t m ~ 2 dt to introduce a second 

variable t , and we shall divide up the range 0 to oo into four intervals 

(i) 0 to 1 — r, (ii) 1 — r to l+r, (iii) l+r to h, (iv) h to oo , where 
Ar = 1 and r — ► 0 . Now, since z — n(q + is) and nq>0 , .*. e~ ,z is 
numerically < 1, and the numerical value of fe~ iz t m ~Ht for interval 

(ii) </t m ~ 2 dt for the same interval, i.e. 

<{(1+T) m - (1— t-)— i}/(m-l)<Xr > 
where A. is a finite constant. This portion of the integral accordingly 

— >0 as r— >0. Now take the integral for (iv) and write tz = x. The 
/»00 ' ' 

integral becomes sr( m ~ 1 ) / e~ x x m ~ 2 dx y which, by repeated integration 
J hz 

by parts, 

=z-( m -')e- 1,z {(/ts) m -2 + (m— 2)(/ts)'"' 3 + (m— 2)(»t— 3)(/w) m " 4 +...}, 
and this, if -1, 

<s-(™-i)e-* s (Ac) m -2(w-l)<e-'' :: A m - 1 ->0 as t-> 0. 

But, when we introduce these partial evaluations into the integral 
I, they are multiplied by fdztr/z taken between the limits N' and N. 

The uumerical value of this factor = that of e" q 


is <e 


1 I e nis ds/(q + is) y which 

J-y 

Q ds/(fi 2 + s 2 ) y as can be seen hi one way by replacing the 

exponential function by sine and cosine and then rationalizing the 
denominator. This factor is .\ <Tre nq /q y which is finite. 

Hence I - {n m -'/i r(m-l)} j the interval 

from £ = 1— r to £ = 1 -f r (which — >0) being omitted. 

We cannot put y = co without investigation. We have .*. to con- 

rh rN i 

sider the limit of the expression n w_1 / t m ~ 2 dt / dze z <- l ^ i )/z y where 

Jo Jn 

r 00 

^1 = nq H- oo i. The inner part of this = / dse F Q/Q , if F~ n (1 —«) for 

r 00 

brevity, and this integral = e F< i / ds (cos Fs + i sin Fs) {q — is) /(q 2 + « 2 ), 

We are thus concerned with four integrals. The integrands 
(?cosi^)/(2 2 -f s 2 ), (?sini^)/($ 2 -f $ 2 ) are increased, if we substitute 
unity for cos Fs and sin Fs y and thus the corresponding integrals are 
less than quantities which are proportional to 1 /y and — ► 0. In 
the other two the quantity s/( 2 ,2 -fs 2 ) is positive and continually 
decreasing. Hence, by the Second Theorem of the Mean, the integral 
— >pe Fq . y/ F(q 2 -f y 2 ), where jx is finite, and this expression — >\j.e Fq /Fy 



APPENDIX. 


353 


and — >0 as y — > oo . In this manner we can satisfy ourselves that 
the integral from y to oo — >0, and the corresponding integral from 
— oo to y— >0. Hence, when y — > oo , 

r * nQ <is/Q m = [ k t m -*dt r**-**/* 

J - y Jo J -co 

where, as before, the portion from £ = 1 — r to * = 1 +r is omitted. 

Now, by a Theorem of Cauchy (see Forsyth, Theory of Functions, 
chap, ii, or Whittaker, Modern Analysis , chap, iii) the integral 
(£— 2 J ) (where f EE x + yi), taken round any contour, 
= 27 rie hp if the point f = p lies within the contour, and = 0 if that 
point lies without it. Here p = 0, i.e. the critical point is the origin, 
and it will be found that the sign of b is of importance. 

Let u , v , w be three positive quantities, the last of which is ulti- 
mately to be increased without limit. Take as the contour of 
integration the rectangle ABCD , the co-ordinates of the vertices being 
A ( u , — iv ), B (u, w ), C ( — v , to) 9 D ( — v, —to). Then the integral 
of the function (exp. dC^/C, taken round this contour is the sum of 
the four integrals of the same function taken in succession along AB , 
BO y CD, DA. Now along AB x has the constant value u\ hence for 

rw 

that segment the integral = / exp. ( u + yi) d log ( u -f yi ), which, when 

J — w 

w— »oo , we will denote by F(u). Along BO, y = w , and the integral 

= / { exp. (x -f- wi ) } (x — ■ wi) dx / ( x 2 -f w 2 ) 

j U p-v 

= / e r ' |aJ cos w + w sin w -f i (x sin w — w cos w)} <7.r/(r 2 -f- w 2 ), 

J u 

which — >0 as w— » oo . Along CD the integral = — F( — v), and 
along DA it — >0 as w— >oo. Accordingly, since the origin lies 
within the contour ABCD , we have, by Cauchy’s Theorem, 
27 ri = F(u) — F( — v). But, as v — » oo , F( — v) has as a factor 
the exponential exp. (— ■ v ), which — >0. Hence, if &>0, F (k) = 27re ; 
ifA<0, F(k)= 0. 

Now F(k)= f e k+vi {d(h + yi)} /(Jc + yi) = i f e k + vi dy/(k+yi). 
J —00 J — 00 

In this put & = 6n<7, y = b?is, and, as before, n(q + is) = z : then we 
r 00 

see that F(k) = / e b *dz/z\ and, since n, q are positive quantities, 

J /,00 

/. A; is of the same sign as* b, and so / e bz dz/z = 27 n, if 6>0, 

/ oo J — » 

e z ( l ~~ t )dz/z = 0 for the interval (iii) 

"°° rv 

and = 2 7Ti for the interval (i), and thus / e n Q ds/Q m — » 2 7m ,n "“ 1 /r (m) 
on reduction. y 

By a similar procedure we can prove that J e~ n Qds/Q m — >0. 


1695 


A. a 
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477. The density at any point of a solid sphere of radius a is pxyz , 
the centre of the sphere being the origin of co-ordinates ; prove that 
the potential at any external point y } z) is 

4 Trpa d xyz/63(x 2 +y 2 + z 2 )i. 

Compare § 354, Ex. 15, 16. Expand xyz/r 3 in a series of Har- 
monics and find the potential of a shell whose radii are h and h -f dh. 
Then integrate from h = 0 to h = a. Aliter deduce from Ex. 478. 

478. Establish the fact that 

["xyzUd\/{(a 2 + A) (6 2 + A) (c 2 + A) j S 9 
J u 

where u is the positive root of the equation 

U =5 1 — x 2 /(a 2 + A) - y 2 /(b 2 + A) — z 2 /(c 2 -f A) = 0, 

is the potential at an external point of the ellipsoid A = 0 filled with 
matter the density of which at any point is proportional to xyz ; and 
find an expression for the potential at an internal point. 

479. The density at any point of a sphere varies as the square of 
the cosine of the angle between the line joining the centre to the point 
and a fixed line. Find the potential at any external point. 


480. The density at any point of a sphere, of radius a and mass M, 
varies inversely as the distance of the point from an external point /, 
whose distance from the centre of the sphere is /; prove that the 
potential of the sphere at an internal point, whose distance from the 
centre is r and whose angular distance from the radius through I 




where P n (cos 0) is the Legendre coefficient of order n. 

Show also that this potential may be expressed in the form 

3Mff r (a 2 -rx)dx 

4a ; V 0 [ rx (Z 2 ** 2/x‘cosd-f .t 2 )}£ 


481. If V is the potential at any point of an equipotential surface, 
and if R and R f are the principal radii of curvature at a point P on 
the surface, and if dn is an element of the normal at P measured 
outwards, then ^2 v , i 1 . a y 

^ + Ge + /r)^ = °‘ 

Consider a small element of area da) at P. Let the tube of force 
of which this is a section cut the consecutive level surface in Q , where 
the section is do)'. Then the principal radii of curvature at Q are 
R + dn, R'+dn , for the element of a line of force between two succes- 
sive level suifaces is in the limit perpendicular to both. Now 
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do/ /do) = (R+dri)(R f + dn)/RR'=z 1 + (l/7? + 1 /R')dn in the limit; 
and, the attractions at P and Q being F and F+{dF/dn)dn and 
Fdo) being equal to {F+(dF/dn)dn} do /, we have 

do/ /do) = 1 — F" 1 (dF/dn) dn. 

Whence the result. 


482. Prove that, if for a body which is symmetrical, both as to 
shape and to density, about an axis we know a potential function 
whicli at all points on the axis outside the body is the potential of the 
body at these points, this function is the potential at every point 
outside the body. (See § 347.) 

The body is a frustum, of height 2 c and mass Af, of a homogeneous 
right circular cylinder of radius b. Let 6 2 -f c 2 = a 2 and let c/a = A. 
Prove that the potential at the point whose co-ordinates referred to the 
centre of the solid and its axis are r, p, is, provided r>a, 


o ^ V P Jt » 0*) 

o ^(2« + l)(2n + 2)(2w + 3) 

*t=0 


\r) d\ 




where P n denotes the zonal harmonic of order n . 


483. The density at a point of a heterogeneous sphere of radius a 
is expressed by the formula (X -f ft cos 6 , where (X and /3 are constants, 
and 0 denotes the angle which a line drawn from the centre of the 
sphere to the point makes with a fixed axis ; prove that the potentials 
at internal and external points differ from the values which they 
would have, if the density were uniform and equal to a, by 

^7ry/3 (4 ar — 3 r 2 ) cos 0 and J7ry/3(a 4 /r 2 ) cos 0, 
where r denotes distance from the centre. 


484. If the potential of a distribution of attracting matter is zero 
for all points outside the ellipsoid x*/a 2 -f ?/ 2 /6 2 + z 2 /c 2 = 1, and equal 
to 1 — cc 2 /a 2 — y 2 /b 2 — s 2 /c 2 for all points inside, find the distribution 
of matter. 

Deduce that the potential of two confocal homogeneous solid 
ellipsoids of equal mass is the same at all points external to both. 

Since V 2 V = — 477 py at any point inside the ellipsoid, we find that p 
is the same everywhere inside the bounding surface and = (2a~ 2 )/27ry. 

Now the normal force just outside is zero, while just inside it is 
dV/dn , where dn is an element of normal measured in the outward 
direction. Hence 0 = 4 iryo + d V/dn (§ 322), where <r is the super- 
ficial density. Also 

dV/dn = {(5 V/bxY + (3 V/^yf + (d V/lz)*}* = 2 {2 (a^/a 4 )}* = 2/p, 
if p is the perpendicular from the origin on the tangent plane, 
,\ <r = —1/27 rpy. Thus the homogeneous ellipsoid is coated with 
a layer of matter, the density of which oc 1/p. 

If (a, b f c), (a', b\ c') are the semi-axes of two concentric, coaxial, and 

a a 2 
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confocal ellipsoids, a' 2 —a 2 = V 2 —h 2 = c' 2 — c 2 , or ada = bdb — cdc, if 
a' = a + da, &c. ; and, since p 2 = a 2 / 2 -f & 2 t?i 2 + c 2 n 2 , where (l, m , ti) 
are the direction cosines of p , .*. pdp z= 'Sal 2 da = a da 2 1 2 ~ ada, or 
the thickness of the shell included between the confocals, which = dp, 
varies as 1/p. Hence, if the shell consists of matter of suitable 
uniform density, it is equivalent to a coating of superficial density 
+ 1/2 7r py. 

Now the distribution determined for the first part of the question 
has zero potential at any external point P. Let V be the potential of 
the shell at P . Then, by addition, V is the potential at P of (i) the 
ellipsoid, (ii) the coating of density a, (iii) the shell taken together, 
and (ii) and (iii) counterbalance each other. Hence the shell and the 
ellipsoid have the same external level surfaces. Now see § 344. 


485. The density at any point of a sphere of radius a and mass M 
varies as the square of the distance from a fixed diameter; show that 
the potential at any external point is 


M (Mil 

• , . "e 


(3p 2 — 2r 2 ), 


where r and p are the distances of the external point from the centre 
and the fixed diameter of the sphere. 


486. Two bowls are formed, each by hollowing out a hemisphere 
from a concentric hemisphere. Each bowl is homogeneous, and the 
densities and dimensions are such that each exerts an equal attraction 
at the centre of its plane face. The bowls are placed face to face 
so that the planes of their faces and the centres of those faces are 
coincident. Prove that the common centre is a triple point on that 
equipotential surface of the bowls which passes through it. 

Show that 'bV/'bx = W/^y = 'bV/'bz = (d/Zx) 2 V= ... = ... = 0 
at the common centre. 


487. The potential at any point P due to a homogeneous hemisphere 
of radius a and mass M is 



1 aP x 
8 ~r 2 


+2(-*) n 

3 


1.3.5... (271—5) 
n ! 


« 2n " 3 ^2«-3i 
r 2«-2 y 


where r is the distance of P from the centre, and P is in space 
void of matter on the same side of the base of the hemisphere as the 
attracting matter. 


488. A mass M is distributed over a spherical sui’facc, centre C, 
so that its density at any point Q is p{k/OQY , 0 being an external 
point, and k the length of the tangent from 0. Show that 

4 7rp/LC<) 2 = If.Od, 

and the potential at any point P is M .OC/(CQ .OP), or M/O'P , 
according as P lies within or without the sphere, O' being the inverse 
of 0 with respect to the sphere. (§ 345 and Ex. 1 appended to it.) 
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489. If V Q is the potential of a solid sphere of radius a 0 for any 
law of attraction which depends only on the relative positions of the 
attracting points, prove that 

1 / d 2 ()2 r a 

a ( 2 ^ 2 Dx* h/)J 0 V o a o da o 

is the potential of a spherical shell of radius a and of surface density 
(3 cos 2 # — 1), where # is the colatitude measured from the 2 -axis, the 
point at which the potential is to be found being external to the 
sphere* of radius a. 

If the law of force is the inverse power of the distance, prove 
that the formula holds also for internal points if n < 3. 


490. The sphere ce 2 + 2 / 2 + 2 2 = a 2 is divided into two parts by the 
plane z = 0, and one hemisphere is filled uniformly with attracting 
matter. Show that the potential of this hemisphere at any point 
external to the sphere is given by 


If II 

7 + 


«lJ7 2Pl + - + ( -1 > n 


3. 1 .1. 3. 5. 


2" I n 


.2*1-5 a 2 "" 2 

H t*P 9 


«2»-2 x 2»-3' 


• . . . > 


where M is the mass of the hemisphere, r the distance of the point 
from the centre, and P i is the zonal surface harmonic of degree i. 

Find corresponding expressions for the potential at any point inside 
the other hemisphere, and at any point on the sphere. 


491. Prove that the potential on itself of a gravitating mass is 



R 2 dx dy dz/ 8 1 jy, 


where R is the resultant force at (a?, y } z ), and the integration extends 
through all space. Apply this to find the self-potential of a uniform 
solid sphere. (§ 345 and Ex. 1 appended to it.) 


492. The density at any point of a sphere, of radius a and mass If, 
varies as as 2 ?/ 2 , where the axes of co-ordinates are three lines at right 
angles through the centre of the sphere. Prove that the only part 
of the potential at any external point P (/?, 0, <£) which depends on 
the azimuth (/) of the plane through P and the axis of z is 

j 3 3 5 ^3/« 4 /f -5 sin 4 # sin 2 2 <f>. 

493. Show (1) that the gravitation potential of a uniform sphere of 
radius a and density p at an internal point distant r from its centre 
is f 7rpy (3 a 2 — r 2 ); 

(2) that the work done by gravitational forces during a change of 
configuration of a system of masses is equal to the increase of 

i J Vdm, 

where dm is an element of mass and V the potential of the system at 
the point where dm is. 
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Two spheres, each of radius a and density p, are placed so as to 
touch one another. Find the work done by the attractions of the 
matter composing the spheres if they coalesce so as to form a single 
sphere of the same density. 

The work done in forming a sphere of radius a by bringing all the 
matter from an infinite distance 



a 2 — r 2 ) . iTTpr 2 dr = 


16tt 2 p 2 a 6 /15« 


Accordingly, to form two such spheres and to bring their centres to a 
distance 2 a apart, the work to be done 


p 00 

= 327r 2 p 2 a 5 /15 4* / (|7 Tpa?) 2 dr/r 2 = 136 'jr 2 p 2 a 6 /45. 
J 2 a 

To form a single sphere of radius (2a 3 )^ the work to be done 


= 16 . 2 5 / 3 7r 2 /3 2 a 6 / 15 . 

The answer is therefore STT 2 p 2 a 5 (4^2 — 17/3)/15. 


494. A self-attracting system (for the law of the inverse square) is 
made up of two parts, M and A/'* Prove that to remove M' and 
scatter its pai tides beyond the region of all force requires an amount 
of work equal to p p 

Vdm'+% V'dm', 


where V and V / are the potentials at the position of any element, dm', 
of M' due, respectively, to M and M\ 

From a homogeneous sphere of radius a centimetres is removed and 
scattered a spherical portion of radius b cm., the distance between the 
centres of the whole and the removed sphere being c cm. Prove that, 
if the mass removed is m grams, the work expended is 


f ym 2 (a 2 — f £ 2 — |c 2 )/5 3 ergs. 


495. Prove that tho work done by the mutual attractions of the 
parts of a thin uniform circular disk as they come together from 
a state of infinite diffusion is 8ywi 2 /37ra, where a and m denote the 
radius and mass of the disk. 


496. Two equal liquid spheres, at a great distance apart, have been 
formed out of material which originally was widely dispersed; and 
they subsequently come together and unite in one sphere. Show that 
the amount of gravitational energy which runs down in the second 
process is approximately 0*587 of that which ran down in the first. 

497. For what laws of attraction, which are functions of the distance 
only, is the resultant attraction of a spherical shell on an external 
particle the same as if the matter of this shell were collected at its 
centre ] 

This question is treated by Laplace in his MGcanique celeste. 

Suppose that r and r + cZr are the radii and C the centre of the 
bounding spheres, p the density of the matter, P the external point, 
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o— CP Q any point of the shell, f— QP. Then, if cj> (/) is 
attraction exerted at P by unit mass at Q, the resultant attraction 
due to the shell will be in the direction PC and will be 


rc+r 

= Ttprdrc’ 2 (/ 2 + c 2 — r 2 ) </>(/) df. 

J c—r 

Now let </> (/) = dfa (f)/df f$ x (/) = dy\i (f) df. Then we can prove 
that this resultant attraction 

• • = 2 itprdrd {c* 1 ^ (c + r) — c*" 1 ^ (c— r)} /dc, 

and by the question this is to be = in pr 2 dr$ (c ) ; and, if 
\l/(c + r)—\lr(c—r) = A, 

we find, by integration, that R = 2crf<\> (c) dc 4* Uc, where U may 
contain r, since we have integrated with respect to c. From the 
nature of R we see that TPRfir 2 = WRfic 2 ; and l*R/li* = c^ 2 ?7/^r 2 , 
while d 2 R/<)c 2 = 2r<j)(c) + 2cr(f) / (c). From this we deduce that 
2<l>(c)/c + which does not contain r, is equal to (1/2 r)d 2 U/dr 2 , 

which does not contain c. Therefore each expression is equal to a 
constant, 3 A, say; whence </>(c) = Ac + B/c 2 , where B is another con- 
stant. Accordingly the only laws are those of the direct distance, the 
inverse square, and one compounded of the two. 

In a similar manner it can be shown that the law of the inverse 
square is the only one for which the shell attracts an internal particle 
equally in all directions. 

It is important to note, and it can easily be shown, that, if the 
particles of any body attract with a force varying as the direct 
distance, the resultant attraction of the body is the same as if the 
whole mass of the body were collected at its C.G. 


498. Prove that, if V x is a function, of which the first and second 
differential coefficients with respect to the co-ordinates are continuous 
within a closed surface S, and if F 0 is a function, which has the like 
properties outside S and tends to zero at infinite distances in the 
order at least, if, further, V x and V 0 satisfy Laplace’s equation in 
their respective regions, then both are expressed by the formula 


47T 



dv o 4 TjJr\dv 0 



where dv 0 and dv x are the elements of the normal to the surface- 
element dS drawn respectively outwards and inwards, and r is the 
distance of this element from the point at which the function is 
estimated. 


499. Show that if two distinct distributions of matter have the 
same potential at every point of a finite region, they will have the 
same potential at any point of space which can be reached by a con- 
tinuous path beginning at the region and not passing through any 
point where matter belonging to either system is situated. 
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500. A finite system of gravitating matter lies wholly within a 
closed surface. Show that, if its potential at every point of .this 
surface has an assigned value, its potential at any point outside the 
surface is single- valued. 

If the closed surface is an infinite cylinder such that the product of 
the perpendicular distances at any point on it from n fixed parallel 
straight lines within it is constant, and is also an equipotential surface 
for the system, show that the external equipotential surfaces satisfy a 
similar condition. 

Also, if the parallel lines cut a plane perpendicular to them at ‘the 
vertices of a regular polygon, show that the equations of lines of force 
in this plane may he written in the form 

r n sin (n6 + a) = a n sin a. 

501. A point 0 is taken outside a closed surface S f and a function 
G is determined by the conditions that it is harmonic at all points 
outside S with the exception of 0, is zero on S and becomes infinite 
at 0, in such a way that the product G X (distance from 0) has unity 
for its limit at 0. Prove that the value at 0 of the function V , 
which is harmonic at all points external to S, and becomes equal to 
a given function F on S, is 

~ l FdS dG/dn, 

where dn is the element of the normal to S drawn outwards. 

Determine G and dG/dn for a sphere. 

502. A number of masses of positive and negative sign attracting 
according to the law of inverse squares are contained within a sphere 
of radius a. Prove by Green’s Theorem or otherwise that, if R is 
the resultant force- intensity at any point external to the sphere, then 

f**—} 7 ** 

where the volume-integral on the left applies to space external to 
the sphere and the surface integral on the right applies to the sphere 
itself. 

503. Thirteen equal homogeneous spheres are arranged as follows : 
six of them A , B, C, 1), E , F each touch a sphere O, and their centres 
lie in a plane through the centre of 0 . Three spheres, P, Q , R are 
placed on the same side of the above plane so that F touches A, B , and 
O ; Q touches (7, I), and O ; and R touches E } F y and O . Three other 
spheres P r , Q’ , R f are placed on the opposite side of the above plane 
so that 

(1) F f touches A, B y and 0 ; Q ' touches (7, Z), and O ; and R f touches 
E } F, and O ; 

(2) F f touches B , (7, and 0; (/ touches J 9, P, and O; and R' 
touches F \ A , and O. 

Determine which of the two arrangements has the greater gravita- 
tional potential energy. 
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504. Prove that the potential of a homogeneous ellipsoid, which is 
suqh that the differences between the squares of its axes are quantities 
whose squares may be neglected, is (to this order of approximation) 
M/R + (A + JB + C—3I)/2R 3 at any external point. 

505. From the potential produced at every point by a uniform 
surface distribution on a sphere, deduce that produced by a distribu- 
tion on a sphere when the surface-density varies inversely as the cube 
of the distance from a given point. 

506. If two different masses of equal amounts have the same ex- 
ternal level surfaces, prove that f udm is the same for each body, 
where dm is an element of mass and u is any function satisfying the 
differential equation d 2 u/dx 2 + d 2 u/dy 2 -f d 2 u/dz 2 = 0 at all points 
within a level surface which encloses both bodies. 

507. A particle is in equilibrium under the action of three central 
attractive forces of equal strength, the law of force being inversely as 
the distance. Show that the particle is at a focus of the ellipse which 
touches at their middle points the lines joining the centres of force. 

508. A variable sphere cuts a uniform thin spherical attracting 
shell of mass M ; prove that the attraction at the centre of the sphere 
of the portion of the shell outside it is yM sin 2 x/d 2 , where 2x is the 
angle at which the spheres cut, and d is the distance between their 
centres. 

509. Prove that the attraction parallel to its axis of a homogeneous 
solid hemisphere at a point on the circumference of its base is -fypu, 
where p is the density of the hemisphere, a its radius. 

510. Prove that the component of attraction parallel to the axis of 
s at nil internal point (x, y , z) of the homogeneous solid of density p 
bounded by the spheroid (x 2 + y 2 ) (1 — e 2 )-f s 2 = a 2 is 

4 7 rpz {e — V\ — e 2 sin" 1 e ] /e 3 . 

511. Express the component attraction parallel to the largest axis, 
a, of a solid ellipsoid at a point on the surface in the form 

3 Mxk{a 2 -b 2 )~i { F(k , <£)-P (jfe, </>)}, 
where k 2 (a 2 — c 2 ) =(a 2 — b 2 ) and a cos <p = c . 


512. If matter is distributed uniformly on a plane circular area of 
radius a, and if P is a point on a perpendicular to the plane which 
intersects the circumference of the circle at Q , show that the force at 
P parallel to the radius through Q is 


• V + 4« 2 r 2(y 2 + 4a 2 )i 
a(y2 + 4a*)£ a 


'] 



where p is the density per unit area of the surface, y the distance PQ , 
and K and E the complete elliptic integrals of the first and second 
kind, the modulus being 2a/V^ 2 + 4a 2 . 
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513. The attraction at all external points of an anchor ring (whose 
equation is [\/as 2 + 2 / 2 — c] 2 -J-s 2 = a 2 ), filled with matter the density 
of which at any point varies as 2 — c/(as 2 + 2 / 2 )^, is the same as the 
attraction of the same amount of matter spread over the surface of the 
ring in a thin layer of uniform density and thickness. (See Ex. 475.) 

514. A uniform plane lamina of areal density a is bounded by the 
polar curve r=/(d). Assuming that r has only one value for a 
given value of d, prove that, at a point on the line through the pole 
perpendicular to the plane of the lamina, the component of the 
attraction of the lamina along this line is 

ycr f (l ° ) d6 

</<?+{/{<>) r 

between proper limits, where c is the distance of the point from the 
pole and y is the constant of gravitation. 

If the lamina is bounded by the two loops of the lemniscate 
r 2 = c 2 cos 2d, show that its resultant attraction at the point is 

ycr {7r — 2\/ 2 log(\/2 + 1)}. 

515. Show that any two masses attract each other approximately 
as if the mass of each were collected at its C. G., when the square 
of the ratio of the greatest linear dimension of either body to their 
distance apart can be neglected. 

516. A semi-elliptic lamina is bounded by the major axis, and each 
element (X of its area is attracted by two equal forces p(r-br')(X, one 
to each focus of the ellipse, r and r f being its distances from the foci. 
Prove that the resultant attraction on the lamina is 8p(a 3 — c 3 )/3, 
where 2 a is the major axis and 2 c the distance between the foci. 

517. A solid homogeneous spherical planet of mass M and radius R 
is covered by a homogeneous sea of mass ZcM/2R whose depth varies 
owing to the attractions of other bodies and is c(l +cosd), where d is 
the north polar distance, and c is very small in comparison with R. 
Compare the densities of the planet and sea, and find to the first 
order the attraction of the sea only at the North Pole and sea level. 

The surface of the sea forms a sphere of radius R + c about a centre 
distant c from that of the planet. Hence the density of the sea = its 
mass ; its volume = 3cM/2R ; 47 r {(#-+- c) 3 — R z }/3 = half that of the 
nucleus. The force at the sea level at the North Pole 

= y[{M + 3cM/2R}/(R + c) 2 -M/(R + 2c) 2 ] = 7ycM/2R 3 . 

518. From a homogeneous shell bounded by concentric spherical 
surfaces a portion is cut out by a cone having its vertex at the common 
centre; prove that the attraction of the rest of the shell upon the 
portion cut out is ^7T 2 yp 2 sin 2 oc (a— 6) 2 (a 2 + 2a6 + 36 2 ), wherea and b 
denote the external and internal radii, p the density, and 2 (X the 
vertical angle of the cone. 
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519. Prove that, if the shell in Ex. 518 is very thin and the cone 
very slender, the attraction is approximately equal to \mR> where m 
denotes the mass of the portion cut out and R the attraction of the 
complete shell at a point on the outer surface. 

520. Show that the attraction of a thin homogeneous shell bounded 
by two similar, coaxial ellipsoids on an external particle is in the 
direction of the axis of the cone which has its vertex at the particle 
and envelopes the shell. 

Sec.§ 342. The axis of the enveloping cone is normal to the 
confocal ellipsoid through its vertex. 

521. Show that a particle cannot in general rest in equilibrium on 
a solid ellipsoid under the influence of its attraction except at the 
ends of the principal axes, and that it is in stable equilibrium at the 
ends of only one of the axes. 

522. A solid of uniform density p is bounded by the cylinder 
** “h 2/ 2 = a2 an d the planes z = + h. Prove that the attraction at 
a point on its axis at a small distance z from the centre is approxi- 
mately 4>jrpz{l— h/VW + a*}, and that the attraction at a point in 
the plane z = 0 at a small distance r from the centre is approximately 

2itphr/V A 2 + a 2 . 

523. A mountain range may be assimilated to a portion of an 
infinite cylinder whose cross-section is a segment of a circle of base 2 b 
and height h. Prove that, at a point at the foot of the range, the 
deviation 6 of the plumb-line from the vertical is approximately 

3 pb tan -1 ( [h/b)/TtcrR , 

where p denotes the density of the mountains, <r the mean density of 
the earth, and R the radius of the earth. 

Find the deviation in seconds when h = 2, 6= 10, R = 4000, 
p = 3-5, a = 5-5. 

524. A long straight uniform range of mountains of height a, of the 
form of half an elliptic cylinder bounded by a principal axis 2 c of 
the cross-section, stands on a horizontal plane, and is of the same 
density p ' as the earth's superficial strata ; show that close to its base 
the plumb-line is deflected by it through an angle 3p'ac/2pR(a + c), 
where p is the mean density of the eaith and R its radius. Taking 
p to be 5$ and p f to be 3, find roughly how much this would amount 
to for a mountain chain one mile high and four miles broad. 

525. Two uniform spherical shells, which cut orthogonally, attract 
according to the law 1/r 5 ; prove that they are in equilibrium under 
their mutual attraction. (Consider the masses intercepted by au 
elementary cone having its vertex at the centre of one shell.) 

526. Show how to divide the earth, supposed homogeneous and 
spherical, by a plane perpendicular to its axis into two parts which 
exert equal forces on a particle at the North Pole. 
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527. At each end of a diameter BC of a uniform sphere is attached 
a mass m, and the system is in presence of a gravitating particle of 
mass vet! at A. Prove that there is a couple tending to turn* the 
sphere about an axis through its centre perjiendicular to the plane of 
the triangle ABC of amount 

%ymm'(b^c) sin A (1 / 6 2 -f 1/c 2 + 1 /6c), 
where a, 6, c, A , B y C are the sides and angles of the triangle. 

528. Four small smooth rings, each of mass w, are capable of 
sliding on a wire which is coincident with the perimeter of the ellipse 
x 2 /a 2 + y 2 /b 2 = 1, and a particle, also of mass m } is fixed at the point 
(h, k). Each ring is attracted by each of the others and also by the 
particle according to the law of the direct distance. Prove that, when 
there is equilibrium, the ordinates of the rings are the roots of the 

equation ^ 2 _ j 2 ) [< + tfk/(5a?- 3i 2 )] 2 = -a 2 &W/(3a 2 -5£ 2 ) 2 . 

(The normals at the rings must intersect at the C. G. of the five 
masses.) 

529. Prove that a uniform inextensible cord can rest in the form of 
a circle, C , under the action of a repulsive force emanating from a 
point 0 in its plane, the force at a point P of the cord being p . OP/&, 
where t is the length of the tangent drawn from P to the circle, with 
centre at 0, which is orthogonal to C, and deduce (or otherwise show) 
that, if 0 is on C, the law is p/OP 3 . (For this and the following 
examples see Papers by Professor 11. Townsend in the Quarterly 
Journal of Mathematics, vols. 12 and 13.) 

530. Prove that, if a uniform inextensible cord, A, is in the plane 
of a uniform circular ring, 0 , repelling it according to the law of the 
inverse cube of the distance, a possible form of A is a circle orthogonal 
to G. 

531. Prove that two uniform inextensible circular cords lying in 
the same plane and repelling each other according to the law of the 
inverse cube of the distance will, if they intersect orthogonally and 
are of sufficient strength at the points of intersection, remain in 
equilibrium. 


532. If the direction and magnitude of the resultant of two forces, 
the directions of which are inclined at a given obtuse angle, are 
known, prove that one of the forces is greatest when the direction of 
the other is perpendicular to the direction of the resultant. 

533. Forces proportional to the sides of a polygon act at their 
middle points, at right angles to them and outwards. Prove that 
they are in equilibrium. 

If the polygon is a quadrilateral and a framework of light rods, 
show that the framework will not be in equilibrium unless it is in- 
scribable in a circle. In the latter case find the stresses along the rods. 
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534. A square window sash weighing W lb. slides vertically in 
grooves. From the two upper corners sash cords are carried over 
pulleys and carry two counterpoises each weighing \ W lb. Show in 
a diagram the forces acting on the sash when one of the sash cords 
breaks, and find the least coefficient of friction between sash and 
grooves that will keep the sash from sliding down, all other friction 
being neglected. 

535. A heavy rod, free to turn about its lower end, which is fixed, 

rests against a fixed rough horizontal rail. Prove that, provided the 
rod is long enough, the distance between the extreme positions of the 
point of contact is 2^ik sec </> tan — p, 2 tan 2 (j>, where fi is the 

coefficient of friction, k the depth of the fixed end of the rod below 
the level of the rail, and <f) the angle which the plane containing the 
rod and the rail makes with the vertical. The thickness of the rod 
and rail are neglected. 

536. A cone of semi-vertical angle /3 [>tan~ 1 tana)] has three 
small knobs attached to the perimeter of the base, forming the vertices 
of an equilateral triangle. The cone rests on a plane inclined to the 
horizon at an angle a, the coefficient ©f friction between the plane and 
the knobs being jjl (>tana), and is so placed that two of the knobs 
are on a horizontal line below the third. Force is then applied to 
the cone, down the line of greatest slope passing through the upper 
knob ; and the cone is on the point of slipping when the force is 
equal to twice the limiting friction at that knob. Show that the 
coefficient of friction is tan* -1 {3 tana tan /3/(tan a + tan/3)}. 

537. A homogeneous rough cylinder of elliptic section rests on an 
inclined plane so that its generators are horizontal. Prove that, if the 
plane is sufficiently rough to prevent slipping, and the inclination of 
the plane to the horizontal is small enough, there are two positions of 
equilibrium, and that in that position in which the major axis makes 
the smaller angle with the lines of slope of the plane the equilibrium 
is stable, and in the other it is unstable. 

538. Two equal uniform rods, each of length 2 a, are freely jointed 
together at one end, and placed in a symmetrical position over a 
smooth horizontal cylinder of radius b. Their other extremities are 
connected by a light inelastic string of length 4 c, which does not meet 
the cylinder. Find the ratio of the tension to the weight of a rod in 
terms of a, 5, c. 

539. A framework of seven bars of negligible weight is in the form 
of three triangles BCD , ABD , ECD. Of these BCD is equilateral 
with BC horizontal, B to the left of C and D above BC \ ABD is 
isosceles with AB equal to BD , and A to the left of B and below it; 
ECD is isosceles with EC equal to CD , and E to the right of C and 
below it and at the same level as A . The bars are jointed smoothly 
at their common extremities, the ends A and E are supported, and 
equal weights W are hung from the joints B> C , D, the whole system 
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being in a vertical plane. Prove the following construction for the 
stresses in the bars: — From a point 0 draw lines OS, OT, parallel to 
AB, AD respectively, and in the senses indicated by the order of r the 
letters, and meeting a vertical line in S and T ; on ST take a point V 
so that 5T = 2 VT \ from V draw VU parallel to DB to meet a hori- 
zontal line drawn through 0 in V ; then the stresses in AB, AD, BD, 
BO are represented by the lines OS, OT, VU, OU on the same scale 
as the weight W is represented by VS. 

Determine which of the stresses are tensions and which are 
thrusts. 

540. Two smooth bars are fixed in a vertical plane so that the angle 
between them is a + /3, and they make angles a and respectively 
(each less than %tt) with the vertical drawn downwards through their 
point of intersection. To the ends of a uniform bar of weight W and 
length l are attached small rings which can slide one on each of the 
fixed bars. Prove that in the position of equilibrium the distances 
a, b from the point of intersection of the fixed bars to the positions of 
the rings are given by the equations 

a — b cos ((X + fi) __ b - a cos (a + /3) __ l 2 

cos a cos ft a cos a + b cos /3 

541. Two uniform rods AB, AC, each of length b (> a) and of 
weight w, are freely jointed at A and are supported by an elastic 
string of natural length a which is attached to the joint A and to 
a point 0 at a height a + b above a smooth horizontal plane. Show 
that, if the modulus of elasticity of the string is equal to w, the string 
will be stretched to twice its natural length in the position of equili- 
brium. 

If the plane is rough (/x< 1) and b = a, show that there is only one 
position of limiting equilibrium; and determine the angle between 
the rods in terms of the angle of friction. 

542. Three forces P, Q, R act in the lines y = b, z = — c ; z = c, 
x = — a ; x = a, y = — in the positive senses of the axes of co- 
ordinates. Find the equations of the central axis, and prove that the 
system is equivalent to a single resultant if a/P + b/Q + c/R = 0. 

543. If a force (X, Y, Z) acts along a generator of the hyperboloid 
a? 2 / a2 + y 2 /^ 2 — s 2 / c2 = 1, and if it is equivalent to an equal force 
(X, Y, Z) at the origin together with couples L, M, N whose axes are 
the co-ordinate axes of x, y, z respectively, prove that 

a 2 Z, 2 + 6 2 Jl/ 2 = c 2 X 2 , cN = ±Zab. 

544. At every point of the positive octant of the ellipsoid 
x 2 /a 2 -f y 2 /b 2 -f z 2 /c 2 = 1 a force fxdS acts along the normal, dS being 
the element of surface. Prove that these forces aie equivalent to 
a single force acting along the line 

a(#— 4a/37r) = 6 (t/ — 46/37:) = c(«— 4 c/37t). 
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(Let the point be x , y y z and p the perpendicular from the origin 
on the tangent plane. The direction cosines of the normal are 
Z => px/a , m = py/b , n = pz/c . Then for the point 

Xj = ly.dS — pdydz ; J = 2Jj = /x ffdydz 
over the quadrant = J/x&c. So 

£ = «7j) = pffydxdy—nffsdzdx = iy.a(b 2 —c 2 ). 

Hence 2ZX = 0, and Poinsot’s Axis is the required line of action.) 

545. The line L is the Poinsot’s Axis of a system of forces, and C is 
an* elliptic cylinder the generators of which are parallel to L . An 
additional force P of given magnitude is made to act along a generator 
of G . Prove that for different lines of action of P the new Poinsot’s 
Axis lies on another elliptic cylinder which is similar and similarly 
situated to C. 


546. Prove that if the resultant of five forces acting along five 
given straight lines reduces to a single force acting through a given 
point, its line of action lies in a fixed plane. 

547. ABCD and EFGH are two opposite faces of a parallelepiped, 
of which AE , BE, CG y DH are parallel edges. Show that, if six 
forces are completely represented by the six edges AB t BC } CG } GH t 
HE y EAy they are equivalent to a couple represented by four times 
the area of the triangle EGB } and having its axis perpendicular to 
the plane of this triangle. 

548. A heavy string in which the density at any point P is 
a ( b 2 — s 2 )”^, where a and b are constants and s is the arcual distance 
of P from the lowest point of the string, is suspended from two points 
in the same horizontal line. Show that it will assume the form of a 
cycloid if a is properly chosen. 

549. Find for a semi-infinite flat plate bounded by a straight edge 
the resolved attraction normal to the plane of the plate at a point on 
the normal to this plane drawn through a point on the edge. 

550. Prove that in the northern hemisphere a deep crevasse with 
vertical sides extending a long way east and west increases the 
apparent latitude of places on its southern edge, and diminishes that 
of places on its northern edge, by an angle approximately equal (in 
radian measure) to 3pa/4p 0 R, where a is the width of the crevasse, 
p the mean density of rocJt in the neighbourhood, p 0 the mean density 
of the whole earth, and li its radius. 


551. Prove that the potential of a uniform thin ring at any point is 

dr 


fa dr 


where y is the constant of gravitation, m the mass per unit of length, 
a the radius of the ring, r the distance of the point from a point of 
the ring, r* and r 2 the least and greatest values of r. Prove also that 
the potential may be expressed in the form 8ymaE/(r 1 + r 2 ), where 
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K is the complete elliptic integral of the first kind with modulus 

fo-riVfo+n)- 

552. The density at any point within a solid sphere of radius a is 
p 0 + Pi«, where p 0 and p x are constants, and z is one of the co-ordinates 
of the point referred to axes having their origin at the centre. Verify 
the results that the potential at any internal point is 

§ irypQ (3 a 2 — r 2 ) + 2 7 ryp x z (a 2 / 3 — r 2 /5), 

and at any external point is 47ry {pQa?/2r-\-p l za^/\^r z ) ) where r 
denotes distance from the centre, and y is the constant of gravitation. 

553. Prove that the potential of a uniform circular disk of radius p, 
density 1, and centre C , at a point P, distant x from its plane, can 

be expressed in the form 2 p 2 J V 1 — x 2 /s— r 2 /(p a + s) ds/(p 2 -f s) Vs, 

where <r is the positive root of the equation x 2 /(r -f r 2 /(p 2 + <r) = 1, 
r is the length of the projection of CP on the plane of the disk. 

(Heine, Borchardt's Journal , Bd. 76, p. 271, investigates this 
question independently of the potential of an elliptic disk ; following 
him we may proceed thus : — 

We premise that, if a is a real positive quantity, 

Tt/OL = f dz/{pP + 2 2 ), (A) 

and J -°° 


p2ir 

j dtyj {a — b cos (</> — t/q)} = 2 7r/\/ a 2 — b 2 , if a > 0, a 2 > b 2 . (B) 

Now let Q be any point (r v (fa) of the disk; then, if the angle between 
rand r x is </>— </q, we have PQ 2 = + + 2rr 2 cos (</> — </> i), 

and by (A) n/PQ = J dz/ {i r l + r l 2 + x 2 + z 2 — 2rr l cos (</> — ai *d, 

further, by (B) f dfa/PQ = 2 f dr/V (r 2 4-r 1 2 + a 3 2 + « 2 ) 2 —4r 2 r 1 2 . 
J 0 J — co 

Thus V = Pr,*-, r^/PQ, or, if r 2 = u, p 2 = U, and 

J 0 0 

2 11 (x 2 + z 2 ) = U + x 2 -fa 2 —?' 2 


+ JU 2 + 2U {x l + z 2 —r 2 ) + {x 2 + « 2 + r 2 ) 2 , 

/ CO /'GO 

log lldz— —2j zdz (d log E/dz), by integration by parts, 

i.e. = — 2 / zdR/E. Introduce a new variable 8 by means of the 
Jo 

equation (x 2 + z 2 )/s + r 2 /{p 2 -\-s) = 1, so that R = l+p 2 /s: we obtain, 
then, the desired result.) 

554. Dividing up an ellipsoid by means of parallel circular sections, 
use the result of the preceding example to deduce the potential at 
any external point (Ziige, Mathematisclie Annalen , Bd. x). 
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555. If the particles of the circular disk in Ex. 553 attract according 
to the law of the inverse fourth power, obtain for the potential at P 

• r 00 _____ 

the expression / 2ds/3usV s + 1 , where 

u 2 = p 2 s (.v + 1 ) — 8 v 2 — (s + l)# 2 (Ziige, ibid.). 

556. Let the homogeneous ellipsoid x 2 /a 2 + y 2 /b 2 + z 2 /c 2 = 1 , where 
a>b>c, be divided into an infinite number of sections by means of 
planes parallel to that of x , y. Prove that the potential at ail external 
point (as, y f z) of the section (of axes 2m, 2w and unit density) which 
is bounded by the planes z = t and z = t + dt, is 

pCC 

2 mndt j F ( s ) ds/s (m 2 + s) (n 2 + s), 

where p is the positive root of the equation 

( t — z) 2 /s -f x 2 /(in 2 + s) + y 2 /(n 2 + s) = 1 , and 
F(s) = [{$•—(£ — z) 2 ] (y/i 2 + s) (74 2 + s)— x 2 s ( 7 t 2 + 8)—y 2 s (yn 2 + «)J^; 

and deduce the potential of the whole ellipsoid. 

(Of. Grube, Borchardt's Journal, Bd. 69.) 
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